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INTRODUCTION 


In 1946 a group of members of the American Mathematical Society drew 
attention to the fact that applied mathematics played a smaller part in the ac- 
tivities of the Society than the importance of the subject appeared to warrant. 
As a result, a Special Committee on Applied Mathematics was appointed to 
investigate and report. On the basis of the report of this Special Committee, 
in December 194G a Committee on Applied Mathematics was appointed, con- 
sisting of Professor Richard Courant, Professor G. C. Evans, Professor John von 
Neumann, Professor William Prager, Dr. Warren Weaver, and the undersigned. 
To this committee was assigned the general function of encouraging activity 
in the field of applied mathematics, and the particular duty of organizing an 
annual Symposium in Applied Mathematics. It was hoped that at such sym- 
posia applied mathematicians, primarily affiliated with the American Mathemat- 
ical Society, would seek the cooperation of physicists, engineers, and others, 
whose interests were mathematical although they were primarily affiliated to 
other organizations. 

Plans were already being made by Brown University to hold a Symposium in 
the summer of 1947, and the Committee was happy to recommend the acceptance 
of the invitation of Brown University to hold the First Symposium in Applied 
Mathematics of the American Mathematical Society in Providence, using as 
a basis the Symposium already planned. Most of the duties of organization 
fell on Professor Prager, and were admirably carried out by him. 

It is believed that the Symposia on Applied Mathematics will play an impor- 
tant role in bringing professional mathematicians into contact with mathematical 
workers in other fields, both purely academic and industrial. To further that 
end, it is desirable that, while each symposium should focus attention on a 
fairly restricted field of applied mathematics, the whole sequence should display 
considerable variety in choice of subject. In view of the fact that the sequence, 
as planned, is infinite, we may hope to see every phase of applied mathematics 
adequately covered in the course of time. 

John L. Synge, Chairman 
Committee on A pplied Mathematics 

January 13, 1948 




EDITORIAL NOTE 


In this volume there are collected the papers which were presented during 
the First Symposium on Applied Mathematics of the American Mathematical 
Society. The Symposium was held at Brown University from August 2nd to 
August 4th, 1947. The subject of the Symposium was Non-linear 'problems in 
mechanics of continua. 

The contents of this volume have been subdivided into two groups, one of 
them being concerned with the field of Hydro- and Aerodynamics and the other 
including results in the held of Elasticity and Plasticity. 

The decision to publish in one volume the Proceedings of the First Symposium 
on Applied Mathematics was reached at a time very nearly coinciding with the 
date of the Symposium. Consequent!}" a few of the papers had already been 
accepted for publication in the periodical literature. For these papers, pub- 
lished in full elsewhere, the authors have supplied rather comprehensive ab- 
stracts. 

The Editorial Committee, consisting of William Pragcr, J. J. Stoker and the 
undersigned, has been happy to carry out the task of assembling these Proceed- 
ings of the First Symposium on Applied Mathematics. Wc think that this 
publication expresses well the growing interest in Applied Mathematics in this 
country in general, and in the American Mathematical Society in particular. 

E. Rkissneh, Chairman Editorial Committee 
. 1 pplied Mathematics Symposium Proceedings 




NON-LINEAR PROBLEMS IN THE THEORY OF FLUID MOTION 
WITH FREE BOUNDARIES 


BY 

ALEXANDER WEINSTEIN 

1. Introduction. The outstanding feature of many famous hydrodynamicai 
problems is the somewhat paradoxical fact that the boundary of the flow, on 
which certain conditions have to be satisfied, is itself not given. There is a 
great variety of problems with free boundaries, ranging from rotating masses 
of fluids, investigated already in Newton’s time, to shock fronts still to be deter- 
mined by electronic computers. All these problems are essentially non-linear. 
Some of them, like those concerning water waves, are problems in the small: 
one considers only motions which differ but slightly from the state of rest. 
Other problems however are genuine problems in the large. Among these latter 
hardly any problem has attracted more attention during the last eighty years 
than Helmholtz’s theory of plane wakes and jets. Some of the mathematical 
methods developed especially for these problems have already found a wide 
range of application in other domains of mathematics. Originally the theory 
was confined to the presentation of numerous examples of such discontinuous 
flows. The classical work of Helmholtz [11, Kirchhoff [2], Levi-Civita [3], Villat 
[5] and their followers has been repreatedly presented since 1920-21 in various 
textbooks on Hydrodynamics. In the present report we confine our attention 
to some more recent aspects of the theory developed after 1920. Our aim is to 
summarize present knowledge of the existence and the uniqueness of discontinu- 
ous flows with prescribed walls. These questions are still sometimes incorrectly 
formulated or inadequately treated. Problems of this kind should be of interest 
not for the mathematician alone. In fact it is still not generally realized in 
engineering circles that the drag associated with a given body in the theory of 
cavitation is not necessarily determined by the body alone. 

The problem of the wake for plane irrotational motion of an incompressible 
perfect fluid is the following: Find the flow and the free streamlines of a wake 
produced by a given obstacle immersed in a parallel flow. The obstacle has 
either the shape of an open arc or of a closed profile (Fig. 1 and Fig. 9). In the 
latter case, which is of considerable interest in applications, the separation points 
of the free boundaries are not prescribed. Since the pressure is constant in and 
on the boundary of the wake, we see by Bernoulli’s equation that the magnitude 
but not necessarily the direction of the velocity is constant along the unknown 
free boundaries. For wakes extending to infinity behind the obstacle this 
constant can be taken equal to one, which is also the speed of the fluid at in- 
finity. The question of the existence of finite wakes seems still to be contro- 
versial. In our opinion, the existence of finite wakes is not contradictory to 
classical hydrodynamics, provided that the pressure in the cavity (as could 
occur in a cavity filled with air) is higher than the pressure of the adjacent fluid 
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in motion. In this case the constant magnitude of the velocity on the closed free 
boundary does not necessarily coincide with the speed of the fluid at infinity. 
A related problem is that of a jet escaping from a given channel. Here again 
the magnitude of the velocity must be constant of the free boundaries. 

There are at present two different methods of approach to the problems of 
discontinuous motion. The first and older one can be called a method of con- 
tinuity. It can be applied with equal success to jets and to wakes. Die second 
method is a variational method in the domain of conformal representation. Its 


Fig. 1 





Fig. 2 


application seems to be confined to the problem of wakes. The first procedure 
makes use of the classical semi-inverse method of Lcvi-Civita and Villat. 

2. The inverse problem. Let us consider for the sake of definiteness a sym- 
metric jet in the physical z — x + iy plane. The axis of symmetry can be 
replaced by a rigid wall and our attention may be confined to the upper part of 
the jet (Fig. 2). In the following all quantities refer to this part of the flow. 
Let us put the flux equal to w/2. Then the speed upstream is known, but the 
speed on the free boundary , which is also the speed downstream at infinity, is not 
known , a fact which has been sometimes overlooked. This constant speed will 
be denoted by 1/m- The thickness of tho jet downstream is then equal to p.ir/2. 
Assuming the existence of the flow, let us consider its complex potential f(z) = 
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<t> + vp. The domain of the jet is mapped conformally in a one-to-one way 
on a parallel strip S in the /-plane in the manner indicated in Fig. 3. The strip 
S has the width tt/2 and is bounded by the lines p « 0 and p - t/2. Corre- 
sponding lines are denoted by the same letter and will be called walls and free lines, 
even if located in the /-plane. Levi-Civita and Villat gave a general solution 
for the inverse problem, namely a general formula for the inverse function z(f) 
which is defined in the strip. All functions defined in the physical 2 -plane can 
be considered also as functions of / in S. The complex velocity 

(1) w — df /dz — u — iv 

considered as a function of / has a constant absolute value on the line A which 
corresponds to the free boundary. Levi-Civita puts 

(2) dz/df = \/w = = ne~^ +ie (a> = 0 + it). 


fphn* 
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Fig. 3 
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In this formula, 0 denotes the angle which the volocity makes with the x-axis. 
In the /-plane, 6 is a harmonic function of <t> and which vanishes on the straight 
wall Wo. Its conjugate r vanishes on A which implies the condition dd/d\p = 0. 
The values of 6, considered as a function of 0 and \p, are not given on the wall 
W in the /-plane as long as f(z ) has not been actually determined. To any ar- 
bitrary choice of the function 0(<£, t/2) on W corresponds a harmonic function 
\p) vanishing on W 0 and satisfying the condition dO/dyf/ = 0 on A. An 
explicit representation of 6 by a Poisson integral can be obtained by using in 
place of / a new independent variable f = £ + iy — pe %<T introduced by Levi- 
Civita and defined by the formulas 


(3) 

(4) 





f - 1 df 
r +1 f ‘ 


The one-to-one correspondence between the/ and f plane is indicated in Fig. 4. 
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Again the same notations will be used in both planes. By Schwarz’ reflection 
principle the harmonic function 0 can be defined in the entire circle | f | g 1. 
For | f | = 1,0 satisfies the conditions 


(5) 6(ir - <r) = -0(<r), 

(6) 0(2*- - a) = 0(<r). 


Taking arbitrary values for 0(d) on the wall W in the f -plane, wo obtain the 
following formula for « = 0 + ir (Poisson-Schwarz integral, first used in this 
connection by Villat) : 


( 7 ) 


-(f) = - (V) , * 

7T JQ 1 — 2f 


- r 


cos cl + 


da. 


In this way we see that the general expression for w (considered as a function 
either of f or of /) contains an arbitrary function 0(<r) and an arbitrary positive 
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constant y. Once w = y 1 e io> is known as a function of / or of f, the function 
z(f ), or, if we wish, z(f), is obtained by a quadrature: 


(S) 

where 

(9) 


_ iVn = [' JL = n C trJ d l 

Jf O W(/) Jl f 2 + 1 f 


yo = Im 



(/o = zV/2) 


is the ordinate of the separation point of the free line. Before discussing these 
formulas let us make a remark which will be used later. 

Theorem of Boggio . From (7) follows that the harmonic function 6 is com- 
pletely determined by its values on the wall W. In particular, its values on the 
free boundary lie between the maximum and minimum of its values on W. In 
view of (6), a level line 6 = const, intersects the real axis rj = 0 (that is, the 
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free boundary) in one point only. It follows (Theorem of Boggio) that the 
free boundary of a jet corresponding to a concave channel (Fig. 2) is necessarily 
convex with respect to the flow. This proof was communicated to the author 
by H. Lewy. 

The famous general formula (8) of Levi-Civita leads to numerous results ob- 
tained by an appropriate choice of the arbitrary function 6 along the wall W in 
the / or f plane. However (8) does not yield directly a jet with a prescribed 
wall in the physical 2 -plane. This problem will be discussed in the next para- 
graphs. 

3. The functional equation. For a given wall W in the 2 -plane the angle 
0 is a given function 0 = 0(1) of the arc length l measured from the orifice yo- 
However the functions 1(a) and 0(a) = 0(l(a)), which appear in (7) and (8), is 
not known. Our problem is to make the correct choice of the constant n and 
of the function 1(a). Any arbitrary choice of m and of the increasing function 
1(a) will yield a channel which, for increasing l, makes the same succession of 
angles 0 with the x-axis as the given wall, though perhaps not at the same rate. 
By a proper choice of the positive constant n we can make the orifices agree, 
and in the hands of Levi-Civita, Cisotti and Villat this method has proved to 
be very useful for approximate solutions. 

Let us take an arbitrary increasing function 1(a) and the corresponding func- 
tion 6(a) = 6(l(a)) which we use to define o> = 0 + tr by means of (7). Thus the 
strip S in the /-plane is mapped into a region in the physical 2 -plane and gives 
rise to a channel which is such that the arc length along it, which we shall call 
L(a), is not equal to 1(a). In fact we have by (8) 

(10) dz = M e‘“ (n ~ . 

f 2 + 1 f 

Along the boundary of the channel \dz\ — dL. Taking the absolute value of 
both sides of (10) we obtain 

(11) d ~ = ne ,w tan «r. 


The orifice Y 0 will be given by the right side of (9). Our choice of m and 1(a) 
is correct only if L(a) = 1(a) and Y 0 = y 0 . Thus we must satisfy the equations 


(12) 

dl - T ( 9 ) 

3 - = ne ’ tan a , 
da 

(13) 

yo = Im [n j e M/) 



Since 1(a) occurs in r(a) by (7), we have here a very complicated integro-dif- 
ferential equation. For given 6(1), 1(a) and t/ 0 the function L(a) is determined 
by (11), in which y. is replaced by its value from (13). Thus we may write 

(14) L(a) - V[l(a), 6(1), y 0 ]. 
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Since 6(1) and yo are fixed for a given channel, the formula (14) is a functional 
transformation of 1(a) into L(<j). We shall prove the existence of a flow with 
prescribed walls if we can find 1(a) such that 

(15) l(«) = V[l(a), 9(1), y Q \. 

In other words the solution 1(a) is a fixed point of the transformation V. 

The method of continuity, which has been successfully applied to the prob- 
lems of jets and wakes, is based on a process of deformation. A wall correspond- 
ing to an arbitrary choice of 1(a) is continuously deformed into a given shape. 
The aim of the method of continuity is to show that this process can be followed 
by a corresponding alteration of the function 1(a) . The solution of this problem 
has required several significant changes in the standard procedure of the classical 
method of continuity. 



Fig. 5 


4. Polygonal channels. Let us consider in some detail the case of a polygonal 
wall, which was the first in chronological order of the problems considered in 
this theory. Let (Fig. 5) 

( 16 ) z 0 = iy 0 , zi = xi + iy u • , z n = x n + iy n , z n +i =—<*>+ iy n 

be the vertices of the given polygonal wall of a channel which is concave 
with respect to the fluid in motion. Let l k be the length of the segment 

ZkZk-i (k — 1, 2, • • • , n), and let 0 k be its direction where 0i 0 2 ^ ^ 

0 n ^ 6 n + 1 = 0. Let us put 

(17) irpk = 0jt+i — Ok 

and call 

( 18 ) 7T fik = —di 

*- 1 

the total curvature of the wall. A polygonal channel can be represented by a 
point P with the coordinates 

(Ifl) 2/0, ^1, hj * * * , In, 01, 02, • * * , 0n 

in a (2 n + l)-dimensional space. The region M occupied by the points P is 

described by the inequalities 
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(2°) Vo > 0, l, k > 0, 0 g & < 1. 

It follows from (7) that any assumed flow with a polygonal channel is given by 
taking an arbitrary positive constant n and by putting 

( 21 ) “(f) = *' Pk log i y (ft = U + fi?* = C in ), 

where the points fi, fo, * * * , f n (0 < cr L < <r-> • • • < a n < 7r/2) correspond to 
the vertices z h • • • , of the wall and where <r»„ i H = t — <j k and 0 2n+ ,_ fc = 
for /,; = 1, 2, ••• , n. Inserting (21) into (8) we obtain the formula of 
Cifiolti 


( 22 ) 



1 df 

i r 


which contains 2a + 1 parameters 


(23) m ,*i , * 2 , • • • , <r„ , ft , ft , • • • , Pn. 

A channel given by a Cisotti’s formula can be therefore also represented by a 
point Pc in a space of 2 n + 1 dimensions. The region Me occupied by Cisotti’s 
points P c is limited by the inequalities 


(24) 


r' vy j o n uj \ \ O n \ 7*/^, li P/; V. 1 . 

To each 7A corresponds a single point P given by the formulas 

I ( 1 jU7r \ I V • a r TT ! Vh ~ J 

//o = ( 1 - - +mL sin 0 a / 11 ; . tan a da, 

\ ?/o/ A— 1 •L/ _ j A«1 Sill (X/ t + Sin (T 

/» >r \ / /j [* k TT I sin ah + sin a , 

(25) = p k . = ft. m / Hi-.- . tan a da 

i /i—i ! sin a;, — sm a 


(& = 1, • • • , a, (To = 0). 


5. Existence theorem (Weinstein [10], Lerav and Weinstein [18]). The 
existence theorem for a flow with a given channel states conversely that to each 
P corresponds at least one P c , or in other words that the 2 n + 1 non-linear 
equations (25) possess at least one solution for any prescribed values of the 
left-hand sides. The introduction of the quantities pi , ft> , • • • , p n as addi- 
tional parameters, at first glance apparently superfluous, will prove very useful 
as it will allow us to consider walls with variable sides and variable angles. The 
existence theorem has been proved for all channels of total curvature less than 
7 r; the proof may be outlined as follows. Taking ft = ft = • • • = ft, = 0 and 
giving arbitrary values to m, <n , * * • , a n we obtain a jet escaping from a channel 
bounded by a straight wall running parallel to the .r-axis. This wall is sub- 
divided into segments of lengths L A , • • • , L n corresponding to the arcs a k ~i <Jk 
in the f -plane. Let us assume that the following two fundamental theorems 
have been proved: 
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Theorem A. The functional determinant 

(26) D = d(yp t h > > In J Pl y y Pn) 

<n> - ,<Tn,P 1, ,ft») 

neyer vanishes in the interior of the region M c . 

Theorem B. .For aZZ points P located in a closed subregion of the region M, the 
quantities 

(27) ?r/2 ““ tfn , CTi , <7jfe+l ~ Ojfc (fc = 1, • • • , n — 1) 
admit positive upper and lower bounds which are continuous functions of 

VO y l\ y y In y Pi y * * ’ y Pn> 

Theorem A is a consequence of the theorem of local uniqueness and will 
be discussed later. It holds for all channels of total curvature less than ir. 
Theorem B expresses the a priori limitations of all possible solutions of the 
equations (25) and follows immediately by an elementary estimation of the right- 
hand side of these equations. From Theorem A follows that, if a channel 
(yo , h y * * * , L , Pi , - " y Pn) is given by a formula with the parameters 
( m , <T\ y • * • , <Tn, Pi y • • • , Pn) the same is true for all neighboring channels given 

by 

(28) yo + tyo , Jl + Sin y Pi + &Pl y ' m m y Pn + Opn- 


The corresponding variation of the parameters is obtained by solving the 2 n + 1 
linear equations 


Ojl ;-l 0(Xj h - 1 Op k 


(29) 


dh 


dh 


5/X + 2 ^cry + 22 YY ’ 

OfJL i-l d(Tj h- i oph 


dl k 


m = dp k 


(k = 1, 2, • • • , n). 


Theorem B shows that during the process of deformation of the channel the 
corresponding parameter point P c remains in a closed domain in the interior 
of M c • It is therefore possible to select a sequence of parameter points P c 
converging to a point in M c which corresponds to the given polygonal channel. 
The corresponding existence theorem for curved walls may then be obtained by a 
limiting process [13]. 

6. The theory of Leray and Leray-Schauder. The classical continuity method, 
as outlined above, is based on the validity of Theorems A and B. However, 
Brouwer’s theory of the topological degree of the mapping of spaces of finite 
dimension M c and M yields the following remarkable result: The existence 
theorem for channels with polygonal walls follows from Theorem B alone, and 
is independent of the question of validity of Theorem A. 
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Recently Leray and Schauder [19] gave an important extension of the concept 
of topological degree to certain completely continuous mappings of Banach 
spaces. Ihe theory of Leray and Schauder has been developed in view of an 
immediate application to theory of discontinuous motion, a program which 
was carried out by Leray [20; 21] for the problem of the wake, which differs in 
details only from the problem of the jet. Leray considers curvilinear obstacles 
and shows the existence of at least one fixed point of the transformation analo- 
gous to (15). The existence is here again proved independently of the question 
of local uniqueness and is based on limitations a priori as in Theorem B. No 
attempt shall be made here to give an exposition of this important and profound 
theory. We note only that the theorems on the existence of fixed points in 
function spaces have been obtained by a limiting process starting with the cor- 
responding statements in spaces of a finite number of dimensions. The existence 
theorem for wakes has been established by Leray for all obstacles which are 
cut by a parallel to the rr-axis in not more than one point or which have with the 
ar-axis an entire segment in common. 

7. Local uniqueness [7; 10; 8; 9; 12; 15]. Let us now turn our attention to 
tin' much discussed question of uniqueness: Is a jet (or wake) uniquely deter- 
mined by the given rigid wall? Differing from linear problems, the question of 
uniqueness is here more difficult than the question of existence and there are 
many cases in which the existence but not the uniqueness of the flow has been 
proved. Let us first consider the following theorem of uniqueness in the small 
for symmetric jets: There is no second jet infinitely close to the given jet with 
the same walls but with an infinitesimally different shape of the free boundary. 
In order to prove this proposition let us denote by ffz) the complex potential 
of a jet which is infinitely close to the given one. Let 

(30) 5/ = /,(*) - f{z) 

be the corresponding variation of f(z). The theorem of uniqueness in the small 
states that if both jets have the same wall, the function 5/ vanishes identically: 

(31) 5/s 0. 


The variation 5/ has been defined here as a function of z in the domain of the 
given jet. Since we have a one-to-one correspondence between z and / = f(z), 
where / is the complex potential of the given flow, the variation 5 if can be con- 
sidered as a function of / (or of f ) and can be computed by differentiation of (8) 
for a fixed value of z. In this way we obtain the equation 


or 

( 32 ) 



C f Sw 

/(. W 1 


df -}- r'5//o 


.. C f 5 log w 

5/ = w / - — af — iw5t/o, 

Jfo w 
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where 8w and 8y 0 are the variations of to and ijo with respect to fche parameters 

Mj y * y & ny y ’ y fin * 

The significance of the equation (31) becomes apparent if we consider first 
the case of a polygonal wall. Let us consider two neighboring polygonal walls 
having the same angles at corresponding vertices. By using (21), (8) and (1), 
we have as a special case of (32) 


(33) 

where 


(34) 


8f = e J* c ! “8(- 


■ io)) 


r- i 

r* + 1 f 


— [ : c'“ ^ 1 - lS,Jn 

n J i f 2 + i f m 


8( — /w) = £ if. 3i; 


(r 


(r - Dr* 

- n)(l ~ it*) 


5 < ta . . 


The variations 5/y 0 , 5h , • • • , 5/ H of the orifice and the lengths of the sides of the 
given wall are connected with the variations of the parameters 5/x, 8<t { , - - , 8<r tt 
by the formulas 


(35) 


<$;/0 = < 5 m + Z ) foj j 

Op /-I 0(7y 

«. - 

OfJL 7-1 Offy 


which are obtained by putting 5fr = • • • = 50„ = 0 in (29). Let us assume* now 
that the equation 8f =s 0 is a consequence of the equations 


5yo = 0, 5Zi = 0, - • • , 8l n = 0, 


which express the fact that the second assumed jet has the same* walL a* tin* 
given one. From (33), (21) and (34) follows immediately that 

(36) 8y - 0, 8<n = 0, • • • , 8a n = 0. 


This result means that the system of homogeneous equations obtained by putting 
in (35) the left-hand sides equal to zero admits only the trivial solution (36). 
The equation (31) yields therefore the following result. The determinant of the 
system (35), which is obviously equal to the functional determinant (26) in Theorem 
A, is always different from zero. 

In the case of curvilinear walls Leray has shown the importance of the equa- 
tion (31) by establishing the connection existing between the variation 6f con- 
sidered by Weinstein and the differential, in the sense of Fr6chet, of the func- 
tional transformation (14). 

As in the case of polygonal walls, the vanishing of 5/ yields the result that a 
fixed point of the transformation (14) is a locally isolated solution of (15). 

8. Boundary value problem (Weinstein [7 ; 10]). The proof of the fundamental 
equation (31) which plays a central role in this theory has been established by 
studying the boundary conditions satisfied by the variation 5/. Since, by as- 
sumption, both jets have the same wall, the points / - f(z) and/i = ffz) corre- 
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sponding to the same point z on the wall W (or F 0 ) in the physical z-plane both 
lie on the line W (or W 0 ) in the /-plane so that the variation 5f is real (Fig. 3). 
We have therefore the boundary condition 


(37) 


dp = 0 


on W and W 0 in the /- plane. This reasoning would obviously fail on the given 
free boundary because a point 2 on the first free boundary A does not necessarily 
lie on the second free boundary (Fig. 2). Fortunately we have there a natural 
boundary condition which holds no matter whether we have the same rigid 
wall or not for both jets. In fact from (32) follows immediately by differentia- 
tion the fundamental identity 


(38) 


d(8f) d log w 


df 


V = 5 log w, 


the real part of which on the free boundary in the /-plane yields the following 
natural boundary condition: 


(39) — ^ dip = — 5 log ix ( dn = dip) 

where (1 n)(dd/d<p) is the curvature K of A. Moreover, for an unvaried separa- 
tion point, the imaginary part of the same identity yields the supplementary 
condition 


(40) 


dm = 

d(j> 


for / = /o . We note that the unknown constant <V appears explicitly in (39). 
The uniqueness in the small is thus reduced to proving the following 


Theorem I (Local uniqueness). The harmonic function d\p satisfying the 
boundary conditions (37), (39) and (40) is identically zero. 


The proof of I has been obtained by considering first the special case in which 
d/x is equal to zero. This case is that of neighboring jets having not only the 
same walls but also the same width at infinity downstream. This assumption 
is an artificial restriction but, as will be indicated, the complete proof of the 
fundamental Theorem I may be shown to follow from this simpler and apparently 
special case. 

Putting dfx = 0 and denoting in this case the corresponding harmonic func- 
tion d\p by fi, we formulate the following special case of I: 

Theorem II (Local uniqueness in the restricted sense). The harmonic 
function £(</>, \p) satisfying the boundary conditions 


(41) 


f3 = 0 on W and Wo 
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(42) 


dp 

dn 


dd 

-^fionA 


vanishes identically in the strip S. 


A classical application of Green’s formula, due to Fourier, leads to the equa- 
tion 

<«> 

The proof of II would be trivial if the function dd/d4> were shown to be always 
negative, but unfortunately in our problem this usually is not the case. In fact, 
in the important case of a channel with walls concave with respect to the fluid, 
dd/dcf) is always positive (see Theorem of Boggio); in this case the left-hand side 
in (43) is the difference and not the sum of two positive numbers. The proof 
of Theorem II presents therefore a major difficulty. Proofs valid for more and 
more extensive classes of given walls have been established successive!}' by 
Weinstein [7], Hamel [8; 91, Weyl [12] and Friedrichs [15]. 

9. Jacobi’s transformation [15]. The best and latest proof of II is that of 
Friedrichs, who showed that under certain conditions the left-hand side of (43) 
can be written as the sum of two positive quantities. This transformation 
holds provided that there exists a harmonic function U in S which is always 
different from zero and which satisfies the natural boundary condition 


(44) 


dU dO TT 
— = T 1/ on A. 
dn d({> 


Assuming the existence of [/, Friedrichs puts in (43) 13 = Urj (Jacobi’s multi- 
plicative variation). A simple computation shows then that (43) is transformed 
into the equation 


(45) 


/ is ^ # = 0 


from which follows immediately the required equation tj h= 0 and (3 s 0. Let 
us consider now the question of the existence of the harmonic function U. It 
has been pointed by C. Jacob that the components of the velocity u — yr l e cos 0 
and v = ax ” 1 e sin 0 satisfy the natural boundary condition (44), a fact easily veri- 
fied by differentiation. Let us assume the existence of a component an + bv 
(where a and b are two constants satisfying the equation a 2 + b 2 = 1) which 
never vanishes on the given wall W. Then, by the Theorem of Boggio, this com- 
ponent is everywhere different from zero and we may take for U the function 

(46) U = au + bv. 

It follows that Theorem II is valid for a large class of channels, in particular for 
all concave channels with walls of total curvature less than w. 
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10. Reduction of Theorem I to Theorem II. Let us consider a channel for 
which the local uniqueness in the restricted sense (Theorem II) has been estab- 
lished. We shall prove that II implies I (Weinstein [10], Leray [21]). Let us 
introduce in I as new unknown the harmonic function 0* = 8\p + (\p - tt/2)5 log g. 
We have, by (37), (39) and (40) the following boundary conditions for 0* 


(47) 

a* = 

— (ir/2) $ log n on 

Wo, 

(48) 

a* = 

0 on W, 


(49) 

dp* _ 
dn 

dd ^ 

Si e 0,1 


(50) 

ii 

p 

ii 

O 

o 

/=/ 0 


The conditions (48) and (50) show the existence of a level line 0* = 0 different 
from W and passing through the separation point /<,. This line must have another 
point in common either with IF or with IFo or with the free boundary A. In the 
first case wo have immediately the result 0* s 0. In the second case we would 
ha\c Sn = 0 so that 0 * would satisfy the conditions of II and therefore would 
vanish identically. Finally in the third case 0 * satisfies the conditions of II in 
a certain subdomain S* of S, which again yields the result 0* ss 0. Since 
0* = 0 implies 6/i = 0 and 5^ s 0, Theorem I is proved. 

1 1 . Uniqueness in the large [18]. Let us consider again for the sake of definite- 
ness the class of all polygonal channels for which the existence of a jet and the local 
uniqueness have been established. The uniqueness in the large or the unique- 
ness in the ordinary sense is obvious in the trivial case of a straight wall running 
parallel to the x-axis. The corresponding points in the domains M and M c will 
be denoted by O and O c respectively. Let us assume for a moment the existence 
of t wo points Pc l) and P ( c 2) in M c corresponding to a single point P in M. We 
shall establish a contradiction by linking P with O by a line in M which lies in 
the interior of a closed subdomain of M. To this line correspond two lines 
Pr l) Oc and Pc^Oc in Mr which lie, by Theorem B, in the interior of a closed 
subdomain of M c . Let us consider the first point Q c which these lines have in 
common. Let Q be the corresponding point on the line PO. Clearly Theorem 
I does not hold for Q . We have thus a contradiction with the assumptions, 
and the uniqueness in the large is therefore proved. The uniqueness in the large 
for curvilinear walls has been established along the same lines by Leray [21] in 
the theory of wakes. His proof is valid for convex obstacles and for symmetric 
obstacles whether convex or not. The only essential assumption is again that 
the obstacle is cut by a parallel to the main stream in not more than one point. 
It should be noted that the velocity at infinity downstream on the free lines of a 
wake is always parallel to the x-axis, whether the obstacle is symmetric or not. 
The situation is, however, different in the theory of jets with nonsymmetric 
channels, where the direction of the velocity downstream is not given. For this 
reason the problem of the nonsymmetric jets has not yet been solved. 
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12, Lavrentieff s method. The questions just discussed belong to the first 
method of approach to the theory of jets and wakes. More recently, just before 
the war, Lavrentieff [30] outlined an entirely new method in a formidable and 
difficult paper. Lavrentieff’s method seems to be applicable only to symmetric 
wakes and not to jets. It will suffice to consider the lower part of the wake. The 
fundamental assumption is that the obstacle is cut by every vertical (not hori- 
zontal) in not more than one point, and therefore can be represented by an 
equation y = h\x), which is an assumption quite different from the one just 
considered. An outstanding feature of LavrentiefTs work is that he does not 
use the inverse method of Levi-Civita and Villat. The following sketch is very 
incomplete and is intended to give only a general idea of Lavrentieff’s methods. 

Lavrentieff' s existence theorems . The existence is proved from the solution 
of the following variational problem: to find, for a given obstacle, a free boundary 
A such that the total variation of | dj/dz | is a minimum along A. Lavrentieff 
shows that this minimum is equal to zero, so that | dj/dz | remains constant 
along A as required by the solution of the problem. The proof involves numerous 
and profound investigations which have great value for the general theory of 
conformal representation. Let us consider in some detail the question of the 
uniqueness in the large, the uniqueness in the small being here no longer a necessary 
prerequisite. Assume a second wake with the same obstacle and assume for 
the sake of the argument that the new free line of the second wake is completely 
below the given one. 

Considering the lower half of the flow, we have then two domains D t and 1) 2 
limited by W 0 , W, Ai and Wo , W , A 2 respectively (see Fig. G). Di and D 2 are 
mapped by the corresponding potentials fi (z) and f 2 (z) on the same half-plane, 
fi(z) and j 2 (z) being both equal to one for z = <*>. Moreover I) 2 is completely 
contained in Di , but has a portion of the boundary in common. Now Lav- 
rentieff proves the following fundamental lemma: Under the circumstances 
just enumerated for A and D 2 , the modulus \f' 2 (z) | is less than the modulus 
| fi(z) | at any point of the boundary which is common to both domains. (The 
bigger domain has the bigger derivative in modulus.) If we assume however 
that these tw'o lines are boundaries of the two wakes, we would have |/{ | = 

| / 2 | at the separation point, which would contradict the lemma and therefore 
clash with the assumption of two different wakes. A refinement of this argu- 
ment can be applied to the general case when the two assumed boundaries inter- 
sect. 

Lavrentieff considers also closed symmetric convex profiles and shows, among 
other results, that there is on the front side an arc such that the profile lies en- 
tirely in the wake corresponding to this arc. To show this, Lavrentieff con- 
siders KirchhofTs wake for a plate touching the front of the profile (Fig. 7). 
Lavrentieff takes the plate of such a size that the Kirchhoff wake just touches the 
profile (obviously somewhere at the front side) without cutting the profile. 
Let us now consider the wake due to the arc of the profile which lies between the 
two points of contact, these points being the separation points for this wake. 
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Let us denote by /I the lower separation point. Lavrcntieff shows that the 
free boundary of this wake lies completely outside of the Kirchhoff wake and 
that therefore it cannot intersect the closed profile (Fig. 7). To give an idea 
of his proof let us show at least that the profile wake cannot lie completely in- 
side the Kirchhoff wake. In fact, such a configuration would lead again to two 
domains (Fig. 8) bounded by Wo , K, \ K and by 1F„ , IF, A respectively, one of 


Wo 




which is completely contained in the other, both of them being mapped on the 
same /-half -plane, the derivative being one at infinity. But then, according to 
the lemma, the speed could not be equal to one on both free boundaries at the 
point of contact, which proves that the assumed configuration is impossible. 

The general result, including finite wakes, is illustrated by Fig. 0. Lavren- 
tieff finds that the constant speed on the free boundary of a finite wake is less 
than the speed of the flow at infinity. The proofs given by Lavrcntieff involve 
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the separate discussion of several possible configurations of the free lmes. It 
should be frankly stated here that the present reviewer did not check in detail 
the stringency of all Lavrentieff's arguments. Lavrentieff’s theory seems to be 
not applicable to the theory of jets because an important statement, formulated 
as the second part of his Theorem I, is no longer valid in this case. 

13. Conclu ding Remarks. In the present report, incomplete as it is, an at- 
tempt has been made to sketch the groat achievements of the last 25 years in 




Kio. 


the theory of flows with free boundaries . 2 However, several outstanding 
problems remain, inasmuch as the method of continuity and the method of 
Lavrentieff prove existence and uniqueness for different classes of given walls 

1 An example of an obstacle with different points of separation had been given previously 
by Bergman [14]. 

2 Among recent contributions should be mentioned the work of Kravtchenko [33; 35], who 
extended the topological method of continuity to more general configurations, and the 
unpublished work of M. Schiffer (finite wakes). One of Kravtchenko’s papers [33] con- 
tains an extensive bibliography, and also mentions some authors like Schmieden and Sekorj- 
Zenkowitch who, while still quoted in modern literature as contributors to the subject, have 
committed serious errors. See also the comment of Leray [21, p. 1531 on Schmieden. 
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and in many cases the results established by one of these methods cannot be 
obtained by the other. Brilliantly ingenious as is the method of Lavrentieff, on 
the whole it seems that the method of continuity furnishes a greater contribu- 
tion to the general development of the mathematics of non-linear problems. 
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OPERATOR METHODS IN THE THEORY OF COMPRESSIBLE 

FLUIDS 1 


BY 

STEFAN BKIIGMAN 

1 . Partial differential equations arising in the theory of two-dimensional flows 
of a compressible fluid. The fact that the mathematical theory of steady two- 
dimensional flows of an incompressible fluid is essentially identical with the 
investigation of certain problems in the theory of functions of one complex 
variable makes it possible to use the highly developed tools of the latter theory; 
this is one of the main reasons for the considerable success in the development 
of this theory. In connection with the important problems arising from applica- 
tions in aeronautics, there has recently developed a considerable interest in 
studying two-dimensional compressible fluid flows. The success in the incom- 
pressible fluid case suggests the generalization of the aforementioned methods 
to the latter theory. If we wish to use such an approach, certain modifications 
are needed. In the case of an incompressible fluid we can operate either in 
the physical plane (that is, consider the stream function ^ as a function of the 
coordinates .r, y of the plane where the flow actually takes place) or in the 
hodograph plane in which one considers ^asa function of the velocity vector 
(hodograph method). In the case of an incompressible fluid, y) as well 
as ^(X A , 0), X A = log t\ v being the speed, and 0 the angle which the velocity vec- 
tor makes with some fixed direction, both satisfy Laplace’s equation. 

Since the transition to the hodograph plane distorts many relations, it is as 
a rule more convenient in the incompressible fluid case to operate directly in the 
physical plane. In the case of a compressible fluid y) satisfies a compli- 
cated non-linear equation, while (in the hodograph plane) satisfies a linear one. 

In particular, in the case of isentropic flow (with the pressure of the form p 
— c rp k , o- and A; being constants and p and p being pressure and density) it is 
convenient to consider^ in the II, 0-plane where 



Vi being the speed corresponding to the Mach number M — 1. The compressi- 
bility equation then assumes the form: 

(i.2) s(*) = i(u)(d : t/dd 2 ) + (afy/air) = o, 1(h) = (i - if-W 

[4, (42)]. The function /(II) is positive for .1/ < 1 and negative for M > 1. 

1 Research paper done under Navy Contract NOrd 8555- 1 ask F, at Harvard University. 
The ideas expressed in this paper represent the personal view of the author and are not 
necessarily those of the Bureau of Ordnance. 
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Remark 1.1. At the point II = 0 (which corresponds to M — 1), 1(H) has 
the development 


K«) 


(1.3) 


-G-J 


(2-*)/(fc— 1) 




2*/(fc-l) 


(-2H) 2 + 


I 


Since the theory of non-linear partial differential equations is not sufficiently 
developed, it is more convenient for many purposes to use the hodograph method 
in the case of a compressible fluid despite the fact that the transition to the 
hodograph plane brings, in many instances, considerable distortion of the rela- 
tions in which we are interested. 

It is well known that the compressibility equation in the supersonic case be- 
comes one of hyperbolic type and that the behavior of solutions of the latter 
is completely different from that of solutions of equations of elliptic type. There- 
fore, if we wish to have a strong analogy to the incompressible fluid case (which 
is governed by Laplace’s equation), we have to limit ourselves to the subsonic 
region so that we are led to consider at first the streamfunctions of subsonic 
flows and in the hodograph plane. In the subsonic case, we can reduce (1.2) 
to the canonical form for equations of elliptic type, introducing instead of II a 
new variable. 


1 l - (1 - M 2 ) 112 l_ 1 + h(l -M 2 ) 112 

2 S 1 + (1 — M 2 ) 1 ' 2 + 2h g 1 - h(\ - M 2 ) l/2 ’ 



[4,§ 7], (1.2) then becomes 


(1.5) 


d 2 + 

ax 2 


+ 4 AT ^ = 0 

66 2 + e\ ’ 


* 8 (1 AP )»*' 


Remark 1.2. Often instead of ^ we consider^* = V'///, where 

(1.6) H = (1 - [1 + 2 _1 (/j - DMT 1 ' 2 ' 1 ' 1 ’ 

= So (~ 2X)~ 1/6 [1 + Si( — 2X) 2 ' 3 + &(-2X) 4 ' 3 + • • • ] 


(9, (4.3)]. 

(1.7) 


\p* satisfies a somewhat simpler equation than (1.5) namely 


d 2 t* 

ax 2 " 


+ 


aV* 

ee 2 


+ 4 Fx/s* = 0, 


where 

_ (A + 1)M , (-(3A.- - 1)A/ 4 - 4(3 - 2 k)M 2 + 16] 

^ ' " 16(1 - MJ' 

(1.8) 

= [“0 + «l( — X) J/3 +••■], = ’ ®1 = 0> * - • 




Fig. la. The image of a flow around a cylinder in the physical plane 

sonic and partially supersonic) to use the variables X, 6. Since, for M > 1, the 
function X introduced in (1.4) becomes 

(1.10) — X(AT) = — i [arctan (A/ 2 - 1) 1/2 - /T 1 arctan (h(M 2 - 1) 1/2 )] s 

it is useful to extend the function under consideration to complex values of the ar- 
gument X. Let us introduce Xi + ?A instead of X, and then omit the subscript 
“1” in Xi. Considering \p(\ + i'A, 6 ), we have A = 0 in the subsonic region and 
X = 0 in the supersonic region. In the first case VdA, 6) satisfies equation (1.5) 
and in the second case the equation 

, s d 2 \ 1/ d 2 \b , M „ xr & + 1 A/ 4 

(L11) ~ aX* + "ae 2 “ 4 ax ” °’ Nl ~ ~T~ (M 2 - i) 3 ' 2 * 

A visualization of this situation is indicated in Fig. 3b, p. 35, where the (X, A)- 
plane is chosen horizontal, while the vertical direction is chosen as that of the 6 
axis: The half plane [A = 0, X < 0, - « < Q < «>] corresponds to the subsonic 
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region, while [X — 0, A > 0, <x> < 6 < » ] corresponds to the supersonic 

region. Both half planes are connected along the axis: X = 0, A = 0. 

In the case of an incompressible fluid, stream functions ^(\ A , 6 ) which yield in 
the physical plane flow patterns around closed curves are, in general, multivalued 



Fig. lb. The image of a flow around a cylinder in the hodogruph plane 


and possess branch points, poles and logarithmic singularities. For instance, 
the function 


( 1 - 12 ) 


Im 


'ur /exp z a - r: uy 

2 _\ exp Z A - U ) 


+ R : 


/ exp Z A - U Y'**n 

\exp 7A — It- U ) J /’ 


exp '/. A 


r 


yields in the physical plane a flow pattern with the speed U at infinity around an 
ellipse with the thickness ratio R 2 [11]. See Figs, la, ii>, lc. 2 The fund ion 


W( Z A ) = - Ua 


[ (t- v ) e in 

L + 


( i + + 

(t — 77)e ta _ 


where l = t( Z A ) is a solution of 



exp (Z A ) 


/ \ \£U , Wi_+ *) /r i " 

V 2 — 1/ Ll + V (t — ri) 2 e ta 2ira (t — 77) _ 


and U, a, rj,T are constants, yields a flow pattern around a Joukowski profile 
[G, pp. 55-57]. Thus, in order to obtain and investigate stream functions 0) 
possessing features similar to those encountered in the incompressible fluid ease, 
we have to introduce and study multivalued solutions of (1.5) possessing singu- 
larities similar to those mentioned above. 

2. Integral operators for generating stream functions of subsonic flow patterns. 
Integral operators introduced recently in the theory of partial differential equa- 
tions [1] yield a successful tool to generate and investigate functions of the kind 

* Note that the image of the flow pattern covers twice the (schlicht) u, v- and the X,0- 
planes. The point P (the image of z = °o) is a branchpoint. The corresponding stream- 
lines are indicated by the same type of marking. 
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mentioned above. An integral operator is an operator which transforms a class 
of functions, say 31, into the solutions of a given partial differential equation 





Fig. lc. T1 

\c imago of a How around a cylinder in the logarithmic plane 

which is, 111*011 r e; 
functions of one 
operator can be 1 

ise, (1.5). In the subsonic case we use as 31 the class of analytic 
complex variable Z = X + i9 (or Z - X — id). The integral 
written either in the form 

(2.1) 

p(/) 

= ^ E(Z, z, Of Z(1 - /*)) dt/i 1 - 

r ) 12 

or 

(2.2) 

pan = h 

[«»+%%?& cc~r 

I — 

N 

-5 

* 




1 1 

*>~ 

T 
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where f and g are arbitrary analytic functions of one complex variable and 
E(Z, Z, t), H and the Q <n) ’s are certain fixed functions. Functions / and g are 
denoted as the P-associate and the ^-associate, 3 respectively, of the generated 
solutions of (1.5). 

(2.3) E = H [\ + £ Q (n, zV"] 

is denoted as the generating function of the operator P. 

Two integral operators have been extensively studied in the theory of com- 
pressible fluids, namely the so-called integral operator of the first kind and that 
of the second kind.* See [1, 2, 9] and [3-7, 9]. In the case of the integral oper- 
ator of the first kind, H and the Q {n), s are functions of X and 6 (see [9; (3.11)]). 
They are connected by the relations (2 n + l)Q| n+1) + 2Q ( Z + 2 FQ (n) = 0, 
Q {n \Z — Z 0 , Z 0 ) = 0, Z 0 being a fixed point. In the case of the integral oper- 
tor of the second kind, they depend only upon X. (See [9, (4.1), (4.3), (5.2) and 
4, (87)].) In this case the Q (nh s are connected by relations (2 n + l)Q\ n+1) + 
Qxx ) + 4 FQ {n) = 0, Q (n) (— °°) = 0. In general, the integral operator of the 
first kind has certain uses in various theoretical investigations. In particular, 
it is possible to show that if a function / is regular in a domain situated in 
[X < 0] then the generated solution Pi(/) will be regular in the same domain, and 
vice versa. The integral operator of the first kind can also be written in the 
form: 

t rZ rZ pT. rZ / r>Z\ r’L\ / 

g - / I FgdZ l dZ 1 + I ( F / / ( Fg dZi dz 2 

J Zo Jzo J Zq Jzo \ Jzo J7.0 \ 

In the case of the integral operator of the second kind the representation (2.3) 
converges only in the domain Si = [| 0 | < 3 1/2 | X |, X < 0]. We obtain a repre- 
sentation for E 2 in the domain §2 = [0 > 3 1/2 | X |, X < 0] in the form 

E, = A x E (l) + A t [2~ l Z(A - / 2 )] 2/3 E (2) , E U) = HE* m , 

(2A) E * U) = ^ q {n ' K) (2X)/( — < 2 Z) n_<1, * )+(2 “ /3) , K = 1,2, 

n— 0 



*/ and g are connected by the relation: /( Z) = (2Z) 1/2 d I/2 gf(2Z)/r(l/2) dZ lli = (l/ir)^(0) -f 

f TT 1 2 , # . # t 

(2/ ir) J o Zsind(dg(2Zsin 2 d)/d(Zsin 2 d))dt?. In some instances it is more convenient to use 
operators in the form (2.1) ; in other instances in the form (2.2). 

4 Usually we denote by P«(/) the integral operator of the *th kind, k = 1,2. We remark 
that in [3-7] we have not explicitly indicated that the operator P 2 (and pi ) , which have been 
there denoted by P (and p , respectively) is the integral operator of the second kind. 

Integral operators transform analytic functions of one complex variable into complex 
solutions of the compressibility equation. If we change the integral operator, that is, 
change the generating function, the relations between Re[P(/)] and Im[P(/)] will be changed. 

The integral operator of the first kind has in the case of [1.7] the following important 
property. If we continue the values of ^ = Re[P(/)] and of P(/) to complex values of the 
arguments X and 0, that is, we assume that Z and Z are two independent variables, then these 
continuations in the characteristic planes Z = 0 and Z = 0, respectively, will be functions 
which differ only by a constant. 
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where the g <n, ‘ > ( 2X), <c = 1, 2; n = 0, 1, 2, • • • (which for | X | < (If 1 - 1 )t/ 2 
can be represented in the form 

O0 

y x) n ~ (1/2)+(2/3)( ' t + 

v-0 

are functions which are connected by equations 

2 (n + 2«/3)^ n '° + gL n+1 ' ,) + = 0. 

Remark 2.1. Wenotethatif we replace, in the expressions for E* u> , —X by i'A 
(see 1.10), then E« will be defined in the supersonic region S" = [0 > A, A > 0). 
If further we introduce the variable s, given by s = ( — X) 2/3 for M < 1, 
•s--= —A 2 ' 3 for M > l,see[9, (4.23)], then functions^ = /’__ r Eifdt/(l — f) u \ 
where E 2 is given by (2.4), are analytic in s and 0 (and therefore in M and 6) in 
o> 2 = §» + & 2 , see [9, (4.24)]. Thus E 2 given by (2.4) can be used to generate par- 
tially subsonic and partially supersonic flow patterns which are defined in S 2 . 
E 2 can also be used for generating “mixed” flow patterns in the corresponding 
domain situated in the lower half plane, 9 < 0. See [9, §5]. 

Since computation and tabulation of functions which depend on two variables 
is very cumbersome, we use for numerical purposes as a rule the integral operator 
of the second kind, despite certain theoretical difficulties which arise in applying 
it. Tables of the first six Q (n) ’s and of H for the integral operator of the second 
kind can be found in [12]. The functions q {n,K) can be tabulated in a similar 
manner. 

Suppose g( Z) is the complex potential (in the logarithmic plane) which in the 
physical plane yields a flow (of an incompressible fluid) around a profile, say 
Let^ = Imf^ 2 (i7)]. If certain conditions (see condition I, p. 27) concerning the 
behavior at singular points of g are fulfilled, then by using the formula 

x — j p M[ — r~ 2 (l — M 2 ) cos 9 \p e — v 1 sin 9\p v \ dv 

+ [cos 9^v — v~ l sin 9 \f / e ] ) d9, 

(2.5) 

1/ = J p " 1 j I — v 2 ( 1 — M 2 ) sin 9 \p f) + i r * cos 9 i p v \ dv 

+ [sin 6\p v + v 1 cos 9 ^]} d9 

[4, §14], we can determine the corresponding flow pattern in the physical plane, 
which will represent a flow of a compressible fluid around a slightly distorted pro- 
file SB. See Figs, la, lb, lc. 

The integral operators of the first and second kinds generate stream functions 
possessing m most cases the same general features as the functions to which they 
are applied. In particular, if the function g has a branch point of nth order, the 
generated solution of (1.5) will have a branch point of the same order and at the 
same point as g. There exists, however, an important exceptional case which 
requires a modification in employing this procedure in hydrodynamical applica- 
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tions; namely if we apply the operator p to a function g possessing a pole or a 
logarithmic singularity, then the operator produces an essential modification of 
the behavior of the solution at the aforementioned singular point. Namely both 
the real and imaginary parts of j&[lg (Z — Z,)] and />[(Z — Z,)~ n ], n a positive 
integer, will be infinitely many-valued at Z = Z*. Since, in connection with 
the transition to the physical plane, it is of importance to have singularities for 
which at least one of the functions *p or $ is single-valued at the singular point, 
it is necessary to modify our operator in the following manner. If we have a 
function g which has a pole or logarithmic singularity we decompose it into two 
parts, the first, say g x , having neither poles nor logarithmic singularities, and the 
second being 

(2-G) E -U(Z - Z.) r ‘ + E A, lg (Z - Z,), 

**="1 X*»TO 

where A M are constants and the v K are positive integers. 

Applying the integral operator to the first part, we obtain a solution of (1.5), 
sayV'i = Im[Pfgf)]. 

By introducing so-called fundamental solutions 

(2.7) * <W (Z; Z.) = A(Z; Z.) log | Z - Z. | + B(Z; Z.) 

of (1.5) or (1.9), where A and B are certain single-valued functions 5 which can 
be easily determined, we obtain solutions of (1.5) [or (1.9)] which have the same 
behavior as log | Z — Zjl |. See [4, p. 45; 6, p. 43; 7]. Differentiating these func- 
tions with respect to the real and imaginary parts of the parameter Z« we obtain 
single-valued functions ^ (1,1) and ^ (1,2) with an infinity of the first order. 

Remark 2.2. Flow patterns generated by ^ (L) , have a simple 

physical meaning. yields a vortex at infinity (in the physical plane), a 
fundamental solution <$ L) of (1.9) yields a source or a sink at infinity. ^ (1,1) , 
^ <I,2) yield components of a doublet at infinity. 

Adding to^i (see line 15 of this page) the functions with singularities described 
above we obtain a solution of the compressibility equation, possessing the same 
features as g. We shall refer to this procedure for determining stream functions of 
a compressible fluid as the modified integral operator. 

In the case of non-symmetric flow patterns with the velocity vector at 
infinity (z = oo ), we obtain as a rule the stream function (in the X, 0-plane) in the 
form 

(2.8) i = /lo* U) (Z; Z 0 ) + A x i aA \ Z; Z„) + A& aM (. Z; Z 0 ) + ^i(Z) 

where Z« = X(i-'o) + iOo , and^i(Z) is u function which has branch points of positive 
order as its only singularities, and which can be obtained by the operator from 
a suitably chosen function [$(Z) — </i(Z)] of one complex variable. 

5 We note that in general A and B are not analytic functions of one complex variable Z (or 
Z <). In order to emphasize this they are often denoted A( Z, Z; Z* , Z«), £(Z, Z; Z< , Z K ) 
respectively. 

Concerning another method for determining a fundamental solution, see 115]. 
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In the case of symmetric flow patterns the representation (2.8) simplifies. In 
the latter ease we can directly apply the p. operator to the function 

(2.9) {,( Z) = Z A, .(7. - Z„y' 2 . 

u ~ — 1 

See [5; 1 1]. 

The introduction of modified integral operators enables us to develop a theory 
of compressible fluid flows which in the subsonic case strongly resembles that of 
an incompressible fluid (when we use the hodograph method). In the following, 
a generalization of two results of the latter theory will be discussed. 

I. Conditions that a stream Junction defined in the X, 6-plane yields a flow pattern 
in the physical plane around a closed curve. 

In the compressible fluid case, (2.5) can be written in the form 

v f dw r 1 dw . 

^ 2 ' 10 ^ ~ = J exp Z A = J exp Z A ‘ dZ A d7j ’ 

where w — <t> + ixp, Z A = X A — i6, X A = log v. 

Taking then the real and the imaginary parts of the right-hand side of (2.10) 
and using the Cauehy-Riemann equations connecting </> and we obtain in the 
incompressible fluid case for x and y formulae analogous to (2.5). On the other 
hand if the domain of definition of a stream function 66 (in the X,0- plane) is simply 
connected, then the necessary and sufficient condition that the boundary curve 
of the image of 68 in the o;,y-plane is a closed curve is that the sum of the residues 
of the singularities [(exp Z A )~\dw / d/ A )] situated in 68 equals 6 0. 

This result can be generalized to the compressible fluid case. The integrands 
of (2.5) are complete differentials, so the values of these integrals are independent 
of the path of integration, provided that no singular point is crossed. If there- 
fore we substitute into (2.5) the fundamental solution (2.7) (or their derivatives 
with respect to Re Z 0 or to Im Z 0 ), we can associate with each such a singularity 
two real numbers, 

(2.11) T (1) ( Z 0 ) and T (2) ( Z 0 ). 

(In the incompressible fluid case these numbers are the real and the imaginary 
parts of the residue at Z 0 .) If the domain 68 (with boundary curve b) is simply- 
connected, then the necessary and sufficient condition that the image of b in the 
x , y- plane is a closed curve is that 

(2.12) E A v T' 5) (Z 0 ) = 0, 5 = 1,2, 

»>~0 

where A v are the coefficients appearing in (2.8) [4, §14; 0; 8, §01. 

II. A generalization of Blasius formulae. A further application of our method 

8 In the case of multiply-connected domains we have in addition to this to take into con- 
sideration the so-called periods of the integrals. 
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of attack is a generalization of the formulae of Blasius expressing the lift F and 
moment M exerted upon an immersed body, SB, in quantities characteristic for 
the behavior of the flow at infinity, z = . Let us assume that a profile SB is 

immersed in a flow of a compressible fluid, and the streamfunction (in the X,0- 
plane) has the form (2.8). For the force F exerting upon the immersed body SB 
we obtain the expression 

(2.13) F = SF(*) = - f v(\)e {e dj, + i* f [1 - 2 r\k - i)(v 2 (\))} knk ~ l) dz 
where 

(2.14) dz = i e' e {[- L - (~) + * 7] d\ + [*x (^) + i *f] 

and <? is any sufficiently smooth and sufficiently small closed curve around Z 0 . 
In generalization of the Blasius formulae we obtain in the compressible fluid case 

(2.15) F = Aff^ U) ) + + AffW™) 

where (F(^ <z0 ), • • • are vectors which we obtain by substituting ^ <L) , • • • in (2.13), 
instead of 4 '• An analogous formula can be obtained for the moment, M [8; §6]. 

3. Mixed flow patterns. In §2 we have considered only the subsonic case. 
The theory of integral operators can in an analogous way be applied to get purely 
supersonic flow patterns. 7 In this case we chose as class 31 to which the operator 
is applied the totality of twice differentiable functions of one real variable s 
(or r) where 

(3.1) s = A — 0, r = A + 0,A = — arctan (M 2 — 1) 1/2 + h~ l arctan ( h(M 2 — 1) 1/2 ). 

A certain handicap in this approach is the fact that the theory of single- and 
multivalued solutions of \peo — ^aa = 0 is not sufficiently explored from the point 
of view of the structure of their level lines. In particular, in contrast to the 
subsonic case, the stream functions yielding in the physical plane flow patterns 
around profiles of interest in physical applications have not yet been determined 
in the case of the latter equation. On the other hand, it seems that this method 
of attack would not be of considerable interest in applications since most flows 
in which we are interested are mixed, that is, partially subsonic and partially 
supersonic, and in addition may have shock waves. This complication makes 
necessary a considerable modification in the approach. 

In this section, we shall consider the mixed case, without shock waves. As 
in the subsonic case, it is useful at first to develop the theory of flows governed 
by a simplified equation, that is, an equation whose solutions have a behavior 
similar to that of solutions of the “exact” compressibility equation but whose 
mathematical theory is considerably simpler. By employing suitably chosen 
operators one can then transform solutions of the simplified equation into solu- 
tions of the exact one. 

7 It should be stressed here that this generalization does not introduce any additional 
difficulty. 
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I. The case of simplified, compressibility equation. (See [20, part II]). We 
obtain a simplified equation of this type if we replace in equation (1.2) the 
coefficient /(H), whose series development is given by (1.3), by its first term, 
that is, if we replace /(H) by 

(3.2) / t (H t ) = -Cl\\ C = 2[2 /(k - 
[7, 8, 9]. We obtain then 

(3.3) S f (^) = — Clltydo + V'h t u t = 0, C = constant. 

If by the transformation 

,(3.4) — Il f = c(-X , ) 2/3 

we reduce this equation to normal form then we obtain 

(3.5) (dV/dh t! ) + (dV/M*) + (3/X , )-‘(# , M 1 j = 0 

or [introducing 

(3.6) } 

(3.7) (d'y^/dX*) + + (5/36X ,2 )f*’ = 0. 


Remark 3.1. Instead of simplifying the equation S(\p) = 0, we can simplify 
equation (1.7) by replacing F by the first term of its series development at 
X = 0. We then obtain equation (3.7) once again. We note further that it is 
independent of k. 

If we replace the function IF by 4/ , ’ t = 5/36X t2 then the expressions for the 
generating functions given in (2.3) and (2.4) 8 essentially become hypergeometric 
series, namely 


(3.8) 


F t _ , (_ o\t ym-p /l 5 1 -l 1> (X t + i&)\ 

E *- Ai{ 2X) f U’6’2’ ~^r~) 

+ ,i 2 (-2x t r /3 [-/ 2 (x t + m in f (y ,|, 


for | (X* + id)/ — 2X f | < 1, and 


Ei = .4 3 


(3.9) 


w + «rv(i.I.i >r7 ^) 

+ ^ 4 (-2X , ) 2/3 [-r(X t + z6)] w F^ ,|, - t , 


-2X f __ N 

(\ r +io)/ 


for | — 2X t /(X t + i0)| < 1. The representation can be extended to the case 
|( — 2X t )/(X t + i0)| = 1. One of the main problems which arises in the mixed 

8 We note that II and H* ** c( — 2X^)“ 1/6 differ. We note that the second term in (3.8) 
can be neglected since Jl — 1 — i0) -1/2 F(2/3, 4/3, 3/2, 4- 10 )/— 2\t) 

•/(2~ 1 (1 — t 2 ) r l^)dt/{l — t 2 ) 112 — 0 if /(f) is regular in the neighborhood of f « 0 and van- 
ishes at f « 0. This is the reason it was not indicated in §2. 
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case is to determine conditions on the associate function / in order that the 
corresponding solution of the compressibility equation together with its first 
derivative with respect to II (and therefore also to M) will be continuous on the 
transonic line (II = 0, that is, M = 1). Conditions sufficient to assume this 
can be given in various forms. For instance, sufficient conditions to this effect 
are that in the neighborhood of the point Z 1 = 0, that is, X 1 = 0, 0 = 0, /(Z f ) 
and/'(Z f ) may be approximated arbitrarily closely by 2f-ia < ' ) Z t " 1 ', n § 5/fi, that 
is, that for every e > 0 constants ai x) can be determined such that 


(3.10) 1/(Z T ) 


22 o,!, v) z t "' 

v- 1 


< 


e, 


i /(Z 1 ) - 22 n.aW' 1 | < 


for 7} belonging to the domain of definition of the flow pattern. See [9; §4|. 

Our approach permits of various modifications. So in the case of symmetric 
profiles the following procedure for constructing mixed flows from a large class of 
analytic functions can be derived. The stream function of an incompressible 
flow around a symmetrical obstacle in the physical plane in the case under con- 
sideration can be written in the logarithmic plane in the form 

(3.11) = Im [*22 b,.(7 A - Z 0 r I/2 

Lv-0 

where Z 0 = log v 0 — iO 0 , i> 0 exp ( i0 o ) being the velocity vector at infinity, z = 5c . 
Replacing Z A by Z f , applying the integral operator of the second kind and carry- 
ing out certain additional transformations, wo obtain for (he solution of the 
simplified compressibility equation (3.5) the expressions 


(3.12) 



z„r i,! F 




+ 1 ^ 
^ 2 ’ 


2\t 



which then gives in the physical plane a flow pattern of a compressible fluid 
around a profile similar to the profile til. In this case, no additional conditions 
need be imposed on the associate function to assure the aforementioned behavior 
on II = 0. See [9, §4; 11]. 

II. The case of exact compressibility equation . 1. 1. If we replace in (2.1) i\ by 

A then in the case of the integral operator of the first kind the expressions obtained 
will represent a streamfunction of a supersonic flow pattern. If the associate is 
regular in a sufficiently large domain, the expressions generated by the integral 
operator of the first kind are defined in the domain C S X — E [M < 1] and if 2 — 
E[Af > 1], respectively. On the other hand, in general the above expressions 
are not defined along the transsonic line, and additional investigations are needed 
to obtain mixed flow patterns in this manner. 

2. If we use the operator of the second kind then (in analogy to the representa- 
tions (3.8) for the simplified case) the expressions [4, (87)J and [7, (51)] hold for 
the regions Si = E[3 1/2 \ < 0 < — 3 1/2 X, X < 0] and S 4 = E[— 3A < Q < A, A > 0], 
respectively. As has been mentioned in Remark 2.1, the formula 

•A = Im{| ( ^ E 2 (Z, Z, Z(1 - < 2 )) dt/( 1 - f) I,2 j , 


(3.13) 
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where E2 = yl 1 E <1> -f [2 ‘Z(l — r)]" , ' i /l 2 K < ' ) , A, are constants, E w are given by 
(2.4), and / is a function of one variable, yields a flow pattern defined in S 2 = 
S2 4- §2 (see Remark 2.1), as well as in a corresponding domain S3 in the lower 
half-plane 6 < 0. 9 

If we introduce new variables m = < 2 Z/(Z -f Z) and s = [ — (Z + Z)/2)- 3 then 
the equation 

2E*x + E x.\ - t-'Ex* + 4FE* = 0, r = /% 


for the generating function E* = E-./II of the second kind, assumes the form 

[a(l - ") E*„ + (J - 2«) F* - E*J 

-t- jj«(2« - 1 )e 1 + ir‘«(2 + Sir'jK? - (4 /9)s'E* - K-S'f.s) - o/114)E*J - 0 

see [9, (4.2) and (4.7)]. Writing then 

00 

e* - r ,u ' = k*\ r ai = o, 


we obtain for the U (n) the recursion formulas, 



In addition to expressions of the form (2.3) and (2.4), further representations for 
E* can be obtained from the above formulae similar to those obtainable in the 
simplified ease by using the theory of the hypergeometric equation. 

3. The inversion formulas, that is, formulas expressing the associate / [or g\ 
in terms of the stream function ^ are of considerable interest in various applica- 
tions of the method of integral operators, fn the case of an integral operator of 
the first kind, we have 


*(Z, 0) = —2~ l i[y(7i) - tfi(0, Z)ff(0)l. 


In the case of the integral operator of the second kind similar inversion formulas 
can be obtained. (See Trans. Amer. Math. Soc. vol. 57 (19 to) p. 302 IT.) The 
above formulas, however, require the knowledge of the analytic continuation of 

Integral formulas indicated above yield solutions of (1.2) (that is, stream functions of 
compressible fluid flows) which are defined in the domains fJi and ( Sz respectively (in the case 
of the integral operator of the first kind) and in , S 2 , e\; , 5*i 1 respectively (in the case 
of the integral operator of the second kind). The question how to determine the associates 
g (or/) such that g (or/), inserted in formulas defined in different parts of the plane, yield 
the analytic continuation of the same stream, fund ion ^ can be reduced by the use of inver- 
sion formulas to a problem in the theory of functions of a complex variable, see [9, §51, or 
handled by procedures indicated in §3.1 (see p. 36) of the present paper. 
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\p to the complex values of the arguments X, 6. In the case of the integral opera- 
tor of the second kind a formula expressing / in terms of the values 

oo 

lim \piMy 6) — xi(0) 55 S al l) 0 V y 

M-+ 1~ v-0 

lim = Xi(6) a 3 1,3 (1 - 

AT-* l” J'-*0 

can be derived. 

Assuming that in (3.13) Im {.li/l 2 | ^ 0, we have 
/(f) = — ( — 2tf) 1,6 3 _l,2 T _1 S7 2 [Im f.-li.lOr ' 

^ — />o J + 11 ( — l ) 'f) K i~ m 

where a ~ — 2/f(l — f), the constants D v , v = 0, 1, 2, are: 

A> - -2-3' 1 t 3/2 6Vl 2 , Di = — 2 5,3 3 '/ I/c *So^Vli , = -* l \SVli, 

and the S v are defined in (1.6). Cis a simple curve in the complex /-plane which 
connects t = — 1 with Z = 1 and, except for the end points, lies outside E[ | t | g 
1], Moreover, (? has to be chosen in such a manner that [2~ I Z(l — Z 2 )] lies in 
the regularity domain of / for the values of Z under consideration [9, §6]. 

2 . We wish now to indicate another procedure which aims at constructing 
“mixed” flows. In applying this method, we use in addition to the integral 
operator the Chaplygin solutions. Suppose that g{ Z A ) is a complex potential 
which in the physical plane yields a flow past a closed curve. For simplicity’s 
sake let us assume that the flow is symmetric, and the complex potential (in the 
logarithmic plane) is a two-valued function, possessing as its only singularity a 
branch point of the second order at the point X A = Xc* , 6 = 0. Employing the 
operator p [4, (69), (89)], or that of the first kind, we obtain a solution of equation 
(1.5), ^ (l) = Im[/>(< 7 )]. If the maximum speed is chosen sufficiently large, this 
solution will be determined at first only in a portion, sa} r />, of its domain of 
definition, namely in the portion situated in [X g X 0 ], X 0 < 0, so that, in general, 
the boundary curve \p {l) ~ 0 is not closed in the aforementioned domain. Let 
us assume that for the X-coordinate X^ of the branch points X^ < X 0 holds. 
We shall now describe a procedure (different, from that indicated in 1 and in the 
footnote 9) to determine the analytic continuation of the solution \p a) outside of 
D. Since in the following we have also to operate in the supersonic region, and 
as we shall employ Chaplygin’s solutions, it is convenient to introduce, instead of 
X, the variable r = (k — l)ir/2ao , where «o is the speed of sound at a stagnation 
point. In the subsonic region t = r(X) is a biuniform function of X. Let = 
r(X 00 ). According to our assumptions for r > the streamf unction is defined 
only in two disconnected regions, say LBi and , which have no branch points 
in their interiors. (These domains lie on two different sheets of the Riemann 
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surface.) Let to = t(Xo) > r«> and let us now introduce Chaplygin’s solutions 10 

(3.14) (yl,F, + fl,F?)r"*V < ” ,)/i , 
where 

(3.15) F, = F(a, 1 - t), 

F: = (1 - t) s+ 1 F(7, 3, ;2 + 0, 1 - r), 



Fig. 2 


F being the hypergeometric series. Here 

7. = (f+l), ». = 2- [(£-«) + A.], 

K. = 2- [(~ - ») - 4.] . - [(a)’ (2# + 1) + \ e’J" 

In order to compute the continuation of T u) (t, 6) = ^ (l) (X(r), 0), obtained in D 
by the use of the integral operator into the domain tih (and fB? respectively) we 
write F (2) in the form 


(3.17) * (2) = £ (,lJ l) F, + Bl l) ¥t)r iiL cos^ + U< 2) F> + B^F^r 


,2L sin ~ 

JU 


10 The expression (A,F r ~h B, Ft) which appears in (176) of [4], sec also (3.14), depending 
as it does upon two independent constants, is the most general solution of the hypergeo- 
metric equation (175) of [4); consequently it would be of interest if the authors of |21] would 
clarify their statement (see in particular p. 4, lines 14-21 of [21]) indicating in which way 
the author of [4] has restricted his attention to the first solution of the hypergeometric equa- 
tion alone. 
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and determine the coefficients Al*\ Bl*\ k = 1,2, — 0, 1, 2, • • * , so that on 

T = To , L ^ 6 ^ L f 

(3.18) * CI) (ro , 6) = ^®(r 0 , 0), *< l) (r 0 , 0) = ^ 2) (r 0 , 0), a rW ;i) /dr, • • • 

holds. It can be shown that the series (3.17) converges in a certain strip, say 
[to S T g Ti , -L ^ e L]. By replacing r 0 by n , L by L x and repeating the 
same procedure we may continue the function to a range of values [n ^ r ^ r ; , 
— I n ^ d ^ Li] and so on. If we employ the integral operator, p { , of the first- 
kind under the assumption that g (see (2.2)) is regular in a sufficiently large 
domain, w'e can prove the existence of 4' in the whole subsonic region, and the 
fact that by this procedure the function 4' can be determined in the subsonic- 
portion of the domain of definition of the flow'. If the flow r can be continued to 
the supersonic region then the procedure described above also yields the con- 
tinuation. 

If, on the other hand, we replace the infinite scries (3.14) by a finite one (in 
doing this w e may require that 

(3.19) |* a) (r o ,0) - 'I' <5) (r 0 , 0) | S (, !*"’(ro f 0) g « 

where e is any preassigned quantity however small), then the finite sum is de- 
fined everywhere, and if \p = 0 is a closed curve (see Fig. 2) we obtain in this way 
a “mixed” solution of the exact equation, which together with its normal deriva- 
tive has on the line r = t 0 a jump. This jump, however, can be made arbi- 
trarily small. See [4, §17]. 

3. Let us finally indicate still another method for generating single- valued 
solutions of compressibility equations which yields solutions different from those 
of Chaplygin. These solutions, in general, lead to certain types of mixed flow 
patterns ( not including flows around closed curves). 

In [2, pp. 23-27] and [3, §2] the author of the present paper introduced the 
follow ing operator to generalize potential functions <p( II, 9) (see (1.1)) and stream- 
functions ^(H, 6) of the (exact) compressibility equation. Functions ^ and 
defined by 

VJ + # = (e + fll) 1 " 1 jJY - 21 ^ 2 ) 0 " 2 l /(lh)dlhf o dll, -r ■■■ 

(3.20) + i [l ! (j) 6” 1 £ rflh - 3 ! Q 0" 3 

11 /.Hi /'ll- 

d II, Klh) d 1I» d II, + 

Jo Jo 

11 Another possibility of continuing the solution would consist in matching together two 
different representations along the line X = X^ , that is, the lino on which the branchpoint 
lies. This method, however, offers considerable mathematical difficulties. The series for 
ip cannot converge on the line X - X^ since the function is singular on t his line. Therefore, 
it is necessary to employ some summation methods in order to prove that the solution and 
its derivative converge from both sides of X ~ X*, to the same values. Further, it is neces- 
sary to show that the stream function and the potential function obtained in this manner 
are two-valued (and not, say, infinitely manv-valucd) functions at the singular point. 
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(3.21) 


* + »* = *0(9 + *H) ,Bl s - {[l! (i) 9 n l jf D KH,) dH, 

- 3! (”) 0”- 1 jf" i(II,) dll, jf"’ dll, jf“‘/(H x ) dll x + • • • J 

- i [«' - 2! (”) *"* dHj jj- «H.) ill, + 


see (1.1), (1.3), are, in the special case where Z(II) = 1, connected by the Cauchy- 
Riemann equations, and can be interpreted as the potential and the stream 



Fig. 3a. Intersection with 0 =* —t?i < 0 



Fig. 3b. Intersection with 0 =» 0 

Fig. 3. Successive intersection of the four-dimensional (X, A, 6 , 0) -space, with 0 = const. 

function of an incompressible fluid flow. In the case of an arbitrary l( H), <p and 
yf/ are connected bv the equations 

(3.22) <pe = > <Pn — — Z(II)^* , <pe = dip/ 39 , • • • 

and if we choose l(ll) = (1 — M 2 )/p where M is the local Mach number and 
p = p(M) the density, then <p and \p can be interpreted as the potential and 
stream function of a compressible fluid. For details see [3], 

Let us denote, as indicated above, by (9 + iH) lnl and iQ(9 + z’H) l,t) theexpres- 
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sion obtained from (0 + ill)" by the above procedures. We define, in general, 
the operation by the relation 

(3.23) &[£(«- + i/3n)(0 + iH)"] = £k.(0 + *H) U1 + i 00,(8 + 

where a n , f3 n are real constants. R 2 can obviously be applied to finite sums and 
in some cases to infinite ones, producing potentials and stream functions of a 
compressible fluid flow. 

Remark 3.2. In operating with these symbols, the following rules hold 

i[(e + t'H) ,n) ] = *0(0 + til) 1 ” 1 , i[iO(0 + tH) 1 " 1 ] = -(6 + ill) 1 " 1 . 

In a joint investigation, Bers and Gelbart [17] independently of the author of 
the present paper, found the same operator, which they then investigated 
in subsequent publications [18, 19]. They term the functions obtained 
^-monogenic. 

4 . “Basic systems of solutions ” and their transformation due to a circuit around the 
singularity of the coefficient N of equation (1.5). In considering ordinary differ- 



ing. 3c. Intersection with 0 = > 0 

ential equations whose coefficients have singularities of Fuchs type, we associate 
with each singularity a certain linear transformation. It seems of considerable 
interest to attempt to generalize these considerations to the case of partial 
differential equations of the type (1.5) [or (1.7)] where N = N(\) is a single- 
valued [or finitely many-valued] function which has a singularity on the line 
X = 0. In these investigations, it is useful to continue the functions to complex 
values of the independent variables, that is, to consider ^*(X + t‘A, 0 + id). Sec 
Remark 1.2, p. 20. The variables Z = (X — d) + i(A + 0), Z = (X + d) + 
i( A — 6) become now two independent variables; they are conjugate to each other 
in the real plane, A = 0, d = 0. The coefficient F has as its only singularity the 
plane X = 0, A = 0, on which a solution xf* can be singular. \p* may possess 
some singularities outside this surface. As can be shown, every singularity of 
except that in X = 0, A = 0 must be a domain in a plane Z = const, (that is, 
in [X — d = const., A + 6 = const.]) or in a plane Z = const. ; the boundary points 
of such a singularity domain lie either at infinity or belong to [X = 0, A = 0]. 

We shall now associate with the singularity plane of F a certain infinite matrix. 
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Let Po(Z 0 , Z 0 ) be a point which does not belong to [\ = 0, A = 0] and let {x.| de- 
note the system of functions which are obtained by orthogonalizing the system 


(3.24) 

P[(Z - Zo)1 


P[(Z - Z,)1, P[(Z - Zo)'], V = 0, 1, 2, • • • , 

// f (Z - Zo)' - [ Z C FZ\ dz, dz, 

L •'Zo J 2t 

rZ rZ / /-Zi \ _ 1 

+ / / ( F / / FZJ dZ 2 dZ 2 ) dZ t dZ! • • • , 

‘'Zo •'Zo \ ‘'Zo ‘'Zo / J 


with respect to a hypersphere 3C 4 , whose center is at P 0 and whose radius is suffi- 
ciently small. As it is possible to show this system is complete for the class of 
solutions of (1.7) which are regular in 3C 4 . Suppose now {x* j represents another 
complete orthonormal system, then it is possible to develop every function x* in 
the series x* = (and x* = Xr-i 7> M x*), so that we can associate with 

both systems an infinite matrix = {a„ M }. In particular, let us suppose that 
we have a closed curve C passing through P 0 . Each P[(Z — Zo)'] and 
P[(Z — Z 0 )'] is defined for | Z | < oo, | Z | < <» except [X = 0, A = 0]. Each 
of these functions is single-valued except possibly at [X = 0, A = 0] where it 
can have a branch point. Therefore if we start at 1\ with x*(Z, Z) and we 
move along a simple closed curve, which cannot be reduced to a point with- 
out intersecting [X = 0, A = 0] then going once around the curve we obtain, in 
general, new functions, say xi*\ which form again a complete system. Each 
function xi° can be developed in fH 4 into a series, xl l) = Xm-i PwXii, where 
= {d„ M j represents an infinite matrix. If instead of the x/s we use some 
other complete system {t„] possessing the same properties as {x,), and if 
r„ = Xm-i , then we obtain that the matrix G = corresponding to S is 
similar to 93, that is, we have G = where X = {y^j. It seems of inter- 

est to consider the solutions in the Riemann space of F(\) and since F = 0(X~ 2 ) 
for X — * 0, it is suitable to use functions (Z — Zo)', (Z — Z 0 )' as the system x* • 

Continuing (his method of attack we can associate with the singularity surface 
[X = 0, A = 0] a certain infinite matrix. The study of its properties can be 
utilized for the study of the behavior of solutions of the compressibility equation. 
In some later place we shall return to this question. 

4. The method of orthogonal functions and the theory of integral operators. 
As we indicated in §1, many problems in the theory of compressible fluids may be 
solved by the hodograph method which enables us to consider a linear equation 
instead of a non-linear one. In particular, as we indicated in §3, this method 
enables us to handle the mixed case. On the other hand, there are some prob- 
lems in the two-dimensional case where it seems to be preferable to work directly 
in the physical plane. Further, in many instances, for example, in the case of 
three-dimensional motion, we are unable to reduce the equation to a linear one. 
Therefore, it is of importance to develop methods of working directly in the 
physical plane, in which case we have to solve a non-linear partial differential 
equation . 
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Recently, the author of the present paper (together with M. Schiffer) developed 
certain considerations which enable us to use methods of the theory of complex 
orthogonal functions for the solution of linear and non-linear partial differential 
equations. See [10, 14-1G], Naturally it is impossible, in the case of a non- 
linear equation, to introduce a linear operator which transforms in biuniform 
manner analytic functions of one complex variable into solutions of this equation 
and vice versa. But it is possible to define a larger class of functions which form 
a linear space such that the solutions of non-linear equations can be mapped 
into a certain subset of vectors in this linear space. This fact will enable us to 
derive certain properties of solutions of non-linear partial differential equations, 
in particular, those which appear in the theory of compressible fluids. 

Suppose at first that the density p is known at every point of a flow past a 
profile t)\ Then the potential function 1- </> can be determined as the solution of 
the differential equation 

which is defined in ffi (the exterior of f?), satisfies on the boundary P of ffl the 
conditions 

(4.2) (d<f>/dn) 0, 

and at infinity possesses a singularity representing a doublet. A solution with 
such a singularity can be determined by methods similar to those of §2. Instead 
of </> we can introduce the function <J>* = <j>/h, h = p“ 1/2 , </>* satisfies in fB the equa- 
tion 

(4.3) £*(</>*) - A<£* + 4 P4>* = 0, P = — 4 -l p~ 1/2 A(p -1/2 ) 7 
satisfies the boundary condition 

(4.4) s {d4>*/dn) - qcj > * = 0, q = - K \dh/dn \ 

and has a singularity at infinity. Let us assume that P < 0. The determina- 
tion of <t>* can be reduced to the determination of a function <p* which satisfies 
(4.3) in ®, is regular at infinity, and satisfies the condition B(<p*) = p on the 
boundary (?. This can be achieved by the use of the theory of orthogonal 
functions. Let a(x, y) and b(x } y) be two functions twice differentiable in + C, 
and such that 

T~1 ^ x ^ == f V 
dx dy J J e 

a cos (n, x) + b cos (n, y) = q(s) on (f 

11 We consider here the potential function rather than stream function, since in the three- 
dimensional case only the former can be defined. 
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We introduce now a complete system v - I, 2, of solutions of (4.3) which 
are orthogonal ized so that 


R(<pI 


<Pn) “ 


(4.0) 


/,/[ 


dipt dipt , dipt dip* 
dx dx dy dy 


4P+U 


d(a<p? <p*) d(b<f* <?*) 


dx 


dy 




dx dy 


1 for ^ = /i, = 0 for 


Then every solution <p* of (4.3) can he written in in the form 

(1.7) V?* = Efl^n (lv = j 

See [1(>, §()]. This result enables us to determine the desired potential function 

In order to solve the non-linear equation, we apply the method of successive 
approximations in the following manner. At first we determine as a first approxi- 
mation, the potential function </> (1) for the incompressible fluid case. By using 
then the formula 

(4.8) p‘ 2 > = [l - l (k -~ 0 (^ + < )2 )] ,;a - ” 

we determine the second approximation for the density. Using p u) (.r, y) we 
determine the second approximation for <£, say </> (2) . Substituting it in the right- 
hand side of (t.8) we obtain the third approximation p (3) for p, and so on. As it 
can be shown the procedure converges in certain cases, in which it yields the 
desired solution of the non-linear differential equation. 
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Introduction. The basic existence and uniqueness theorems of gas dynamics 
ire yet to be established. Consider, for instance, a profile P in the x, t/-plane. 
Does there exist a two-dimensional steady potential gas flow around P, such that 
the Kutta-Joukowsky condition is satisfied at the sharp trailing edge of P, the 
flow is uniform at infinity and possesses there a given direction, and the speed 
q attains somewhere along P the preassigned maximum qw? The answer to 
this question is not known, though it is known that it cannot be always in the 
affirmative for supersonic values of q m ax - 1 It is generally believed that a uniquely 
determined flow exists whenever </ ma x is less than the critical speed. The only 
known result in this direction, however, is that due to Frankl and Keldysh [6]. 
It asserts the existence and uniqueness of a flow for every preassigned sufficiently 
small value of the free stream speed q ^ . A more special theorem of Slioskin [ 13 ], 
proved in the framework of Chaplygin's approximation and for symmetrical 
flows only, is of the same general character. 2 We want to show how Chaplygin's 
approximation leads to a complete existence theorem for convex profiles. 

Chaplygin’s approximation. The density of a potential adiabatic flow is given 
by 3 


where 7 is the ratio of the specific heats. Chaplygin's approximation method 
[4] consists of setting 7 = —1, so that (1) becomes 

( 2 ) p = (i + qT 112 ■ 

It is well known how this seemingly paradoxical assumption can be justified, 
and that in some cases it leads to results which are of practical value [ 9 ]. We state 
some of the known consequences of assumption (2). The continuity equation 
for the velocity potential <p becomes the equation of a minimal surface: 

(1 + <Pv)<Pxx ~~ %<Px<Pv<Pxu + (1 + <pl)<P V y ~ 0. 

The complex potential F = <p + v\t (t£ being the stream function) becomes an 
analytic function of the “distorted complex velocity" 

1 This follows from a recent non-existence theorem of Nikolsky and Taganov [12] . 

2 Slioskin also considers a free boundary problem. His treatment is based on an integro- 
differcntial equation different from the one used by us. 

3 We assume that the units are chosen so that the stagnation density and the speed of 
sound at a stagnation point are both equal to unity. 

41 
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(3) w* = q*e~ <> 

where $ = arctan fcy/Vx) is the inclination of the velocity vector, and the “dis- 
torted speed” q* is defined by 

V ' 1 1 + (1 + i? 2 ) 1 ' 2 ’ 

The complex variables t\ w* and z = x + iy are connected by the relation 

(4) dz - ! (£ - i?lF) ■ 

This relation is the key to the “indirect” problem of airfoil theory (construc- 
tion of flows around profiles whose shapes are determined afterwards). Tsien 
[15] solves this problem by taking for F the complex potential of an incompres- 
sible flow past some profile in an auxiliary f -plane, and for w* its complex velocity: 
w * = dF/d$. This procedure fails for circulatory flows. The author showed [1] 
that circulatory flows can be obtained by setting w * = (dF/d$) n y n being an 
appropriately chosen constant. A more elegant solution of the indirect problem 
is due to Gelbart [7] who takes for w* an essentially arbitrary function of ( subject 
only to a few conditions. 4 

The direct problem. We are concerned here with the direct problem where 
the profile P is preassigned. 5 In the case of an incompressible fluid this problem 
is solved by mapping the domain E(P) exterior to the profile P onto the domain 
| f | > 1, by means of a function which is analytic in z y and hence also in F. The 
same method may be applied to a Chaplygin flow. We assume the existence 
of a solution and map E(P) onto | f j > 1 by a function which is analytic in 
F (but, of course?, not in z). The existence of such a mapping (subject to the 
usual normalization) is easily established. In the f -plane both F and w* are 
analytic functions. 

To simplify the argument we consider the most primitive case: a symmetrical 
flow past a symmetrical profile without comers. We denote the arc-length on 
P by <x y and assume (without loss of generality) that the length of P is 2tt. The 
mapping of P onto the circle f = c™ is given by a function 

(5) cr = /(«), 0 g u, g 27 r. 

Assume that wo know this function. Since along P the slope of the velocity 
vector coincides with that of the profile we know the boundary values of the 
harmonic function 0(f) along the circle | f | = 1 . From these values we may 
compute the boundary values of the conjugate harmonic function log q*, and 
once we know q* along the circle we also know the velocity distribution q along P 

4 Gelbart’s solution was later obtained independently by Lin [101 and Germain is]. A 
solution of the indirect problem was also given by Christianovich and Yuriev |5l. 

6 From an abstract presented to the American Mathematical Society |14) it is seen that 
the same or similar problem has been attacked by Tschon bv methods of the calculus of 
variations. 
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I he name velocity distribution can be computed in a different way. It is 
easy to verify that in the f -plane F satisfies the boundary conditions for a com- 
plex potential of a flow around a circle. Thus 

(fi) E = A(r + i/r) 

whom A is a positive constant. On P 

d<p | __ ; d<p j du) 

; da ! 1 das i da 

whei-e <4 pA/« is to be evaluated along | f | = 1 . From (5) and (6) it follows that 

2 A 1 sin u I 


1 he function (5) must be such that the two determinations of q lead to the 
same values. If we write down this condition, we obtain an integral equation 
for the function /(«). We omit all intermediate computations (u'hich may be 
found in [2]) and state only the final result. 

Let the equation of the profile P be written in the form 


and let (he function (hod be defined by 

exp [fG(o-)] = Z'(o). 

Associate to each function /(w) the function 


0 £ a ^ 2r, 


i r 

h(w) — ~ / |G[/(«o -j- ()] — 0[/(co — ()] — 2t\ cot 

Ztc J o 


and the number 


^ ^ _ </max/U + (1 + (7nuxx) 1/2 ] 

max | 2 sin re* 1 " 1 | 

where q max is the prescribed value of the maximum speed. The integral equation 
for may be written in the form 

(9) /(«) = jf H(J) dJ /— j f' H(o) dJ 

where 

(10) HU) = - 4X 2 sin J oj • e hM . 

It might be mentioned that this equation can be solved numerically, though 
the convergence of the iteration procedure used has not yet been established . 6 

• The procedure is described in [2], An iteration method for circulatory flows will be 
described in a forthcoming paper. An approximate numerical method for solving the direct 
problem is contained in a forthcoming paper bv Gelbart and Reach. 
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Application of the Schauder-Leray method. In order to apply to our equation 
the topological method of Schauder and Leray we transform it into an equation 
for the derivative ff(co) = Let S(f) denote the right-hand side of (7) and 

R(h) the right-hand side of (10). The operator S depends on the function 
0(<r), that is, on the shape of P. The operator R depends on the value of g mu * 
since it involves the parameter X determined by (8). We also define the opera- 
tor r = T(l) by the equation 

r(co) = i(«) /^f’\ «(»') I dJ. 

Now set 

F = TRST. 

Equation (9) is clearly equivalent to the following equation for the derivative g: 
(ID 9 = F(g). 

We introduce in (11) a real parameter k, 0 ^ k ^ 1, by setting 
F(k, g ) = 2*(1 - fc) + kF(g), 
and forming the equation 
(12) g - F(k, g) = 0. 

The operator F(k, g) is defined whenever g(o>) is a (not identically vanishing) 
continuous function defined on the closed interval (0, 2-). 

Consider the Banach space of continuous functions g(u), 0 ^ iS 2 t, with 
the norm || g || = max | g(o>) |. Let 6 be a sufficiently small positive number, 
and let flj denote the closed subdomain of the Banach space consisting of all 
functions satisfying the conditions 

II 9 II = | > jf |<7(w) | du S 5. 

Under the assumption that P is convex (that is, that O' ^ 0) and with the aid 
of some results from the theory of conjugate functions it can be shown that 
F(k, g) is continuous in k and g for 0 g k g 1 and g in Q h and completely con- 
tinuous in g. It also can be shown that for no k between 0 and 1 does the equa- 
tion (12) possess a solution on the boundary of Q s . Since for k =0 the operator 
F(k, g) is a simple translation and since the function j ^ '2w is an element Q t , 
we may apply the fundamental theorem of Schauder-Leray [11, in particular 
p. 63] to conclude that equation (12) possesses a solution for k = 1. But for this 
value of k equation (12) is identical with (11). 

The existence theorem. If the profile is asymmetric and possesses a sharp 
trailing edge, and if the angle of attack is different from zero, a similar procedure 
may be used. Furthermore, it can be shown that if the integral equation has a 
solution, so does the original boundary value problem. The net result is the 
following existence theorem. 
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Let there be given a profile P and a point z T on P. Let P be convex and con- 
tinuously curved , except , perhaps , for a sharp trailing edge at z T . For every angle 
of attack and every value of the maximum local speed there exists a potential gas 
flow around P which is uniform at infinity y satisfies the Chaplygin density speed 
relation , and possesses at Zt a stagnation point . 

If P has a cusp at z T , the theorem remains true, provided that the condition 
that z T be a stagnation point is replaced by the condition that at z T a streamline 
should divide itself into two branches. 

The same method also yields other existence theorems. A detailed presenta- 
tion will be published at a later date. 

Non-existence of a flow past a corner. A few words should be said con- 
cerning the conditions imposed on the profile. The convexity condition is 
probably superfluous and due to an imperfection in the proof. The condition 
that the profile should be continuously curved could be relaxed easily. On the 
other hand, the condition that the profile possesses at most one sharp corner is 
essential.' 

In fact, a Chaplygin flow past a convex corner is impossible. This statement 
is not a consequence of physical considerations, but a mathematical theorem 
expressing a property of minimal surfaces. The flow is impossible even if the 
speed is permitted to become infinite at the vertex of the corner. 

To verify this theorem, assume that a Chaplygin flow past a solid wall W 
containing a convex corner at the point V is given. We assume that W has a 
continuously turning tangent, except at the point V where the tangent experi- 
ences a jump, and that in the neighborhood of V the streamlines are topologically 
equivalent to the linevS Im z n = 0, 0 < a < 1. Let F be the complex potential 
of our flow and let w* = q* e' t9 be its distorted complex velocity. s Consider 
a domain I) bounded by an arc of a small circle with center at V and by an arc 
of W. The mapping f = F{z) takes D into a domain /)' bounded by a con- 
tinuous arc A' (image of the circular arc) and by a straight segment W (image 
of the arc of W). The arc W' contains the image V of V. Consider w* as a 
function of f. It is analytic in /)' and continuous at all points of the boundary 
A* + IT', except for the point V'. Now we map I) f conformally onto the domain 
| Z | < 1, by means of an analytic function Z = Z(f) such that Z(V') = 1. 
In | Z | < 1 the function w* is analytic. It is continuous for j Z | = 1, Z ^ 1. 
The argument — 0 is continuous for Z = c'\ t 9 * 2mr. The limits 0(e +l °) and 
0(<r l °) exist and 0(e +tO ) — 0(c~*°) > 0. It follows that w* is singular at Z = 1 
and | w* | = q* becomes infinite at this point. Going back to the domain 1) 
we sec that q* attains arbitrarily large values in the neighborhood of V. 
But this is impossible since, by virtue of (3'), q* cannot exceed 1. 

Open questions. Besides being restricted to convex profiles our result is 

7 Our proof can be easily extended to the case of two convex corners, except that there 
the angle of attack can not be prescribed. It must be chosen so that both corners become 
stagnation points. 

8 Wc require that F be continuous on W, monotonic on every stream line and w* con- 
tinuous on W except at V. 
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incomplete in that it contains no statement concerning the uniqueness of the 
solution. It seems probable that the solution is unique. It also would be of 
interest to show that the value of q„ may be prescribed instead of that of q mtiX . 

Of greater importance is the question whether the existence proof for subsonic 
flows governed by the “exact” adiabatic density-speed relation (1) can be ob- 
tained by similar methods. The first step would consist in reducing the bound- 
ary value problem to a mapping problem and to a functional equation for a 
1 unction of a single real variable. For symmetrical flows this has been accom- 
plished [3]. 

(Note added in proof.) I am now able to replace the condition that P be 
convex by a less restrictive condition which is satisfied by aerodynamically 
significant shapes. 
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RECENT DEVELOPMENTS IN FREE BOUNDARY THEORY 

BY 

GARRETT B IRK HOFF 

It has been known for some time by practical men that “wake theory” dors 
not describe actual physical wakes. Recent intensive study of “cavity motion” 
supports the belief that it may however describe the high-speed motion of a 
rigid body through water, when an air- or vapor-filled cavity of very low density 
follows in the “wake” of the body. 

In collaboration with Lynn Loomis and Milton Please t, the author has shown 
that if this is so, very large wall corrections must be made in water tunnel meas- 
urements of cavity drag coefficients. It is noteworthy that these corrections 
become negligible if C D = 2 D/pv~ is computed using the velocity v along the free 
boundary, instead of the usual mean upstream velocity. Gillmrg and Rock 
have shown that earlier results of Riabouchinsky and a new “reentrant jet” 
model both predict a variation C n (K) in drag coefficient Ci> with the “cavitation 
parameter” K , according to the formula Cn(K) = (1 + K)C n (0)\ this prediction 
is confirmed roughly by experiment. The author and T. E. C -ay wood have 
constructed a simple mathematical model for jets formed from a collapsing cavity. 
By a simple transformation, this gives a model of a new' type for the penetration 
of a liquid of one density by a jet of a different density. 

However, experiments of R. M. Davies and L. B. Slichter show that cavity 
viscosity is not always negligible; moreover a ratio p'/p of cavity density to 
liquid density as low' as .(X) 1 may exert a strong influence on cavity behavior. 

Furthermore, the mathematical results described earlier cover only two- 
dimensional motion. The achievements of N. I jo vinson in determining the 
asymptotic shape of an axially symmetric cavity, and of IL V. Southwell in 
computing by “relaxation methods” specific axially symmetric “wake” profiles 
(jets from a circular orifice had been treated by Trefftz), should be noted. 

A full exposition of the preceding material w'ill appear in the author’s forth- 
coming Taft Lectures on Topics in Fluid Dynamics , to be published by the 
Princeton University Press. These Lectures will also include a description of 
the application of free boundary theory to lined hollow’ charges such as the 
“Bazooka”, by Sir Geoffrey Taylor, 1). P. MacDougall, E. M. Pugh, and the 
author. This material has been cleared for publication since the Brown 
Symposium. 

Harvard University, 

Cambridge, Mass. 
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THEORY OF THE PROPAGATION OF SHOCK WAVES FROM 
CYLINDRICAL CHARGES OF EXPLOSIVE 


BY 

STUART R. BRINKLEY, JR. AND JOHN G. KIRKWOOD 

We describe an approximate theory of the propagation of shock waves from 
infinitely long cylinders of explosive which is valid in any exterior medium. The 
theory takes account of the finite entropy increment in the fluid resulting from 
the passage of the shock wave and it permits the use of the exact Hugoniot 
curves for the fluid. Two cases are considered: (a) The one-dimensional theory 
resulting from the assumption of adiabatic isometric conversion of the entire 
explosive charge to its decomposition products, for which the shock wave proper- 
ties are functions of time and the radial coordinate only, and (b) the two-dimen- 
sional theory resulting from a consideration of the shock wave produced by a 
stationary detonation wave traveling in the axial direction of the cylinder with 
finite velocity. In the latter case also, the shock wave properties are functions 
of time and the radial coordinate only, since the axial and radial coordinates are 
connected by a relation, z — f (r). 

The basic equations. The Eulerian equations of motion and continuity for 
an inviscous fluid are 


( 1 ) 


1 Dp 
pc ? Dt 


-Vu, 


Du 

Dt 



where u is the particle velocity, p the pressure in excess of the pressure p 0 of the 
undisturbed fluid, p the density, and c the Euler sound velocity. They are to 
be solved subject to initial conditions specified on a curve in the r, /-space (r 
is the Euler position vector) and to the Rankine-Iiugoniot 1 equations which 
constitute supernumerary boundary conditions at the shock front, 


(2) p = p 0 uU , po/p = 1 - p/poU\ A H = (p/2)(l/po + 1/p), 


where A H is the specific enthalpy increment experienced by the fluid in travers- 
ing the shock front, U the velocity of the shock front in the direction of its 
normal, u the component of particle velocity normal to the shock front, and p 0 
the density of the undisturbed fluid. Equations (2) are compatible with equa- 
tions (1) and the specified initial conditions only if the shock front follows an 
implicitly prescribed curve R(t) in the r, /-space. Equations (1) and (2) are 
supplemented by the entropy transport equation DS/Dt = 0, which we shall 
not explicitly use, and by an equation of state of the fluid p = p(H , p) which, 
with equations (2), permits the evaluation of all the properties of the shock 
front as functions of the peak pressure p. 

1 W. J. M. Rankine, Transactions of the Royal Society of London, vol. A160 (1870) p. 
277. II. Hugoniot, J. Ecolc Polytech. vol. 57 (1887) p. 3; vol. 58 (1888) p. 1. 
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For the system with axial symmetry, we denote an operator which follows the 
shock front by 

(3) 

where R is the radial coordinate of the shock front, l r and n are unit vectors in 
the radial direction and in the direction of the normal to the shock front, respec- 
tively, and V 0 r is the deformation-rotation dyadic. The components of V 0 r 
are easily found at the shock front from the fact that the medium experiences a 
pure strain of magnitude p 0 /p — 1 in a direction normal to the shock front as the 
result of the passage of the wave. If the operator d/dR is applied to the first 
Of equations (2) and to the relation describing continuity of the tangential 
component of particle velocity at the shock front, there result 

"% ■ nu ( u ■ % + % ■"), 

(4) % •«. X „) - u- (% X /,)_ 

/ V . P<IV 

<1 = < lip) = 1 - r. ~i • 

( dp 


In the appendix, it is shown that the conservation of energy may be expressed 

by 


O) 



PoUn '{ Dl + l * x l(/ -' v 0 r) ' v « u] / r „ 


= — u sin 


(} 


vRp " 
K{R) 


+ 


V 

R _ k i 


where V 0 u is the Euler rate of strain dyadic, d is the angle between the tangent to 
the shock front and the r-axis, and where each term is evaluated at the shock 
front. The shock wave energy at R per unit area of initial generating surface 
is K(R)/<h , where Oo is the Lagrange radial coordinate of the generating surface 
and K(R) is given by 

(6) K(R) = f po r 0 hlp(r 0 ) ] dr „ , 

Jr 


with h{p) the specific enthalpy increment of the fluid at pressure po for the entropy 
increment corresponding to shock front pressure p. The quantity v is the re- 
duced Lagrange energy-time integral, 

(7) u(R) = J f(R, r) dr, 7 = , 

Jo M 

where to(R) is the time of arrival of the shock front at the point r = R, y — 1/m is 
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the initial logarithmic slope of the Lagrange energy-time curve, and /(f£, r) is 
the energy-time integrand, normalized by its peak value at the shock front, ex- 
pressed as a function of It and the reduced time t which normalizes its initial 
slope to — 1 if n does not vanish. We assume that / is a monotone decreasing 
function of r. Equation (7) is exact, involving integrals of equations (1) for 
the evaluation of /. However, if f(a 0 , r) is initially a monotone decreasing 
function of r, J\R % r) will remain so and will at large It become asymptotically 
a quadratic function of r.“ This implies that v is a slowly varying function of 
R for which sufficiently accurate estimates for many purposes can be made 
without explicit integration of equations (1). The assignment of a value in- 
dependent of It to v is equivalent to imposing a similarity restraint on the 
energy-time curve. 

The initial energy-time curve of an explosion wave is rapidly decreasing. An 
expansion of the logarithm of the function in a Taylor series in the time, the peak 
approximation, is appropriate for an initial estimate of v. This corresponds to 
an exponential /(r). 


f(r) = c 


and results in v = 1 . For the asymptotic quadratic energy-time curve, 
f(r) = (1 - t/2)\ t £ 2; f(r) = 0 , r > 2, 


which leads to the value v = 2/3. As a convenient empirical interpolation 
formula between the two extreme values, we have employed the relation 

(8) v = 1 - 3“ ‘exp [— p/pol 


Propagation equations for the one -dimensional wave. The origin of the 
radial coordinate r is taken to be the axis of the generating cylinder. Equations 
(1), specialized to the shock front r = R , together with equations (4) and (5), 
provide four nonhomogeneous, linear relations between the four nonvanishing 
time and distance derivatives of pressure and particle velocity, evaluated at the 
shock front, with coefficients that can be expressed as functions of distance and 
peak pressure through equations (2) and the equation of state. The equations 
can be solved for the derivatives and an ordinary differential equation, dp/dR = 
F(p, R ), formulated with the aid of equation (3). An additional ordinary 
differential equation for the shock wave energy is obtained by differentiating 
equation (l(i). The results are 


(») 

( 10 ) 


dp 

OR 


vRp 


K(R) 

dJC 

dR 




M(r) 

= -po Rh[p(R)\, 


2 J. G. Kirkwood and H. A. Betke (1941). 
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where 


poU 2 2(1 + g) - O' 

(11) m( v ) 4 Wp) + 2(1 — p 0 /p) (7 

‘ 7 7 2 ( 1 +^) - 7 ? ’ 

«(p) = 1 - (po U/f>c ) 2 . 

Equations (0) and (10) may be integrated numerically, employing tables of the 
functions h(p ), M(p), N (/>), which can be constructed by numerical methods 
from the exact Hugoniot curves for the fluid. A detailed description of the 
one-dimensional theory, including plane and spherical waves, has recently been 
published. 3 

Propagation equations for the two-dimensional wave. We let r and 2 be the 
cylindrical coordinates relative to an origin in the detonation front with the 
2 -axis coincident with the axis of the cylinder. The volocity of the detonation 
wave relative to a stationary origin in the negative 2 -direction is D. The profile 
of the shock wave is a surface of revolution 2 = f (R) with the differential equation 


( 12 ) 


dR 


tan x ) . 


Since the distance traveled by the shock front in time dt in the direction of its 
normal is U dt, and in the same time, the origin of the coordinate system travels 
a distance D dt in the negative 2 -direction, 

(13) cos d = U/D. 

Taylor 4 has shown that the Chapman- Jouget 0 conditions can be satisfied at 
the front of a stationary detonation wave by solutions of the equations of hydro- 
dynamics which depend only on r/L For solutions of the Taylor type, 

(14) D/Dt = (u - r/t)-V. 

The solutions of equations (1) and (14) for the exterior medium are compatible 
with the conditions on the boundary between explosion products and the ex- 
terior medium if solutions of the Taylor type are valid in the explosion products 
behind the detonation wave. 

At any finite distance from an infinite cylinder of explosive, rjt ~ 0, and 

(15) D/Dt — u-V. 

Equation (15) can be employed to provide three relations between the deriva- 

3 S. R. Brinkley, Jr., and J. G. Kirkwood, Physical Reviews voi. 71 (1947) p. 606. 

4 G. I. Taylor, 1941. 

6 D. L. Chapman, Philosophical Magazine (5) vol. 47 (18S9) p 90. K. Jouget, C. R. Acad. 
Sci. Paris vol. 132 (1901) p. 573. For a discussion, see II. L. Dryden, F. 1). Murnaghan, Tl. 
Bateman, Bulletin of the National Research Council, no. 84, 1932, p. 551. 
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tives with respect to time and the distance coordinates of the pressure and the 
components of the particle velocity. These relations and equations (1), spe- 
cialized to the shock front, together with equations (4) and (5), provide nine 
nonhomogeneous linear equations between nine partial derivatives with coef- 
ficients that are functions of R, D , and p. The equations can be solved for the 
derivatives and an ordinary differential equation, dp/dR = F(p , D, 72), form- 
ulated with the aid of equation (3). The result is 

<1C) % “ { - m mp) ~ & Nip) } ^ D) ' 

whore 


(17) 


D) = 



Po 2(1 - g) + G t/ 2 
P 2(1 - g) -0 D' 1 - U*} , 


and where K(R) is given by Equation (10) and N(p ) by equations (11). 

When p(R) is known, the profile f (R) of the shock front can be obtained by an 
auxiliary integration 


(18) 




1/2 


d/'ci 


We note that Lim^-.*, = 1, and equation (1G) is identical with equation (9) 

in this limit. Also, Lim p -o = 1, and the asymptotic solutions of equations 
(9) and (16) have the same form. 

A more extended discussion of the two-dimensional theory will appear else- 
where. 


Appendix 

Derivation of the energy equation. For an inviscous fluid, the adiabatic 
work wo per unit area of initial generating surface done on the fluid exterior to a 
generating cylinder is given by 

f R f * 3 r r r 

(a) 27ra 0 dzo w 0 = / p„ 2?[p(r 0 )]2nr 0 dz 0 dr 0 + (R, f) / (p + p 0 )u' -dA f dt , 

7ao 7f [) (R) 

where u' and p denote particle velocity and excess pressure behind the shock 
front (umprimed symbols being reserved for quantities at the shock front), 
to(R) is the time of arrival of the shock front at the point with Lagrange cylin- 
drical coordinates r 0 = R, z 0 = f(/2), E(p) is the specific energy increment of 
the fluid at pressure p 0 for the entropy increment corresponding to peak pressure 
p, a 0 is the radial Lagrange coordinate of the generating surface, and dA ' is the 

Euler area element into which the Lagrange area element 27rr 0 dzj r is transformed 
by the passage of the shock wave. Now 

«oo oo) 

(RA) / u’-dA’ dt - (RA) 

JR 


(b) 


dr’-dA\ 
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where r' is the Euler position vector of the area element, dA\ r(r 0 , z 0 , 0 is the 
Euler radial coordinate at time t y and where the variable of integration is re- 
stricted by the path and the definition of dA' to the radial coordinate. The 
integrand of equation (b) can be shown to be an exact differential of r 0 and l 
along any path of constant z 0 . Accordingly, the path of integration can be 
changed to 


0 /*t{K ,f ,oo) 

Uo(R), f) / + (<*0 . f) / + (ty r) / 

J R ^ao * »'(«o.r ,°o) 

r a o r R 

[to(R), f] / dr' dA' = — / 27rr 0 dzo dr 0 , 

Jr Ja 0 


r r(R.r,o o) 


Now, 


since Euler and Lagrange coordinates are identical at or ahead of the shock 
front, and 


-r(R,f, co) 

(f, f) / dr *dA' = / | V 0 r | 27rr 0 dz 0 dr 0 . 

Jr{ao,f,<x>) Jqq 

With the equation of continuity, p 0 = | V 0 r |p, equation (b) becomes 

(c) (R, f) f u'-rfyl' dt = (a 0 , f) f u'dA' dt + f (~ — 1^ 2rr 0 dzodr 0 . 
Jt 0 (R) J to(a 0 ) Jao\P / 

Combining equation (c) with equation (a) and introducing the dissipated en- 
thalpy h(p) = E(p) + p 0 A(l/p), one obtains 


(d) 


2t(Iq dz 0 w 0 — / poU-dA ' dt 

J <o («o) 


r 00 / f f 

= / po^[p(ro)]27rr 0 cteo dr 0 + / pu dA ' dt. 

Ja 0 Jt 0 (R) 


The time integral of the right-hand member may be assumed to vanish for R = 
oo . If one subtracts from equation (d) the expression obtained from that equa- 
tion for R — oo , there results the relation 


(e) 

where 

(f) 


2r dzt 


o K(R) = f p'u'dA'dt , 

Jt 0 (R) 


K{R ) = f poh[p(r 0 )]ro dr Q . 
J R 


Now, dA’ = 'liTr'ds'n' , where n' is the unit normal to ds' into which dzj., is 
transformed by the passage of the wave, and therefore, 

dA' = 2*r'dzJ „ X ( l, V 0 rY ■ 
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Equation (e) becomes 6 

(g) K(R) = f u'.[Z, X (L-V 0 r)']rV ,//. 

J *o(*) 

The energy-time integral can be expressed in reduced form, 

K(R) = Dm*', 1/m = —(D/D/ log / <v )/ l)( m, 

(h) /■’ - u[/„ X a-V»r)] rp, r = * 

M 

/(ft, r) = F7F, v = /*"/(«, r) rfr. 

Jo 

The function f(R, r) is the energy-time integrand, normalized by its peak value 
at the shock front, expressed as a function of R and a reduced time r which 
normalizes its initial slope to — 1 if g does not vanish. 

At the shock front, X (/#• V 0 r) = n sin d, where t? is the angle between 
the tangent to the wavefront and the r-axis. The desired energy-equation is 
obtained by eliminating [i between the first two of equations (h) and making 
use of the Hugoniot relations, equations (2). One obtains equation (5) as the 
result. 

Central, Experiment Station, U. S. Bureau of Mines, 

Pittsburgh, Pa. 

California Institute of Technology, 

Pasadena, Calif. 

• Our dissipation assumption breaks down if the first shock wave can be overtaken by 
second shocks built up in its rear. This will not be the case if the pressure-time curve is 
initially monotone decreasing with asymptotic value 7^0. If the excess pressure p' has a 
negative phase, the second shock will develop in the negative part of the pressure-time curve 
but cannot overtake the initial positive shock. In this case, our theory will apply to the 
positive phase if the time integrals are extended to the time at which the excess pressure in 
the positive phase vanishes. 



THE METHOD OF CHARACTERISTICS IN THE THREE-DIMEN- 
SIONAL STATIONARY SUPERSONIC FLOW 
OF A COMPRESSIBLE GAS 


BY 

N. COBURN AND C. L. DOL1TP 

1. Introduction. Though considerable is known about supersonic flow 
problems of compressible gases which depend upon two independent variables 
(for example, stationary plane flows, non-stationary flows in a tube, and so on), 
little is known about flow problems for more independent variables. There- 
fore, for mathematical simplicity, we have limited the following discussion to the 
general stationary, supersonic, isentropic, compressible flow of a perfect gas in 
three dimensions. However, our methods and ideas admit of application to 
other flow problems (for example, non-stationary two-dimensional flows, and 
so on). 

Although the theory of characteristics had its origin in the work of Monge in 
the early nineteenth century, its full significance was first realized by H. Lewy 2 
as late as 1928 for the case of two independent variables. Lewy showed that 
the introduction of the two families of characteristic curves along a given initial 
non-characteristic curve amounts to the introduction of a new coordinate sys- 
tem in which the differential equation assumes a simple form. This simplicity 
results from the fact that the original partial differential equation can be replaced 
bv two partial differential equations in each of which there occurs only deriva- 
tives with respect to one of the characteristic parameters. Then, Lewy re- 
placed the original differential equation by a system of differential equations 
consisting of the above two equations, the two equations obtained by factoring 
the characteristic condition, and the two strip conditions. The method of 
Lewy was generalized by E. W. Titt 3 to the case of three independent varia- 
bles, in a paper whose significance for the study of the supersonic flow of com- 
pressible gases seems to have been overlooked. The main difficulty in the case 
of three independent variables is that the characteristic condition is a quadratic 
form in three variables and of rank three. Hence, the characteristic quadratic 
form can no longer be factored. However, by use of an analytical scheme, Titt 
succeeded in showing that two families of characteristic surfaces can be asso- 
ciated with a given initial surface (the characteristic surfaces are not uniquely 
determined). Now’, through each point, there pass two bicharacteristic curves 
of such nature that each curve lies on one of the characteristic surfaces through 
the point. Evidently, these curves determine two congruences in the physical 

1 The authors are indebted to the U. S. Air Force for the financial aid which has made 
this study possible. 

2 Courant-Hilbert, Methoden dcr Mathcmatischen Physik , vol. 2, 1037, ( hap. V. 

» E. W. Titt, Ann. of Math. (2) vol. 40 (1939) p. 862. 
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space. Next, Titt showed that these two congruences determine a family of 
oo 1 surfaces. Finally, by introducing a new coordinate system consisting of 
the two families of characteristic surfaces and the family of surfaces through 
their corresponding bicharacteristics and by requiring that this last family 
become the surfaces z = constant, Titt found that the three-dimensional prob- 
lem reduced to a two-dimensional problem. At this point, Lewy’s ideas can be 
applied to prove the existence of a solution. 

In view of the introduction of the parameterization, z — constant, for the 
surfaces determined by the bicharacteristics, we shall be unable to use Titt’s 
resulting equations. The fundamental ideas of our method will be: (1) to con- 
sider the °o 3 surfaces consisting of the two families of characteristic surfaces 
and the third family of surfaces through the bicharacteristics as forming a natural 
coordinate system for the problem; (2) to determine the components of the 
velocity vector with respect to this coordinate system (this process is equivalent 
to Lewy’s factorization of the characteristic condition and Titt’s analytical 
scheme); (3) to determine the components of the directional derivatives of the 
velocity vector in this coordinate system. By use of this last device, we obtain 
two equations which determine the form of the original differential equation in 
terms of the characteristic parameters. Lewy and Titt carry out the corres- 
ponding process in their theories by use of determinants; the resulting equations 
are often called the second characteristic conditions. Thus, we obtain a system 
of non-linear first order equations, which should reduce to Titt’s equations (for 
the case studied here) if one parameterizes the third family of surfaces as z = 
constant. It follows that a solution of this system exists and satisfies the original 
equation. Presumably, finite difference method would be used to compute 
flows. Finally, we have determined various interesting properties of special 
flows. 

C. Ferrari 4 attempted to carry out a similar procedure for the supersonic flow 
past a body of revolution with an angle of attack different from zero. Essen- 
tially, without proof, he set up a curvilinear coordinate system consisting of two 
characteristic surfaces through each of the circles around the body of revolution 
and the set of meridian planes through the axis of symmetry of the body. Un- 
fortunately, except for axial symmetric flows, the meridian planes will not con- 
tain the appropriate bicharacteristic directions, that is, will not be the surfaces 
z = constant. So that one can only conclude that the method of Ferrari would 
lead to a usable approximation only for very small angles of attack. 

2. Geometry of the flow equation. In our future work, we shall use the nota- 
tion of tensor calculus. Subscripts will denote covariant quantities and super- 
scripts will denote contravariant quantities. Further, all indices will run over 
the range 1, 2, 3. Finally, we shall use the summation convention. 

Let us denote by x (X = 1, 2, 3) the general coordinates of a Euclidean space 
with metric tensor g x M . Further, let v x denote the components of the velocity 


4 C. Ferrari, Atti della Reale Accademie della Scienze de Torino vol. 72 (1936) p. 140. 
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vector of the flow, and let c denote the local sound speed. We define a symmetric 
tensor a XM by the equation 

(2.1) a XM « vV - c 2 g\ 

If V M denotes covariant differentiation, then the basic partial differential equa- 
tion of the flow is 5 

(2.2) a XM V x tv = 0. 

For irrotational flows, a velocity potential $ exists such that 

(2.3) i* = V x <t>. 

It can be easily shown that for irrotational supersonic flows, (2.2) is a hyperbolic 
equation. The characteristic normal cone is defined by 

(2.4) tPixi, = 0, 

where i\ is a unit normal vector which is orthogonal to a family of characteristic 
surfaces, a — constant. 

We shall prove as a first result that the projection of the velocity vector on the 
normal to the characteristic surfaces has the magnitude c (the local sound speed). 
This result is a generalization of the corresponding property for the case of plane 
flows and implies that the velocity vector is the axis of the normal cone. 

The result follows immediately upon substituting (2.1) into (2.4). We find 

(2.5) (Ax) 2 = c 2 . 

Henceforth, we shall consider v x i\ = c. This choice of sign is equivalent to 
working with one nappe of the cone (2.4). 

It is well known that corresponding to any normal to a characteristic surface, 
there exists a bicharacteristic direction lying on the characteristic surface. Next, 
we shall show that this bicharacteristic direction lies in the plane determined by 
the normal to the characteristic surface and the velocity vector. 

Let q denote the magnitude of the velocity vector v x . Consider an arbitrary 
point of a characteristic surface. Let t x denote a unit vector lying long the 
intersection of a plane through i x and v x with the characteristic surface. Since 
the projection of v x on i x is c, it follows that the projection of v x on t x is (q 2 — c 2 ) l/2 . 
Hence, we may write 

/r\ r* \ X -X / 2 2\l/2iX 

(2.G) V — ci = (q - c) t . 

6 This equation reduces to ( u 2 — c 2 )u x + ( v 2 — c 2 )r v + ( w 2 — c 2 )w t 4- uv(u v + v x ) -f uw(u : -f 
w x ) -f- vw(vz 4* w y ) — 0 in Euclidean rectangular coordinates. Hence (3.2) is the proper 
tensor form of the basic potential equation expressed in terms of velocity components. This 
can also be justified independently by eliminating from the tensor forms of-the equations of 
motion and continuity. 
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Now, the bicharacteristic directions are defined by the equation' 


(2.7) 


da? 

dt 


= a* V u a = M «' i 


where t is tiie parameter along the bicharacteristic and M a is the magnitude of 
the vector V„a. By use of (2.1), (2.5), we find that (2.7) reduces to 


( 2 . 8 ) 


dx x 

dt 


= Mc{v x — c?). 


With the aid of (2.G), we can write this last equation as 

(2.9) = Mc{q l - c 2 ) 1/2 ? . 

tit (X 

lhis verifies our result. We note that since tf is in the bicharacteristic direc- 
tion, (2.6) implies that the velocity vector is the axis of the cone of hi characteristics. 

We shall introduce, now, a natural coordinate system by a procedure equiva- 
lent to that used by Titt. Consider an arbitrary surface (the initial surface) 
along which the velocity vector is defined. Introduce any family of oo 1 curves 
with unit tangent vector £ x on this given surface subject to the condition that a 
plane perpendicular to l x shall cut the normal cone in two distinct directions. 
Thus, at each point of the initial surface, two distinct normals to characteristic 
surfaces are defined. By considering the strip condition 7 as a partial differen- 
tial equation for a characteristic surface and knowing two strips along each curve 
l in the initial surface (the normals to these strips are the directions of inter- 
section of the normal cone and the plane perpendicular to £ x ), two families of 
characteristic surfaces are defined throughout the flow space. Evidently, the 
two families of characteristic surfaces intersect the initial surface in the curves Z\ 
We now define l x as the unit vector of a congruence of curves (in space) which 
are the intersections of the two families of characteristic surfaces. Further, we 
note that the unit normals z x (for a = constant) and T x (for p = constant) to 
the characteristic surfaces and the corresponding bicharacteristics t x and 't x 
define four additional congruences in space. 

Our next step will be to determine the components of the vectors i x , 'i x , r x 
with respect to the triad of unit vectors t x > 't x , Z\ In order to do this, we shall 
determine what relations exist between the angles of the triad. Let 

(2.10) a = cos = l x t x , b = cos W = l x 't x , d = cos <j> = t x 't x . 

Since i x is orthogonal to £ x , £ x ; and / i x is orthogonal to '£ x , Z x , we may write 

7 1 \a(i 7 r. 

/ 2 J J \ ^ l(* l fi / -X ‘ € la tfi 

~ g m (1 - a 2 ) 1 ' 2 ’ 1 ~ g^{\ - by-’ 

where ? afi is the permutation symbol and g is the determinant of the metric 


* Bee reference of footnote 2, p. 355. 

7 Bee reference of footnote 2, p. 67 or pp. 82-83. 
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tensor. The minus sign is used in the second equation of (2.11) since 'i k both 
belong to the same nappe of the normal cone. By use of (2.6) and (2.11), we 
obtain the relation 


Ki/2 ^ ^ ^ (5 — c2 )' /2 L 


2\l/2 A 


( 2 . 12 ) 


(7 m 0 - a 2 ) 






ff l/2(] _ (,2)1/2 

Forming the scalar product of (2.12) with k , 'A , respectively, we find 

= (ry 2 - ^) I/2 (l - rZ)(l - q 2 ) 1/2 
0 1/2 c 


( 2 . 13 ) 


fix = '* X /x 


The first relation of (2.13) implies that ^ = i//. The left-hand member of the 
second relation in (2.13) is the volume of the parallelopiped whose sides are Z\ 
f y 'f. By an elementary calculation, it can be shown that this second relation 
is equivalent to the following relation between \p and <£ 


( 2 . 14 ) 


1 -- ft" 


sin" \f/ 


2c 2 


(1 — COS 0)c 2 

( q 2 — c 2 )(l — cos 4>) * 


By use of the relations (2.13), one can easily determine expressions for the 
vectors f, ' f , v x in terms of f, '/ x , l x and the scalars q 7 c, d (d = cos <£). Thus, 
for i\ we may write 

(2.15) f = a '/ x + pf + y f 9 


where a, 0, 7 are undetermined scalars. By forming the scalar products of 
(2.15) with 'f, f, f, we find that the determinant of the coefficients of the right- 
hand side is (e^^Uptx/g 112 ) 2 . Using (2.13), we obtain 




ac 


r 


(2.16) 


(1 - d)(q 2 - c 2 ) 1 ' 2 (1 - a 2 ) (q 2 - c 2 ) 1 ' 2 

(a — d)c 


+ 


(1 - a 2 )(l - d)(q 2 - c 2 ) 1 ' 2 

where a and d arc related by (2.14). A similar computation furnishes 

/a (a 2 “ d)c /\ ac 

t - n _ aJ - — — — — ■ 1 ~ 

(2.17) 


< X , 


(1 - a*)(l - d) (q 2 - c 2 ) 1/2 (1 - a 2 )(g 2 - c 2 ) 




(2.18) w > ‘ = 


O- £ - — 

(l - d)(q 2 - c 2 ) 1/2 ’ 


^ (/ x 1 '/ x \ _ 7 X 

(1 - d)(? 2 - c 2 ) 1 ' 2 V ^ ; (1 - a 2 ) (q 2 - c 2 ) 1/2 ‘ 


Equation (2.18) corresponds to Titt’s equations ((2.7), (2.8), (2.9)). 

Finally, we shall determine the form of (2.2) when the directional deriva- 
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tives along J x , '£ x , l x are used. The resulting equations are often called the second 
characteristic conditions. First, we decompose with respect to the direc- 
tions Z x and T x , 7 X , Z x . That is, we write 

(2.19) ~~ *4“ tfj)\ ~ ifi \Q-\ *4 ~4 ^cx 

« 

where <i \ , 6x , cx , «\ , 5x , fix are unknown vectors. A computation shows that 


( 2 . 20 ) 


«x = i a V„ex, 


6x = 


-t a V a v, 


+ al a V a v\ 

ZTj 


> 


Cx — 


q rVa 

a 2 


rv a i>x 

1 


and similar expressions are obtained for the barred vectors. By multiplying 
(2.19) by a Xtl and noting that V M yx is symmetric (that is, t x i a V a v\ = i x t a V a v\ , and 
so on), we obtain with the aid of (2.16), (2.17) 

(2.21) (,(X “ <X) + ^ ~ c2)1,2yX ] l ° V * vx + ^ - at K \rv a v x = 0, 

(2.22) [j-4^ (‘ X - ,<X ) + - cY'v] 't a V a v x + ~~ x {? - a?}l a V a v\ = 0. 


3. The system of partial differential equations. Let us introduce a coordinate 
system (with coordinates a, 0, 7) such that the characteristic surfaces are a = 
constant, 0 = constant and the surfaces determined by the two congruences 
of bicharacteristics are 7 = constant. The congruences i x , t x , 't x become the 
coordinate lines. Let the first fundamental form for such a set of coordinates be 


(3.1) ds 2 = A 2 da 2 + B 2 d/3 2 + C 2 dy + 2 E da d/3 + 2 F da dy + 2 G d/3 dy , 

and let x, y> z be rectangular Euclidean coordinates. The expressions for A 2 , 
jB 2 , C 2 , Ey F y G in terms of the partial derivatives of x, y y z with respect to 
a, /3, 7 are well known. Further, the components of the vectors t x } 't x , l x are 
B~\dx/dfly dy/di 3, dz/dl 3), A~\dx/da f dy/da , dz/da), C~\dx/dy y dy/dy, dz/dy) y 
respectively. A simple computation and use of (2.10) shows that a — 
G/BCy d = E/AB . The equation (2.14) may be expressed in terms of A, By C , etc. 
Finally, we note that 


(3.2) *»V„„x = B- 1 ^, '(“V.tx = A"7, rv.Dx = C" 1 

dp da dy 

If in the future we write x = x 1 , y = x 2 , 2: = x 3 , then equation (2.18) becomes 


r x = 


(AJS - £)(? 2 - c 2 ) 1 ' 2 




c~BG dx\ 

(B 2 c 2 - «*)(«* - c 2 ) 1 ' 2 a7‘ 


(3.3) 



SUPERSONIC FLOW OF A COMPRESSIBLE GAS 


61 


Further, the equations (2.21), (2.22) become 

JtAT> / . ^ dx \\ 


(3.4) 


1 (" <?AB / 1 dx 
B [_AB — E \A da 




+ 


c B' 


G 2 - B 2 C 2 


xl dvx 
’ J30 

C |* J. dx X _ G d£ X_ | dv\, _ - 

¥c 2 Lc dy b 2 c a^JaV ’ 


(3.5) 


1 J~ <? AB ( 1 dx~ 1 dx x \ ^ f t 2 \i /2 xl dv\ 

AUg~=-g(fiw“IS / ) + (5 " e) ’Jsr 


L c 2 B 2 C 1 dx k G At x ] dvx _ „ 
^ G 2 - B 2 C 2 1C dy ABC da J dy 


Finally, the symmetry conditions (2.3) furnish the relation 

a *,. 

(3.6) 


dx dV\ 
da dfi 


dx] dvx 
dfi da 


and two others obtained by replacing ( a , ft) by (a, 7) and by (P, 7). The equa- 
tions (3.3), (3.4), (3.5), (3.6) constitute a system of 8 nonlinear first order partial 
differential equations for the 6 independent variables x x , v x (X = 1,2,3) as functions 
of a , p y 7. This system is equivalent to that used by Titt and hence : (1) the system 
is consistent; and (2) the system furnishes sufficient conditions to determine a solu- 
tion of (2.2). Of course, in the above relations q 2 = i x v\ and <7, c are related 
by the Bernoulli relation q + (2/(7 — l))c 2 = q\ 

A considerable simplification occurs in the above system when ^ = ir/2 
(a = 0). Evidently, F = G = 0. Further (2.14) reduce to d = cos <t> = 
{q — 2c)/q. The equations (3.3), (3.4), (3.5) become 


(3.7) 

(3.8) 

(3.9) 


\ 

v = 


/ 1 dx] 1 a* x \ 

\ A da B dp ) y 


dx] 
da 


1 dx 
B dp 


B |_2 \A 

1 \t( 1 d ± - 1 . / * 

A 12 \B dp A da ) + (q 


2(q 2 - c 2 ) 1 ' 2 


dx dv\ 


1 


C 2 ) 


dv\ 

da 


dy dy 

c dx X dv\ 
C 2 dy dy 


= 0, 


= 0. 


It should be noted that by choosing t orthogonal to v x on the initial surface, the 
condition \p = 7t/2 (a = 0) is satisfied over the initial surface. Physically, it 
seems that the condition \p — tt/2 should then be satisfied throughout the flow 
space. To date, we have been unable to obtain a proof of this conjecture. 

4. Generalizations of two-dimensional flows — case for which \p = ir/2. In 
this case, at each point, l x is perpendicular to the plane containing the vectors 
t x } 't x , i x , f i x y v x . Since l x is perpendicular to i x f we obtain our first result: a 
necessary and sufficient condition that \f/ — t/ 2 is that the congruence of curves 
which are the intersections of the two families of characteristic surfaces shall lie on 
the equipotential surfaces. 
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By an analysis of the strip conditions, we shall determine some conditions for 
degenerate flows. First, we note that for^ — tt/ 2, the equations (2.18), (2.21), 
(2.22) become 


q z — e-) l/ “ 


•x 

l = 


(4.1) 

( 4 . 2 ) 

< ' 4 '’^ " 2c(^ - c 2 ) 

From the strip conditions,' we have 


2(7 2 

2c ! — r/ 

2c~(// 2 ~c 2 )* /2 * 1 icQf- c 1 ) 




' V 

- ^tl/ 2 ’ 


V = - 2c LtJ"_ Y -U 2 

~ - c 2 ) 1 ' 2 h 2<; 


(7 2 - c 2 ) 1 ' 2 


t\ 


(4.4) 


^Vx« = -^(Vx«‘“')(V,«)(V,a), 


(4.5) j|,V x d = 


where a = constant, ft — constant are the families of characteristic surfaces and 
t and tf are the parameters induced along the corresponding bicharacteristics. 
By use of (2.9), we see that the arc length parameters s , .s' along the congruences 
of bicharacteristics £ x , '/ x are related to the induced parameters t y t f by 

(4.6) (is = Mc(q 2 - c 2 ) 1/2 df, (/s' = Mc(q - c 2 ) 1 ' 2 dl' , 

a 0 

where M « , M$ are the magnitudes of the vectors V x a, V\0 respectively. Since 
i\ = Vxa/Mtf , % = Vx/3/il/^ , we find by use of (4.4), (4.5), (4.6) 

(4.7) Mc(q 2 - c 2 ) u Yv^Mn) = M\V^ r )i,i r , 

a a & a. 

(4.8) McU f ~ c 2 ) in 'fV lt (M'i\) - -D 2 (Vxa“')Vi. ■ 

0 0 Z 0 


By expanding (4.7) (or 4,8) and resolving the resulting equation into components 
along t\ / x , we obtain 

M 

(4.9) 1'V.M - 

(4.10) f 

( 4 . 11 ) f < f v,i» - ^ c , ) ,„ (v,a'")i,f.( > . 

From (2.1), it follows that 

(4.12) Vxg 4 ’ = ^Vxv’ + u’Vxt/* - fiTVxC 1 . 



SUPERSONIC 1 FLOW OK A COMPRESSIBLE GAS 


o;i 


Further, it is well known that V M A can be decomposed into 
(4.13) ^>W'\ ip it\ hp\ f 

where u\ is the curvature vector of the i\ congruence and /i M x is the second funda- 
mental tensor of the characteristic surfaces, a = constant. Bv use of the last 
two relations, (4.9), (4.10), (4.11) reduce to 


M 


(4.14) 

"'5 ' -(,• : 

"2 c’-y "A* ~ 

(4.15) 

"■>' Y ’ -(,= - 

1 , 2U r <??*>*'* ~ 

- C L ) !/ - 

(4.10) 


(/Vv x r M - tv x c). 


By use of (1.2) and the special coordinate system used in §3, the right-hand 
sides of (4.14) through (4.10) can be expressed in terms of partial derivatives of 
i\ , c with respect to a, p, y. Particular interest is attached to the cases in which 
the left-hand side of (4.14) through (4.10) vanish. Thus, if vanishes, we 

have a generalization of one aspect of simple waves (M « is constant along the 
two-dimensional simple wave). If h»\ft k vanish(‘s, then / x is an asymptotic 
direction on the surfaces, a — constant; if vanishes then / x , t are the 

principal directions on the suriaces, <* -- constant. Further, if both h^t*, 
It&tY vanish then / x are the generators of the developable surfaces, a — constant. 
In this last case, it follows that i\ form a parallel vector field along the generators 
t x and lienee t a V^Af lt must vanish. By expressing the right-hand sides of (4.14) 
through ( 4 . 10 ) in terms of partial derivatives, wo obtain the necessary and suf- 
licient conditions for the validity of the above discussed cases. Each such case 
furnishes a degenerate type of flow. 

Although space limitations do not permit us to furnish details, it can be shown 
by use of the pair of equations (4.7), (4.8) that: a necessary condition that a flow 
he such that t x is orthogonal to / x , 7 X is that the component of the curvatures of the 
curves 7 X in the l x direction he equal . This condition is obviously satisfied in 
the cases of plane and axial symmetric flows. In the case of plane flows, £ x , 7 X are 
plane curves lying in parallel planes and the / x congruence consists of a family 
of straight lines orthogonal to these planes; in the case of axial symmetric flows, 
t x , 7 X are plane curves lying in meridian planes and the / x congruence consists 
of a family of circles about the axis of the' flow. 

In order to understand the relation between our equations (2.18) (or (4.1)), 
(2.21 ), (2.22) and t he usual plane flow equations, it will bo desirable to show that 
for the case of plane flows, the relation (2.0) (which is the basis of (l A)) is equivalent 
to the. equations obtained by factoring (2.4); and the relations (2.21), (2.22) reduce 
to the well known second characteristic conditions. 

Evidently, we may write for the case of Euclidean orthogonal coordinates 
x, y , 2 , the following formulas: t l = B X dx/d\ d, f = B l dy/dfi y t* — 0; 
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t 1 = -B~ l dy/dp, i = B~'dx/di 3, i = 0; t a V a v i = B^du/dp, t a V a v 2 = B~ l dv/dp, 
Vz = 0. By factoring, the equation (2.4) furnishes the following possible solu- 
tions for the ratio a = (dy/dp)/(dx/dp) 

(4 17) = * *(<?» - c 2 ) 1 ' 2 = c 2 - 

a± c 2 — u 2 —uv T c(q 2 — c 2 ) 1/2 * 


We shall now show that (4.17) can be obtained by vector operations on (2.6). 
By forming the scaler product of (2.6) with t x , i x and dividing the resulting equa- 
tions, we obtain 


(4.18) 


/ _ v(q 2 — c) m — cu f _ dy / dx 
cv + u{q 2 — c 2 ) 112 ’ * dp / dp' 


A simple computation shows that </ = <x+ . It is clear that the second root a- 
may be obtained by use of the vectors '/ x , ' i . 

In order to see that (2.21) reduces to the second characteristic relation, we 
require that (a) shall vanish and that d = (q 2 — 2c) /q. Further, if we eliminate 
't x by use of (2.16), we find that (2.21) reduces to 

(4.19) [2c (q 2 - c 2 ) 1/2 i X + {(f - 2c)t x ]t il V y vx - c?TV>Vx = 0. 

Since Z x is orthogonal to v x y we find 

(4.20) Z x rv^x = -vYvjx = -Vtfx, 

where u\ is the curvature vector of the l x congruence. For plane flows, the Z x 
curves are straight lines and hence the last term of (4.19) vanishes. Replacing 
t x , i x by their expressions in terms of partial derivatives, we find that (4.19) may 
be written as 

/. 01 x _dv / du __ —2 c{q - c 2 ) 1 / 2 cr+ + (q 1 - 2c) 

K ‘ J dp/ dp 2c(q 2 - c 2 ) m + (q 2 - 2c 2 )<r + " 


Let us write (4.21) in the form 


(4.22) 


dv j du 
dp/ dp 



0 + + 


b, 


where b is unknown, for the present. The usual form of the second character- 
istic relation is (4.22) with 6 = 0. We shall now show that because of (4.21), 
(4.17), the term 6 must vanish in (4.22). Equating (4.21), (4.22), we obtain 

(c 2 — ?r)<r+ — 2 c{q — cTV — (c 2 — v 2 ) 

(4 ' 23) + b ^ Z 2c) l2r(ql ~ c2)m + “ 2c2)1 = °- 

Eliminating the coefficient (c 2 — ii) in the first term of (4.23) and the coefficient 
(c 2 — v 2 ) in the third term of (4.23) by use of (4.17), we find that b must vanish. 
Thus, (4.21) is equivalent to (4.22) with b = 0. This completes our proof. 
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In a similar manner, it can be shown that in the case of axial symmetric flows, 
(2.21) reduces to the second characteristic condition. We shall omit the proof. 

Finally, we shall discuss some geometric properties of the t congruence. Since 
l lies along the intersection of the characteristic surfaces, a = constant, 0 = 
constant and the equipotential surfaces, 4> = constant, we may write 

(4-24) Mt = 

(4-25) Mt = ~ (V„a)(V,*), 

(4-26) Mt = ~ (V M 0)(V,<I>), 

9 ' 

where M, M, M are Jacobi Multipliers. 8 Their values can be computed in terms 
of M a , Mp . For from the meaning of the vector products in the right-hand 
sides of the above, we obtain 


(4.27) 

(4.28) 



(4.29) M = M(q* - d) m . 

ti 

From Jacobi's theorem and Poincare's theorem 9 on integral invariants, it follows 
that for the case \p = 7r/2: (1) Z x satisfies the equations = 

V M (AfZ M ) = 0; (2) the surfaces , M/M = constant , M/M = constant uniquely 
determine the l x congruence ; (3) the integrals fjfM dx dy dz, ffjM dx dy dz , 
JJ/M dx dy dz arc integral invariants of the fluid motion in the t direction. Some 
interesting conclusions follow if M a is a function of c only. For such generalized 
simple waves, it follows that q must be constant along a given t curve. 

In concluding, we show that M „ , are related to the metric coefficients A, 
H. Our result is: AM a — BMp — q 2 /2c(q 2 — c 2 ) 112 . 

From the properties of the gradient, we see that for a displacement in the t x 
direction 

(4.30) ~=/ N V x / 3. 

ds 

8 The following use of the Theorem of Jacobi was suggested to us by some unpublished 
results of I. Opatowski on the existence of stream functions for special three dimensional 
flows. These results were presented to the American Mathematical Society at the Uni- 
versity of Chicago on April 25, 1947. 

1 See, for example, Goursat-IIedrick, Mathematical Analysis , vol. 2, 1917, pp. 81-86. 
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But by definition of M 0 as the magnitude of V\p, we have 

(4.31) 3 = M t x 'i x = M 2C ^ ~ S ’1‘1 . 

e e q 2 

Further, for a displacement in the t x direction (da = dy = 0), we find from (3.1) 
that ds = B dp. Substituting (4.31) into (4.30) and using the relation between 
ds and dp furnishes the desired relation between B and Mp . A similar result is 
valid for A and M a . 

University of Michigan, 

Ann Arbor, Mich. 



THE NUMERICAL SOLUTION OF THE TURBULENCE PROBLEM 


BY 

HOWARD W. IOMMONS 

Most problems of fluid mechanics have yielded to the application of the general 
conservation principles (mass, momentum, and energy) so that more and more 
accurate prediction has been possible. 

The stability of laminar flows as computed appears to be properly described 
by these principles as expressed by the Navier-Stokes Equation [2; 4]. The 
further growth of turbulence and the description (statistical or otherwise) of the 
completely developed turbulent motion of fluids has not yet been reduced to the 
same basic principles. Is this because the principles are inadequate or because 
the power of our mathematics is inadequate? 

The mechanism of transformation from laminar to turbulent motion was first 
studied experimentally by O. Reynolds [3]. All attempts to calculate the tur- 
bulent motion however have resulted only in sets of equations with too many 
unknowns which, therefore, can only be solved by additional assumptions not 
shown to follow from the conservation principles. 

A method of avoiding this difficulty by direct numerical solution of the partial 
differential equations of the problem was described at the Harvard Symposium 
on Large Scale Computing Machinery [1]. 

Briefly, this method proceeds as follows. The Navier-Stokes and continuity 
equations are used in the form: 

(1) ft + i Pvtx — ^*fi / = Vfy = — ft 

These are written for a two-dimensional flow. A three-dimensional treatment 
would be analogous. In dimensionless, finite difference form equations (1) 
become : 

(a) <5 2 {ft(^ + <5 1 ) — ft (t) = (4/Re) (ft + ft + ft + ft — 4ft) 

(2) — Oft — ft) (ft — ft) + (ft — ft) (ft ~ ft)}, 

(b) ^ i -f- ft + ft + ft — 4ft = — 5“ft , 

where 5t — 45 2 , Re = ( uD)/v , and the subscripts refer to values of the variable at 
the spacial net of points of Fig. 1. The boundary conditions to be satisfied by 
4 / and f are those necessary to insure zero velocity on the surface of all bodies and 
the appropriate velocities at =L c© . 

A solution proceeds as follows. Some arbitrary f distribution is assumed 
which is consistent with the boundary conditions. This can be taken from the 
laminar flow solution or in an arbitrary way. (At the initial instant an arbitrary 
distribution, except on boundary points, may be assumed. The boundary point 
values are sufficient to satisfy the boundary conditions as seen by equation (2b).) 
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• 4 



• 2 

Fig. 1 



Fig. 2 


These initial f values together with equations (2b) serve to determine the ^ values 
at all points at the initial instant. Now equation (2a) is used to find the f values 
at a time 6t later. By a repetition of this process the development of y ) in 
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time will be determined; that is, a value \p(x, y , t) at each space-time net point 
will be found. 

If the solution is to be like the physically obtained results, the ^(. x , y, t) would 
not be expected to have much direct significance. The significant properties 
of a turbulent flow are various statistical properties. For example, the short 
time and space average should correspond to the response of a hot-wire ane- 



Fig. 3 

momcter. A longer time average should correspond to the response of a pitot- 
tube. 

A few preliminary calculations have been made. 

A piece of two-dimensional channel with 10 net points from wall to wall and 
24 net points long has been numerically solved for one time interval. This 
channel section was repeated to form an “infinite” periodic channel. The solu- 
tion was started with a mean distribution appropriate to the turbulent flow 
in a pipe and a fluctuation component, f 1 , distributed in a gaussia-n manner with 
made linear with the distance from the nearest wall. The calculations were 
made for Re = 4000. After carrying the computation through one time step, 
the f and p* had changed slightly. See Fig. 2. The mean velocity along the 
channel u changed to a smooth curve as would be expected. The original 
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velocity distribution was chosen as the 1/7 power of the distance from the wall 
as empirically correct for turbulent flow in a pipe. This law is not correct near 
the channel center where a discontinuous slope occurs. This is smoothed by the 
calculations. 



DISTANCE FROM CENTER X/o 
Fig. 4 

In Fig. 3, appropriate mean velocity fluctuations are shown: 

,23 

u' 2 (y) = 0 y x S i'Ptix + no, y, t + dt) - \p 0 (x + n8, y, t + St)f, 

n-0 

i 23 

v' 2 (y) = „ 2 ('/'iC-C + nS, y, t + St) - 4> 0 (x + nS, y, t + St)f . 

Z4o /i— o 

Fig. 4 shows the correlation of the velocity at a point i with that at a point j 
which is distant n from it. That is: 

Ri = = 1 4- £ (Hx + JO, V, t+8t) - Ux + jt, y, l + St)) 

U 2 V 2 

•(^(z + (n + y, t + 8t) — ^ 0 (x* + (n + j)5, y, £ + 5t)). 
This one time increment computation cannot be considered as an adequate 
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treatment in any way hut is indicative of several things. The mean properties 
are similar to those to be expected. The root mean square vorticity fluctuation 
assumed is not large enough. It has grown almost everywhere. It was also 
evident during the calculations that the first term on the right of equation (2) was 
not large enough relative to the second one to dissipate the vorticity produced 
at the walls. 

The further computation of this problem is too tedious to carry out by hand. 
A large scale sequence-controlled calculating machine is necessary. Such solu- 
tions should be carried out for several values of the Reynolds number, Re, so as 
to cover both laminar and turbulent cases. 

Proper perspective must be maintained relative to the computed flow and the 
experimentally obtained flow. It is known that the instabilities first to develop 
in a two-dimensional laminar flow are two-dimensional. It is further known, 
however, that the completely developed turbulent flow is three-dimensional. In 
the completely developed turbulent flows, therefore, the vortex tubes are 
stretched as well as convected. This stretching produces a higher dissipation 
(first term on right of equation (2a)) and therefore greater fluctuations of vor- 
ticity would be expected in the two-dimensional case. 

There seems, however, to be no reason to suppose that the differential equation 
system (1) does not possess two types of solution depending upon the value of 
Re and of the computational disturbance magnitude (that is, the finite difference 
errors and truncation errors). One type of solution, certainly obtainable at, low 
enough Re, will be exactly the two-dimensional laminar flow solution. The 
other type of solution obtained at sufficiently high Re should have time-inde- 
pendent statistical mean values although the instantaneous values will be ran- 
dom. The actual values obtained may not agree in magnitude with experimental 
data, but this will not, detract from the value of the solution in showing the 
possibility of treatment of this type of problem where a unique solution may exist 
to equations (1) but would have no significance except in its mean properties. 
For equations (2) as solved, no unique solution would exist because of continual 
introduction of small random finite difference and truncation errors. In spite 
of these errors the statistical mean properties must be independent of time if the 
Navier-Stokes equations and the continuity equations are adequate descriptions 
of nature. 
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ON THE STABILITY OF TRANSONIC FLOWS 


BY 

Y. H. KUO 

It has been theoretically established that the potential flow of a compressible 
frictionless fluid can actually accelerate or decelerate smoothly through the sonic 
line in a transonic field as long as the limiting line is not present. The lack of 
experimental confirmation, however, leads some investigators to question the 
existence of such type of flows. A. Kantrowitz [3] and J. P. Brown [1] studied 
the one-dimensional channel flows. The most interesting result is that, when a 
disturbance characterized by a compression wave travels upstream in a decelerat- 
ing field, it approaches a stationary state and the wave becomes a shock. The 
flow is then concluded to be unstable. 

In the present paper, a two-dimensional motion is considered. For practical 
interest, the problem is restricted to a flow around a thin body and hence can be 
solved by iteration process. By expanding the potential function, taking the 
thickness ratio as a parameter, the successive approximations can be determined 
by solving a set of differential equations subject to the prescribed boundary con- 
ditions. The equation for the zero-order term is non-linear. Those for higher 
order terms are all linear but inhomogeneous. 

As a disturbance, a special motion has been assumed. It can be shown that, 
in the case of a plane wave, if the characteristic curve on which both the disturb- 
ance potential and its partial derivatives vanish is chosen as a new variable, there 
exists a simple exact solution. This gives a velocity that at any moment is a 
linear function of the coordinate a*, say. This solution can therefore be used to 
define a triangular velocity-wave form, which terminates in a discontinuity at a 
definite maximum velocity to be determined later. The advantage of such a 
wave is that it is, from the very beginning, discontinuous. Therefore, the singu- 
larity encountered by B. Riemann in his study of propagation of plane wave of 
finite amplitude can never appear. By tracing the history of the wave form 
during its propagation upstream, it has been found that the slope of the velocity 
at the tail of the wave decreases with time and approaches zero as time becomes 
infinite. The velocity of the wave-head also decreases with time but remains 
always finite. It is clear that once this wave is introduced, it will disappear from 
the field after a sufficient length of time. 

As for the first approximation where the equation involves functions depending 
upon the shape of the boundary, the body has to be specified. For its simplicity, 
a slightly curved wavy surface is chosen. In this case when the free-strcam 
Mach number is 0.9 with a thickness about four percent of the wave-length, 
supersonic regions are locally established at the crests of the surface, as was found 
by H. Gortler [2]. The mathematical problem is to solve an inhomogeneous 
partial differential equation subject to the given boundary conditions. By super- 
position, a solution can thus be constructed. When the velocity of the disturb- 
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ance-flow is determined, the Rankine-Hugoniot relations can be applied at the 
wave-head to give a shock-velocity. Since the shock is curved, the strength is 
restricted to be very weak so that the change of entropy can be neglected. For 
physical interest , the history of this wave is again traced and the deformation of 
the triangular wave, due to the presence of the body, is also evaluated. 
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STABILITY OF THE LAMINAR BOUNDARY LAYER 
IN A COMPRESSIBLE FLUID 1 

BY 

LESTER LEES 

Introduction. By the theoretical studies of Heisenberg, Tollmien, Schlichting, 
and Lin ([1] to [5]) and the careful experimental investigations of Licpmann [ 6 ] 
and H. L. Dryden and his associates [7], it has been definitely established that 
the flow in the laminar boundary -layer of a viscous homogeneous incompressible 
fluid is unstable above a certain characteristic critical Reynolds number. When 
the level of the disturbances in the free stream is low, as in most cases of technical 
interest, this inherent instability of the laminar motion at sufficiently high 
Reynolds numbers is responsible for the ultimate transition to turbulent flow in 
the boundary-layer. The steady laminar boundary-layer flow would always 
represent a possible solution of the steady equations of motion, but this steady 
flow is in a state of unstable dynamic equilibrium above the critical Reynolds 
number. Self-excited disturbances (Tollmien waves) appear in the flow, and 
these disturbances grow large enough eventually to destroy the laminar motion. 

The question naturally arises as to how the phenomena of laminar instability 
and transition to turbulent flow are modified when the fluid velocities and tem- 
perature variations in the boundary layer are large enough so that the compressi- 
bility and conductivity of the fluid can no longer be neglected. The success of 
Lin in clarifying certain mathematical difficulties in the earlier Tollmien-Sehlieh- 
ting analysis opened the way to a theoretical investigation of the stability of the 
laminar boundary-layer flow of a gas, in which the compressibility and heat con- 
ductivity of the gas, as well as its viscosity, are taken into account. The first 
part of this work was presented in [8]. The objects of this investigation are: 
(1) to determine how the stability of the laminar boundary-layer is affected by 
the free-stream Mach number and the thermal conditions at the solid boundary; 
and (2) to obtain a better understanding of the physical basis for the instability 
of laminar gas flows. 

The stability of the laminar boundary-layer flow of a gas is analyzed by the 
method of small perturbations, which was already so successfully utilized for the 
study of the stability of the laminar flow of an incompressible fluid. (See [5].) 
By this method a nonsteady gas flow is investigated in which all physical quanti- 
ties differ from their values in a given steady gas flow by small perturbations that 
are functions of the time and the space coordinates. This nonsteady flow must 
satisfy the complete gas-dynamic equations of motion and the same boundary 
conditions as the given steady flow. The question is whether the nonsteady flow 
damps to the steady flow, oscillates about it, or diverges from it with time— that 
is, whether the small perturbations are damped, neutral, or self-excited disturb- 

1 A complete account of this investigation will be found in NACA TN No. 1360, 1047. 
Explicit definitions of symbols may be found in this report. 
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iinces in time, and thus whether the given steady gas flow is stable or unstable. 
The analysis is particularly concerned with the conditions for the existence of 
neutral disturbances, which mark the transition from stable to unstable flow and 
define the minimum critical Reynolds number. 

In order to bring out some of the principal features of the stability problem 
without becoming involved in hopeless mathematical complications, the solid 
boundary is taken as two-dimensional and of negligible curvature and the bound- 
ary-layer flow is regarded as plane and essentially parallel; that is, the velocity 
component in the direction normal to the surface is negligible and the velocity 
component parallel to the surface is a function mainly of the distance normal to 
the surface. The small disturbances, which are also two-dimensional, are ana- 
lyzed into Fourier components, or normal modes, periodic in the direction of the 
free stream; and the amplitude of each one of these partial oscillations is a func- 
tion of the distance normal to the solid surface, that is, 

= utf(y)e iaix ~ ct \ 

In the study of the stability of the laminar boundary layer, it will be seen that 
only the local properties of the “parallel” flow are significant. To include the 
variation of the mean velocity in the direction of the free stream, or the velocity 
component normal to the solid boundary, in the problem would lead only to 
higher order terms in the differential equations governing the disturbances, since 
both of these factors are inversely proportional to the local Reynolds number 
based on the boundary-layer thickness. (See, for example, [2].) 

These considerations lead quite naturally to the study of individual partial 
oscillations of the form j {y)e ux{x ~ c 0 , for which the differential equations of dis- 
turbance do not contain x and t explicitly. 

Because of the involved character of the mathematical analysis only a few 
remarks will be made here concerning the mathematical development. The 
present discussion deals rather with certain physical aspects of the stability 
problem that serve to illuminate the mathematical results and to give an insight 
into the mechanism of instability in the laminar boundary-layer. 

Briefly, the differential equations governing the disturbances in the boundary- 
layer take the form of a set of six linear differential equations in six independent 
variables, with c, a, R and ill" as parameters. For a laminar boundary layer 
flow R » 1 . Since exact solutions are almost impossible to obtain, the solutions 
are developed in both convergent and asymptotic series in inverse powers of aR , 
and only the first terms are utilized in the calculations. (YVasof has shown 
recently that these solutions exist and that the procedure is justified rigorously.) 
The solutions must satisfy the boundary conditions that the components of the 
velocity fluctuations normal and parallel to the main flow vanish at the solid 
wall and die out at large distances from the wall. The problem of determining 
the neutral disturbances marking the limits of stability is then an eigenvalue 
problem; the reader is referred to the original paper for the mathematical 
discussion. 



76 


LESTER LEES 


Energy balance for neutral disturbances. Some of the important conclusions 
of the stability analysis can be deduced, at least qualitatively, from a study of 
the energy balance for a neutral disturbance in the laminar boundary layer. 
There are two regions in the fluid in which a transfer of energy between the mean 
flow and the disturbance may occur: (1) the “inner critical layer,” at which the 
phase velocity of the disturbance equals the mean flow velocity; and (2) the thin 
viscous sub-layer adjacent to the solid wall. (These regions are also the inter- 
esting ones in the mathematical analysis.) 

(1) Inner critical layer . At the inner critical layer where c = w> the relative 
velocity between the mean flow and the disturbance is zero and the net transport 
of momentum across a plane normal to the flow vanishes. Thus, at the critical 
layer, the vertical transport of momentum, which at other layers of the fluid is 
balanced by the horizontal transport, can only be accounted for by the diffusive 
action of viscosity. To be specific, at the critical layer, the equations of motion 
become, upon elimination of the pressure, 


*/ 

V c 



viscous terms. 


Now, it was possible to show that v* ' ^ 0 for a solution of the differential equa- 
tions satisfying the boundary conditions. Therefore, if \(d/dy*)(j>*du*/dy*)\u*~c* 
is not zero, the effects of viscosity cannot be ignored at the critical layer. The 
effect of viscosity is to produce a phase shift in u*' across the layer, and the sign 
and magnitude of this phase shift is determined by the sign and magnitude of the 
quantity [(d/dy)(pdw/dy)] Wm * c , in non-dimensional form. The corresponding 
apparent shear stress r * = ~PcU*'u *' is given by the expression 


* 
r c 


*/ *\2 & 
Po\Uo) - 



(The “prime” here denotes differentiation with respect to y.) If the quantity 
[(d/dy)(w'/T)] w ~ c is negative, the mean flow absorbs energy from the disturbance 
at the critical layer; if [(d/dy)(w , /T)] wmmC is positive, energy passes from the mean 
flow to the disturbance. If the quantity [(d/dy)(w'/T)] Wame vanishes, there is no 
exchange of energy. (In the real compressible fluid the actual thickness of the 
inner critical layer in which the viscous forces are important is of the order of 
l/(aR) u \) 

If the quantity | (< d/dy)(w'/T ) | vanishes for some value of w > 1 — l/M 0 , 
a neutral disturbance free from the effects of viscosity always exists in the limit 
of infinite Reynolds number (in viscid fluid) and the laminar boundary layer flow 
is unstable at sufficiently large but finite Reynolds numbers. 

(2) Viscous sub-layer adjacent to the solid wall. As shown by Prandtl, near 
the solid wall the effect of viscosity on the boundary layer disturbances is analo- 
gous to the case of the flat plate oscillating in its own plane. Because of viscous 
diffusion the phase of the frictional component of the disturbance velocity ujl is 
shifted against the “frictionless” or “inviseid” component uVnv in a thin layer 
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of fluid of thickness of the order of ( acR/v \ ) 1/2 . By continuity, the associated 
normal component v*r is of the order of 


du*'/dx* | (acR/v i) 


- 1/2 


'U'inv |l (CR/ Vl ) 


N— 1/2 


w here (7/? nVtto)i = Ti/c. The corresponding apparent shear stress 
—p*u*'v*' is given by the expression 
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By the action of this shear stress, disturbances of intermediate wave length 
absorb energy from the mean flow. 

Since the shear stress associated with the destabilizing effect of viscosity near 
the solid surface and the shear stress near the critical layer act roughly through- 
out the same region of the fluid, the ratio of the rates of energy transferred 
(approximately JJ r*(du*/dy*)dy*) by the two physical processes is 




7T W\ C Tl T d ( w'Y 
2 Ti (w' c ) z Ldy 


3/2 

z — 


\ I v(c) I 


where z ^ (aR/v c )(c / (w[) 2 ). 

Several important conclusions can be drawn at once from this result: 

(a) If the quantity ( d/dy)(w'/T ) is negative and sufficiently large when w = c lr 
say, then the rate at which energy is absorbed by the mean flow near the inner 
critical layer plus the rate at which the energy of the disturbance is dissipated by 
viscous action more than counterbalances the destabilizing effect of viscosity 
near the solid surface. Consequently, a neutral disturbance with the phase 
velocity c ^ C\ does not exist; in fact, all disturbances for which c g ci are 
damped. 

Now, when the main flow outside the boundary-layer is subsonic, there is 
always a range of values of phase velocity 0 g c g r 0 for which the ratio | A T * /E* | 
is small enough for neutral and self-excited disturbances to exist for Reynolds 
numbers greater than a certain critical value. In other words, every subsonic 
laminar boundary-layer flow is ultimately unstable at sufficiently high Reynolds 
numbers. AVlien the main flow is supersonic , however, the phase velocity of the 
boundary-layer dist urbances must be subsonic relative to the free stream velocity, 
or ut — c* < a£ and c > 1 — l/M 0 , in order that these disturbances shall die out 
exponentially with distance from the solid surface. Because of this physical 
requirement, the possibility exists that for certain thermal conditions at the solid 
surface, the quantity [(d/dy)(w'/T)] w = c is always large enough negatively so that 
only damped characteristic disturbances exist at all Reynolds numbers. In 
other words, when the free stream velocity is supersonic, for certain thermal con- 
ditions at the solid wall (shortly to be discussed) the laminar boundary-layer is 
completely stabilized. 
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(b) From the energy balance for a neutral boundary-layer disturbance, it 
follows also that the actual stability limit, or minimum critical Reynolds number, 
R$ tr{ mlB) , for any laminar boundary layer flow is largely determined by the 
distribution of the product of the density and vorticity p(dw/dy) across the 
boundary layer. 

An approximate estimate of Re orCmin) is obtained that serves as a criterion for 
the influence of free-stream Mach number and thermal conditions at the solid 
surface on laminar stability. The maximum value of the phase velocity 
Co for an undamped disturbance corresponds to the value of c for which 
(1 — 2\)v = 0.580, at which point R e Re cr(min) — (const. /aco)v eo (w'c) 2 . Since 
a » w[co(l — Ml{\ — Co) 2 ) 1/2 , the criterion reads as follows, for zero pressure 
gradient: 

„ _ 6 [T(co)} 1M 

CT<m,0> ~ Tid (1 - Ml(l - * 


where T is the ratio of the temperature at a point within the boundary layer to 
free-stream temperature, Ti is the ratio of temperature at the solid surface to the 
free-stream temperature and Co is the value of c for which (1 — 2\)v = 0.580. 
The functions v(c) and X(c) are defined as follows: 

/ ) _ _ ir(dw/dri)i c f y 2 d / 1 du>\"| 

Ti \_(dw/drj) 3 dn \T di)) \ w~e 


x(c) = - 1 

C 

where y (non-dimensional distance from surface) is y*(ut/v * z*) 1/2 . 

Effect of free-stream Mach number and thermal conditions at solid surface 
on stability of laminar boundary layer. 

(a) Stabilization of laminar boundary layer at supersonic Mach numbers . From 
simple physical considerations, or directly from the equations of mean motion 
for laminar boundary layer flow, it is deduced that withdrawal of heat from the 
fluid through the solid surface at a sufficient rate produces a convex velocity 
profile, for which the quantity (d/dy)(w'/T) is always negative. The conclu- 
sions drawn from a study of the energy balance for a neutral boundary layer 
disturbance show that when the velocity of the “free stream” is supersonic, the 
laminar boundary layer is completely stabilized if the rate at which heat is with- 
drawn through the solid surface reaches or exceeds a critical value that depends 
only on the Mach number, the Reynolds number, and the properties of the gas. 
(Calculations of this critical rate of heat transfer have been carried out in the 
original paper for a series of Mach numbers from 1.5 to 5.0.) 

Under steady supersonic free-flight conditions at high altitude, the heat radi- 
ated from the surface is balanced by the heat conducted to the surface from the 
fluid. Calculations show that for M 0 > 3 at 50,000 feet altitude, and for Mo > 2 
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at 100,000 feet altitude, the rate of heat conduction through the solid surface is 
greater than the critical rate of heat withdrawal for laminar stability. Thus, 
under these free-flight conditions the laminar boundary layer flow is completely 
stabilized in the absence of a positive pressure gradient. 

It should be noted that under wind-tunnel test conditions, in which the model 
is stationary, these radiation-conduction effects are absent, not only because of 
reradiation from the walls of the wind tunnel but also because the surface tem- 
peratures are low — generally of the order of room temperature. 

(b) Minimum critical Reynolds number , Re frimin) , or stability limit . On the 
basis of the stability criterion and a study of the equations of mean motion, the 
effect of adding heat to the fluid through the solid surface is to produce an inflec- 
tion-point velocity profile, for which (d/dy)(w'/T) near the surface is positive, 
and therefore to reduce R« crimin) and destabilize the flow, as compared with the 
flow over an insulated surface at the same Mach number. Withdrawing heat 
through the solid surface has exactly the opposite effect. The value of ft* cr(min) 
for the laminar boundary-layer flow over an insulated surface decreases as the 
Mach number increases, and the flow is destabilized, as compared with the 
Blasius flow at low speeds. 

Detailed calculations of the curves of wave number (inverse wave length) 
against Reynolds number for the neutral boundary-layer disturbances for 10 
representative cases of insulated and noninsulated surfaces show that the quanti- 
tative effect on stability of the thermal conditions at the solid surface is very 
large. For example, at a Mach number of 0.70, the value of ft# pr(njin) is 63 when 
Ti = 1.25 (heat added to fluid), Re er{mio) = 126 when T = 1.10 (insulated sur- 
face), and R$ er{min) = 5150 when Ti = 0.70 (heat withdrawn from fluid). Since 
Rt ^ 2.25Ri , the effect on Rz* cr(m{n) is even greater. 

(c) Stability of the laminar boundary -layer flow of a gas with a pressure gradient 
in the direction of the free-stream. The results of the present study of laminar 
stability can be extended to include laminar boundary layer flows of a gas in 
which there is a pressure gradient in the direction of the free stream. Although 
further study is required, it is presumed that only the local mean velocity-tem- 
perature distribution determines the stability of the local boundary-layer flow. 
If that should be the case, the effect of a pressure gradient on laminar stability 
could be easily calculated through its off eel on the local distribution of the prod- 
uct of mean density and mean vorticity across the boundary layer. 

When the free-stream velocity at the “edge” of the boundary layer is super- 
sonic, by analogy with the stabilizing effect of a withdrawal of heat from the 
fluid, it is expected that the laminar boundary-layer flow is completely stable at all 
Reynolds numbers when the negative (favorable) pressure gradient reaches or 
exceeds a certain critical value that depends only on the Mach number and the 
properties of the gas. The laminar boundary-layer flow over a surface in ther- 
mal equilibrium under free flight conditions should be completely stable for 
3/o > Mt , , say, where M f < 3 if there is a negative pressure gradient in the 
direction of the free stream. 
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REMARKS ON THE SPECTRUM OF TURBULENCE 


BY 

C. C. LIN 

1. Introduction. The theory of isotropic turbulence as developed by von 
K&rm&n and Howarth 1 leads to an equation for the propagation of the longi- 
tudinal double correlation function /(r) which however includes the triple correla- 
tion function h(r). It is therefore hardly possible to get more definite results 
from it without making further assumptions. In 1941, Kolmogoroff 2 introduced 
the assumption that 

(1.1) {1 — f(r)} 112 :{/i(r)} 1/3 = constant 
for moderate values of r and reached the conclusion 

(1.2) 1 - f(r) ~ r m 

for a certain range of values of r. Later, Obukhoff 3 studied the spectrum of turbu- 
lence, introduced a certain mechanism for the transfer of energy among various 
wave numbers, and was able to establish a similar result. Recently Onsager, 4 
von Weizsacker, 5 and Heisenberg 6 studied the same problem from a point of view 
somewhat similar to that of Obukhoff, and obtained similar conclusions, although 
the details of the analyses are somewhat different from each other. Heisenberg 
also studied the spectrum at very high frequencies, while the other authors limited 
themselves to medium frequencies only. 

Since G. I. Taylor has shown that there is a Fourier transform relation between 
the spectrum and the double correlation function, it is apparent that Kolmogo- 
rofTs approach to the problem is closely connected with those of the others. 
Indeed, the equation of von Karman and Howarth for the propagation of the 
double correlation function should correspond to an exact equation for the change 
of the spectrum. The first part of this note is concerned with the deduction of 
this relation. This relation connects the assumptions made on the transfer term 
with the corresponding ones made on the triple correlation function /i(r). It 
therefore enables one to examine more closely the assumptions made by the 
various authors, and it turns out that they are all different from each other. 

As a side result, it is noted that the equation for the change of spectrum shows 
that the low frequency end of the spectrum is invariant in the course of time. It 

1 Th. von Kdrm&n and L. Howarth, Proc. Roy. Soc. London Ser. A vol. 164 (1938) pp. 
192-215. 

* A. N. Kolmogoroff, C. R. (Doklady) Acad. Sci. IIRSS vol. 32 (1941) pp. 16-18. 

* A. Obukhoff, C. R. (Doklady) Acad. Sci. URSS vol. 32 (1941) pp. 19-21. 

4 L. Onsager, Physical Reyiews vol. 68 (1945) p. 286 (Abstract only). 

5 C. F. von Weizsacker, Zeitschrift ftir Physik vol. 124 (1948) p. 614. 

* W. Heisenberg, Zeitschrift ftir Physik vol. 124 (1948) p. 628; Proc. Roy. Soc. London 
Ser. A vol. 195 (1948) pp. 40JM06. 
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is possible to show that this relation is equivalent to an earlier result of Loitzi- 
ansky, 7 which states that 

(1.3) iC / /(r)r 4 dr = constant. 

•to 


Together with an assumption of similarity in a rather strong form, this relation 
leads to a definite index for the power law of decay of turbulence, which was first 
given by von Kdrm&n and Howarth without a fixed index. The present discus- 
sion thus gives an independent deduction and a physical interpretation of the 
result of Loitziansky. 

The last part of this note contains a short discussion on the density of zeroes 
of the velocity fluctuation. By using some known results of Kac 8 and Rice, 9 it 
is shown that the number of zeros observed per second should be directly pro- 
portional to the wind speed and inversely proportional to the three halves power 
of the wind speed for the same grid. The constant of proportionality should 
give some indication about the joint frequency distribution of the velocity fluc- 
tuation and its space derivatives. 

2. The equation for the change of spectrum. As indicated above, the equa- 
tion for the change of spectrum can be obtained from the propagation equations 
of double correlations 


( 2 . 1 ) 


d dt («V) + 2(tf ) 5 ' 2 ( 


dh 4/j\ 

dr + 77 


2 vu 


i df\ 

dr 2 r dr/ } 


where /(r, /) is the longitudinal correlation function at time t for two points at a 
distance r apart, u 2 is the mean square value of the velocity fluctuations, h(r 9 t) is 
a triple correlation function as defined by von Karmdn and Howarth, and v is 
the kinematic viscosity coefficient. G. I. Taylor has shown that there is the 
pair of Fourier transform relations 

f(r) = jf cos F 0 (n) dn, 

Fo(n) = jj J o cos ^-/(r) dr, 


where Fq(ji) dn is the fraction of energy lying between frequencies n and n + dn, 
and U is the wind velocity. If one considers a spatial decomposition, one would 
naturally write the above relations in the form 

(2.2) f( r ) = f cos krFi(k) dh, Fi(k) =- f cos /erf (r) dr, 

Jo 7 r Jo 

where k is 2w times the wave number. 


7 See A. N. Kolmogoroff, C. R. (Doklady) Acad. Sci. URSS vol. 31 (1941) pp. 538-540. 

8 M. Kac, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 314-320; Amer. J. Math. vol. 65 (1943) 
pp. 609-615. 

9 S. O. Rice, Bell System Technical Journal vol. 24 (1945) pp. 51-53. 
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Applying a Fourier transform operation to (2.1), one then obtains 
£ {u’Fi(fc)} + 2(u z ) m |*Pft(fc) - 4 £* kHx(k) dk 

= 2n? j-fc 4 F,(fc) +4 
where Hi(k) is given by the pair of relations 

(2.4) h(r ) = f kHi{k ) sin kr dr, kHi(k) = - f h(r) sin kr dr. 

Jo 7T Jo 

The right-hand side represents the dissipation of energy. It is, however, not in 
the expected form proportional to fc 2 Fj(fc). This discrepancy is removed if we 
note that Fi(k) is the spectrum corresponding to a one-dimensional Fourier 
anal ysis of the turbulent field, while the isotropic turbulent field should be sub- 
jected to a three-dimensional analysis which is related to the one-dimensional 
spectrum Fi(k) by the relation 

(2.5) F(k) = fcVi'(fc) - kF[(k). 

This may be obtained from the relation 


( 2 . 6 ) 


2F 1 (k x ) - F x (k x ) = \ ~ (k 2 - kl)F(k), 


given by Heisenberg. 10 Performing the operation indicated by (2.5) on (2.3), we 
have an equation in the expected form 


(2.7) 


f- \uF(k)} + 2(u-) w k i H(k) = -2*uk?F(k), 
at 


where H(k) is defined by 

(2.8) H(k) = 2 {kWik) - kHtijc)). 

Equation (2.7) is the rigorous equation for the change of spectrum; the term 
k 2 H(k) represents the transfer of energy. The function H(Jc) must satisfy the 
condition 


which also implies 


k'H(k) dk = 0 

[ k 2 Hi(k) dk = 0. 
Jo 


10 Loc. cit. Equation (34). 
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3. Discussion of the various assumptions. Obukhoff based his discussions on 
an equation of the form (2.7) without, however, correlating his transport term 
with the triple correlation h(r). His assumption is equivalent to 

(3.1) J f" k?H(k) dk = 2ic[ J* k*F(k) djfej* • jT F(k) dk. 

Von Weizsacker and Heisenberg considered a quantity St In Heisenberg’s 
work, this quantity Sk is essentially 

8. = - J j* u*F(k) dk 

= 2p(?) ,/J [ k k*H(k') dk' + 2m* f k' 2 F(k')dk'. 

Jo J o 

He assumed 

S. = 2(p + *) r F(ft')*' 2 dfc' 

Jo 

with 

rj K = *p(w 2 ) 1/2 jf d*', * * constant. 

This means that he assumed 

(3.2) Jf* fc ,2 tf(fc') dfc = < £° (!g>)" dfc' • f* F(Jfc')fc'* dfc'. 

In addition, he assumed Sk to be independent of k for large k. In Weizsacker’s 
work, the terms in were not considered. 

Onsager put 

(3.3) j? « !3(uY 2 k{kF(k)\ m = constant 

according to a cascade process. This leads directly to 

(3.4) F(k) ~ Af 6/3 , 

which is also obtained by Obukhoff, Weizsacker and Heisenberg. Kolmogoroff 
obtained the same result from his assumption (1.1) mentioned above. This 
assumption cannot be shown to be equivalent to assumptions regarding the 
spectrum by using (2.2), (2.4), (2.5) and (2.8). 

Heisenberg is the only one who gave an expression for F(k) when k is very 
large. He obtained 

(3.5) F(k) ~ AT 7 . 

A closer examination 11 shows that a similar investigation following ObukhofTs 
line does not lead to any definite result. 


11 This was carried out at the suggestion of Professor Heisenberg. 
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It thus appears that the theories of the various authors are not exactly equiva- 
lent to one another, and that Heisenberg's form gives the best results. 

4. The behavior for small fc. More definite results can be obtained for small 
values of fc. It is obvious from (2.2) and (2.4) that Fi(k) and Hi(k) behave like 

Fi(k) = a - 0k* + yk* + ... , 

( 4 . 1 ) , 

tfi(fc) ~ a - bk* + ck* + ■■■ 

for small fc, where 


« = - f f(r) dr, 210 — - f f(r)r* dr, = - f f(r)r* dr, ••• , 
( 4 . 2 ) * \ \ ^ \ 

a — - f h(r)ydr, 3 lb = - f h(r)r 3 dr, 5 \c = - f h(r)r s dr, ••• . 

T JO T Jo T Jo 

The expansion can be carried out as far as these integrals are convergent. By 
substituting (4.1) into (2.5) and (2.8) , the functions F(k) and H(k) are seen to 
be of the form 


( 4 . 3 ) 


F(k) - Syk* + • • • , 
H(k) = 8 ck* + • • • . 


Hence, the equation (2.7) shows that the spectrum at low frequencies is not 
changed. Comparing with (4.2), we see that this is another way of arriving at 
the relation (1.3) given by Loitziansky. 

Evidently, the spectrum of turbulence at low frequencies must depend on the 
size and shape of the experimental apparatus involved. This tends to complicate 
matters and makes Loitziansky 's result valid only under idealized conditions. 
It might therefore be expected that the index for the power law of decay would 
become closer to 5/7 when the size of the apparatus becomes very large compared 
with the scale of turbulence. 


5. The zeros of velocity fluctuations. The frequency at which the fluctuating 
velocity becomes zero gives some information about the spectrum, although a 
rather incomplete one. The following discussions give some tentative conclu- 
sions about these zeros. If p($ , rj) d% dr} is the joint probability for finding u lying 
between £ and £ + d( together with du/dx lying between rj and y + dry, then the 
density of the number of zeros of u(x) is 8,9 

n = r m pw, *)«*». 


If p(£, tj) is similar for all the cases, that is, 


P(£, ij) dr) 
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where po is the same for all cases, then 

N = {((SOT / &y,i } ■ £ po(0, vo) dv ° 1 1,0 1 

which is proportional to 1/A. 

If we follow G. I. Taylor in assuming that the field of flow is being carried 
downstream without any appreciable change, we see that the number of zeros 
per second is 


NU ~ U/ A. 

This is to be expected, as A is a scale measuring the rapidity of change. 

Behind similar grids, Taylor has shown that 

A ~ IT 1, \ 

Hence, the number of zeros per second should be proportional to U ~ m . This 
can be checked experimentally. 

If the joint distribution function is, say, Gaussian, the constant of propor- 
tionality can be explicitly determined. Thus, from the measurement of the 
density of zeros, one has an idea of the distribution function, although not 
complete information. 12 Thus, if the proportionality law just given is verified 
experimentally, there is ground to support the assumption of similar distribution. 

Bbown University, 

Providence, R. I. 


11 The idea of trying to get information from the distribution of zeros was first mentioned 
to me by Dr. H. L. Dryden. 
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BY 

I. OPATOWSKI 

1. Introduction. The purpose of this paper is to extend to the field of com- 
pressible flows some results in the theory of harmonic functions due to T. Levi- 
Civita [7, 15]. Those results originated with a note of V. Volterra [17], who 
considered harmonic functions ^(x 1 , x 2 ) in the space, dependent only on two 
general curvilinear orthogonal coordinates, and defined the stream function of 
an ideal flow of which <p(x l , x 2 ) was the velocity potential. T. Levi-Civita deter- 
mined all the systems of coordinates (x l , x 2 , x 3 ), not necessarily orthogonal, which 
have the property that 

divgrad /(x 1 , x 2 , x 3 ) = F(x\ x\ x 3 )(?[/], 

where / and F are functions of x l , x 2 , x 3 and G[ • • • ] is a linear differential operator 
whose coefficients are independent of x 3 . The solutions ^(x 1 , x 2 ) of G[<p] = 0 are 
velocity 'potentials of steady ideal flows independent of x 3 . From a physical view- 
point it is of more interest to find flows whose velocity vectors are independent of 
one of the coordinates. This investigation is done in the present paper for 
steady compressible flows of perfect gases. Stream functions are introduced for 
these flows by combining the classical methods with an application of the last 
multiplier of Jacobi. The use of the latter is known from the theory of New- 
tonian potential [1, 9, 11, 13, 14] and from J. Larmor’s interpretation of the 
density of a fluid as a last multiplier of Jacobi [6]. 

2. Notations. We use standard notations of the tensor calculus for the 
covariant and contravariant components of a vector q , that is, and q % respec- 
tively. Parentheses are used to indicate powers of these quantities, for example, 
(qd\ (q') 2 > (q) 2 - Projections of vectors on coordinate axes are indicated by sub- 
scripts in parentheses, for example, < 7 <»-) is the projection of q on the tangent to 
the coordinate curve along which x* varies. The symbol of summation with 
respect to greek letters, if they appear simultaneously as subscripts and super- 
scripts, is omitted. The metric tensor of general curvilinear coordinates 
r x (\ = 1 , 2, 3) is indicated by a\ M , that is, 

0 ds ) 2 = ox M dx x dx*, 

and the determinant || || by a. Differentiation is denoted by commas, that 

is, d(p/dx X = <p,\ . 

3. Two-dimensional compressible flows. Let q be the velocity of the fluid, 
p its pressure, p its density, V a the symbol of the covariant derivative and p'(p) = 
dp /dp , then the equations of steady motions of fluids not subject to external or 
viscous forces are [16, p. 3; 3, p. 240; 8, p. 306]: 

(1) = — P ; (p)p,x/p. 
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The condition of continuity, div(pg) = 0, is: 

(2) (gV /2 ), x /a 1/2 = -q\x/p. 

Multiplying (1) by g x , summing with respect to X and eliminating p,\/p by means 
of (2), we obtain: 

(3) faY V« 5 x)/p'(p) = div q. 

Consider a polytropic transformation of a perfect gas, then p/p m — const, and 
p/p = RT, where m, R are constants and T is the absolute temperature. This 
gives (cf. [16, pp. 5, 6]) : 

(4) P'(P) = 2~\m - l)[(g ma x) 2 - (?)*], 

where q m *x is the so-called limiting or maximum velocity along each streamline, 
i.e. 

(5) 2 = m(m - \)~ l RT e _o . 

T*. A is the stagnation temperature. The combination of (3) with (4) gives: 

(6) q a q*V«q\ = 2 -1 (m - l)[(g max ) 2 - (g) 2 ] div q. 

Any vector q(x l , x , x) which is the gradient of a function <p(x\ x, x 3 ) and which 
satisfies (6) is the velocity vector of a compressible potential flow. For such 
flow m = Cp/c v , where c v and c* are the specific heats of the gas at constant pres- 
sure and constant volume respectively. Consider steady flows for which q is 
independent of x 3 . Following the results of T. Levi-Civita [7, 15] we prove the 
existence of the following three families of such two-dimensional compressible 
potential flows: 

(i) If the metric tensor is independent of x 3 this variable does not appear in 
(6) for any q independent of x 3 . There are only three types of systems of coordi- 
nates which have such a metric tensor [7], they are cylindrical, axially symmetric 
and helical coordinates (cf. [7, 13, 14]). Only the third system gives rise to a 
new family of compressible flows, the helical flows. The latter are obtained by 
taking x « r, x = v = z — tzoj, x 8 = co, where ( z , r, a>) are the ordinary cylin- 
drical coordinates and n is a constant; v = const, are then helical surfaces with 
the 2 -axis as their geometric axis. The following is the most general type of 
velocity potential ip which gives helical flows, that is, flows with q dependent on 
r and v only: 

^ - Ao) + $(r, v ), 

where A is an arbitrary constant and $ is independent of w. A differential equa- 
tion for 0 may be obtained from (6) by routine procedures of the tensor calculus. 
For n = A = 0 that equation reduces to the differential equation of axially sym- 
metric compressible potential flows. 

(ii) Conical flows. The existence of this type of flow is well known. Take 
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x 1 =* «, x* =■ 0, x — r, where (r, 0, «) are the ordinary spherical coordinates. 
Since [3, p. 110-114]: 

3 d) = gi/(r sin 0) = gV sin 0, 

( 7 > , 

Qm = ?j/r - g r, g (3) = g = g 3 , 

routine calculations show that if ?, that is, the g«)’s are independent of r, each 
side of (6) is a product of 1/r by an expression independent of r. Therefore r 
does not appear in equation (6). The most general type of velocity potential 
compatible with the independence of the g^’s from r is <p = n4>(0, w), where $ is 
independent of r. A differential equation for 4> may be obtained from (6). 

One may ask whether there exist compressible conical flows with a velocity 
potential <p independent of r. The answer is positive because transforming (6) 
into an equation in <p(u, 0) by putting g, = <p, ( the variable r appears in (6) only 
as a factor (r)~ 4 common to both sides. However g and consequently also g max 
are in such flows inversely proportional to r, which is incompatible with constant 
stagnation temperature (cf. [5]). 

(iii) Spiral flows. Consider the system of coordinates x l s a = r/«, x 2 = 0, 
x 3 = u, where (r, 0, w) are spherical coordinates, « = exp(ruo) and n is a constant. 
<r = constant are spiral surfaces. The metric tensor is here dependent on «, 
each of the a\„’s containing the factor « 2 [7; 14, p. 493-495]. The Christoffel 
symbols of the 2nd kind are independent of «. If g (1) (i = 1, 2, 3) are the pro- 
jections of g on the coordinate curves (see §2), then [15, 12]: 

(8) 3< = <?(.') (a,i)' /2 . 

Consider spiral vector fields, that is, vectors q characterized by the fact that the 
#(»•)’ s expressed in spiral coordinates are independent of <o. Then, simple calcu- 
lations based on (8) and on the expressions of the ax/ s [14, p. 493-495] show that: 

£l = €<?( 1) J = W<Z(2) ; qz = C<T®q( 3) . 

q l = [(1 + n 2 esc 2 6)q i i ) — n0g (3 ) esc 2 0]/e; 

g 2 = WM; q = (®g<3> - nga>)/(«<r sin 2 0), 

where © = (n 2 + sin 2 0) 1/2 . A consequence of (9) and (10) is that g and g MI are 
independent of w and that each side of (6) expressed in spiral coordinates is a 
product of exp(— nu) by an expression independent of w. This proves the exis- 
tence of compressible flows with a velocity field which is a spiral vector field and 
with stagnation temperature which is a constant. The velocity potential of 
these flows is of the type: 


(9) 

( 10 ) 


f p = 4>(cr, 6) exp (mo;), 

where $ is independent of co. A differential equation for may be obtained from 
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(0). Flows with a velocity potential dependent only on (<r, 0) exist also, but imply 
a stagnation temperature proportional to exp(2nw). 

4. Rotational flows. The existence of the types of flows discussed in §3 was 
proved under the condition of irrotationality. Removal of this restriction does 
not invalidate the conclusions. This may be seen directly from the following 
equations of the flow (cf. (1), (4), (2)): 

(11) q a V a q x = —2 -‘(m - - (<?) 2 ) d log p/dx\ 

(12) (pa'VXx = 0. 

In fact, if the metric tensor is independent of x 3 and the components q«) are also 
independent of x 3 , the variable x 8 does not appear in the system (11), (12). The 
existence of rotational conical flows is well known. For spiral flows the same 
type of reasoning as the one used in §3 (iii) shows that if the q ^’ s and p are de- 
pendent on cr and 6 only, does not appear in (11). Besides this, since a 1/2 
contains o only through a factor exp(3no>), the left-hand side of (12) does not 
contain w except for the factor exp(2nw) which drops from the equation. 

5. An extension of Larmor’s theorem and a generalization of the stream 
function* It is known that the equation 

(13) q\x\ x\ **)TF,x(*\ x 2 , x ' 3 ) = 0, 

in which the g ’s are known functions of the x'’s, has two independent solutions 
W, which put equal to arbitrary constants are equations of two families of sur- 
faces. Jacobi [4] has given a method for the determination of the family C of 
curves which are the intersections of those surfaces, if a solution M(x l , x 2 , x 3 ) of 
the equation 

(Mq x ), x = 0 

together with a solution W ss y of (13) are known. The equations of C as given 
by Jacobi are: 

(14) y(x l , x 2 , x 3 ) = const., 

(15) ^(x l , x 2 ) 'ss J M(q dx l — q l dx 2 )/V, s = const., 

where in the integrand of ^ the variable x 3 is eliminated by means of (14); the 
constants in (14), (15) are arbitrary. Larmor [6] pointed out that this theorem 
has a simple meaning in hydrodynamics of steady flows. If q(q l , q 2 , q) is the 
velocity of the fluid and W a solution of (13), W = const, is a locus of stream- 
lines. Therefore the curves determined by (14), (15) are the stream-lines of the 
flow. The function M , a last multiplier of Jacobi, is obtained from the equation 
of continuity (12): 

(16) M = pa 112 . 

Here p can be eliminated by means of q and q m&x (cf. [16, p. 133]). This expres- 
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sion of M was given by Larmor in the case of cartesian orthogonal coordinates 
(a = 1). Whittaker [18] gives credit for it also to Boltzmann, probably because 
of his application of the Jacobi’s multiplier to the kinetic theory of gases [2]. 
Since 

(17) 2 + J dp/p 

is constant along a stream-line, if (17) can be expressed in terms of (x l , x 2 t x z ) it 
can be used as the function y in (15). The following are types of flows for which 
7 and ^ can be obtained without using (17). 

(i) Flows characterized by the condition that a contravariant velocity component 
is zero. Let q z = 0, then equation (13) is satisfied by W — x z . Therefore the 
equations of stream-lines are by (14), (15), (16): 

(18) 7 ~ a: 3 = const., 

(19) \l/(x\x 2 ) == J pa l,2 (q 2 dx 1 — q l dx 1 ). 


This type of flow includes the ordinaiy cylindrical and axially symmetric flows 
[16, p. 18-21] as well as spherical flows. The latter are characterized in spherical 
coordinates x 1 = o>, x = 0, x z = r by the condition q = g (3) = 0; the equation 
of stream-lines on each sphere r = const, is by (7), (19): 


(20) ^(w, 0)/r ss J pq (2 ) sin 0 du — pq a) dd = const. 

(ii) Flows characterized by the condition that two contravariant velocity compon- 
ents are of the type : 

(21) q* - f(x\ x\ x*)Q\x\ x 2 ) (i = 1, 2), 

where Q l and Q 2 are independent of x z . Then any function y(x l , x 2 ) independent 
of x and satisfying the equation : 

(22) Q l y, i + Q 2 7 , 2 = 0 

is also a function W satisfying (13). Since a function iV(x\ x) such that 

(23) 7.i = NQ 2 , 7.2 = —NQ l 

exists, the equations of stream-lines can be written in the form: 

y(x> x 2 ) = const., 

(24) r 

t(x 2 y x z ) = j pa 1,2 [(qW)dx 2 -fdx z ]/N = const, 

the variable x l being eliminated in the integrand by means of y(x l , x 2 ) = const. 
The above expression of ^ is obtained by permuting the subscripts (1, 2, 3) of 
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(15) into (2, 3, 1). The following are the flows which are of the general type 
defined in this section: 

(a) j H elical flows. These are characterized by the condition that the go/ s 
expressed in helical coordinates are independent of « (cf. §3 (i)). Since the metric 
tensor of helical coordinates is independent of «, the quantities g’, g and p are 
independent of u if the flow is helical. Therefore (2) is (cf. [13, 14]): 

(25) [d{rp<£)/dr] -f [d(rpq*)/dv] = 0. 

Since for helical flows Q' = g‘, we can take N = rp in (23). In fact, the condition 
of integrability of 

(26) dy/dr = rp g s , dy/dv — — rpg 1 

is (25). The stream-lines are the intersections of the surfaces y(r, v) = const, 
defined by (26) with the following surfaces, defined by the second equation (24): 

4>{v , «) s w - J (g 3 /g 2 ) dv — const., 

where r is eliminated in q/<fl by means of y(r, v ) = const. 

(b) Conical flows (§3(ii)). The stream-lines of these flows are the intersec- 
tions of cones y(w, 6) = const, with surfaces of revolution ^(0, r) = const., where 
y («, 0) is any solution of the equation (cf . [(22), (7)]) : 

[g<i>(w, 0 ) -dy/du] + [g ( 2)(<a, 0 ) sin 0 -07/00] = 0 

and is obtained according to general methods, for example, from (24). 

(c) Spiral flows (§3(iii)). The q x ’s are here, by (10), of the type (21) with / = 
exp(— nw). The flows are constrained to the families of surfaces y(<r, 0 ) = 
const., where 7 is the solution of the differential equation (cf. (22), (10)): 

(tq l <T'dy/dtr) + (qwdy/dd) = 0; 

eg 1 is here independent of « by (10). Knowing y, we can obtain complete equa- 
tions of the stream-lines by applying the general methods. 

Differential equations for most of the stream functions ^ and y considered in 
this section can be obtained from (6) by routine calculations. 

Acknowledgment. The writer is indebted to Prof. C. P. Wells for biblio- 
graphical references and to Prof. N. Cobum for his help in connection with the 
application of the tensor calculus in the present paper. To the criticism of Prof. 
C. L. Dolph is due the question, what are the systems of coordinates in which 
divgrad fix 1 , x) has the form indicated in § 1, if f(x\ x*) is independent of x*? 
This question was answered by T. Levi-Civita [7, 111-112] and was found by 
him to be equivalent to the a priori more restrictive problem of his stated in 
§1- 
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POLYGONAL APPROXIMATION METHOD IN THE 
HODOGRAPH PLANE 


BY 

H. PORITSKY 

1. Introduction. Very little progress has been made in the direct solution of 
the non-linear equations of steady two-dimensional flow of a compressible fluid 
in the physical plane ((2.5), (2.7)). More success has attended the solution of 
the linear equations of flow in the hodograph plane ((2.22), (2.23)), that is, the 
plane in which the velocity components u, v are the Cartesian coordinates. Yet, 
a great deal of difficulty still remains in solving compressible flow problems aris- 
ing in flight and industry. 

It has been pointed out by Chaplygin that the differential equation satisfied 
in the hodograph plane by the stream function in two-dimensional compressible 
fluid flow can be reduced to the Laplace equation, provided that the equation 
of state in the (p, F)-plane (F = 1/p) (2.1) be replaced by a straight line. 
Chaplygin chose this straight line as the tangent to the abiabatic curve at p () , 
F 0 corresponding to the stagnation (or impact) pressure of the gas. For an 
object immersed in a field of uniform flow (for instance for an airfoil in a uni- 
form air stream) von Karman proposed a straight line tangent to the equation 
of state at the point (p M , V «,) corresponding to the undisturbed uniform flow 
at infinity. This is known as the “K&rman-Tsien method”, and is widely used 
in aeronautical engineering. 

A natural extension of the above methods consists in approximating the equa- 
tion of state by means of not one but several straight line segments in the 
( p, l/p)-plane. This method was discussed by the author in item [1] of the bibliog- 
raphy at the end of the paper. 1 In the following this method is further ex- 
tended and illustrated. 

2. Fluid flow equations in the physical and the hodograph planes. As a if 

introduction to the polygonal approximation method which is explained in the 
next section, we review briefly the fundamental equations. 

Elimination of the pressure from the force and continuity equations for the 
two-dimensional steady flow of a non-viscous compressible fluid satisfying a 
relation 

(2.1) p = p(p) 

leads to the differential equation 

(2.2) u x (l — u /a 2 ) + Vy ( 1 — v 2 /a) — (uy + v x )uv/a 2 = 0, 

where subscripts denote partial derivatives, and a is the velocity of sound, given 
by 

(2.3) a 2 = dp/dp. 

1 The writer is indebted to G. Horvay for pointing out that in [1) the a should have been 
replaced by their reciprocals. The error has been corrected in the present paper. 

94 
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If the flow is irrotational, then a velocity potential <p exists such that 

(2.4) u = <p y , v ~ <p v . 

Introducing <p in (2.1) leads to the equation 

(2.5) <pxx( 1 <t>x/o> ) “t* <Pw( 1 <Pv/o > ) — 2<pxv<Px<Pu/a — 0 

while in terms of the flow function \f/ y where 2 

( 2 . 0 ) pu = \f/ v% P r = -^ x , 

2.2 becomes' 5 

(2 7) (^/^^ ~ tv' pa) — (^x/p) y (l — i pl/ffa 1 ) 

+ (tztv/pa~)l(tv/p)v - (tr/p)x] = 0. 

Both (2.2) and (2.7) are non-linear equations, their non-linearity arising not 
merely from the squares and products but also from the quantities a and p which 
are related with p and the velocity magnitude 

(2.8) w = (if + 
by means of the Bernoulli equation 

(2.9) u? / 2 + / dp/p = 0, 

J Po 

where po is the stagnation pressure at which the gas velocity vanishes. When 

(2.1) reduces to the adiabatic law 

(2.10) p = popVpo 7 

(2.3), (2.9) become 

(2.11) a 2 = 7 v / p , 

(2.12) a + (7 — l)w 2 /2 = al 

respectively, where a<> is the velocity of sound at the stagnation conditions 
Po , po , 

(2.13) = 7Po/po- 

Except for desultory attempts at integrating the equations (2.5), (2.7) by 
successive approximation methods, by numerical and experimental methods, 
comparatively little progress has been made in the solution of these equations. 
Even for a flow around a circular cylinder it is not known up to what Mach 
number a solution of (2.5) exists. 

2 Very often ^ is defined by = wp/po, ** rp/po where p 0 is the ‘"stagnation 1 * density. 

3 This equation, in contrast to (2.5), does not assume that the flow is irrotational. 
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To translate the problem into the hodograph plane, in which u, v are rectangular 
coordinates, and w, 9 = tan -1 v/u polar coordinates, write (2.4), (2.6) in the form 

(2.14) dtp — udx + vdy, dp = —pvdx + pudy. 


Solving for dx, dy 

dx = u chp/ (u 8 + y 8 ) — y dip/ p(u 8 + r 8 ) 

(2.15) = cos d d<p/ w — sin d dp /pw, 
dy = sin 6 dip/ w + cos ddp/pw, 

then substituting for dip, dp 

(2.16) <Lp - <p„ dw + <pt dd, dp = p„dw + Pi d6, 
there results 


dx — x„, dw + X) dd 


= (cos 6<p w /w — sin 9p„/pw) dw + (cos Opt/ w — sin Ope/ pw) dd, 


dy = y„ dw + y, dd 

= (sin 6<p w /w + cos dp J pic) dw + (sin dpe/w + cos Opt/pw) dd. 
Applying the conditions 

(2.18) ( Xu>)e = (%e)v> , (yt .)« = ( yi)w 


which render dx, dy perfect differentials, one obtains two equations, which upon 
multiplication by sin d, cos 0, then by cos 9, —sin 9 and addition, yield 


(2.19) 



Pw _ <Pl . 
pw w 2 ’ 


here ' indicates differentiation with respect to w. Taking differentials of (2.9) 
and eliminating dp by means of (2.3) one obtains 


( 2 . 20 ) 


dp _ pw 

dw a 1 


and hence 

to oi \ d(l/p«>) 1 dp/dw _ 1 / 1 _ 1 \ 

* * ' dw pvfi p 2 w p Va 2 to 2 / 

Equations (2.19) may now be rewritten 

(2.22) - <p„ = \ - l) Pi = \ (M* - Dpi, - p a - <Pi , 

P P i \0 / P P 

where M is the Mach number = w/a. Elimination of p from the equations 
(2.22) leads to 
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For the adiabatic law (2.10), elimination of p and a reduces equation (2.23) to 
the form 


(2.24) 

where 


(2.25) 


+ wF(w)i w + G(w)i M = 0, 


_ 1 ~ ((7 - 3)/2)(w 2 /ao) 

1 - ((7 - l)/2 )(vt/al) ’ 


_ 1 - ((7 + l)/2)(t v*/al) 

1 - ((7 - 'l)/2) (tt*/a$) * 


Product solutions of (2.24) of the form 


(2.26) 


V' = cos kdw k Y k 


where k is a constant were obtained by Chaplygin who pointed out that by in- 
troducing 

(2.27) r = ( 7 - l)w 2 /2al 

and substituting (2.26) in (2.24), (2.25), one is led to the hypergeometric dif- 
ferential equation for Y k (r) with coefficients which are functions of k and j8. 

If (2.1) can be represented by a linear relation between p and 1/p: 

(2.28) p = A — B/p, 

where A and B are (positive) constants, then (2.24) can be reduced to the La- 
place equation in 6 and a suitable function of w, W (w) as follows. Equations 
(2.3), (2.9) now yield 

(2.29) dp/dp = a 2 = B/p\ 

(2.30) w = a 2 - C = B/p - C, 


where C is an appropriate constant, and one obtains 


(2.31) 

so that (2.22) reduce 

(2.32) 



w C , 

-<Pw - - j\ Ve , 

p is 


C 

B 



If now W is introduced by means of 

(2.33) dW = 



dw 


then (2.32) become the Cauchy-Riemann equations in the functions^, (B/C) m <p 
in the variables W, 6, so that 4* + i(B/C ) :/ V becomes an analytic function of 
W + i6 (or of any analytic function of it) while at the same time (2.23) reduces 
to the Laplace equation in W, 6. 
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Substitution from 2.30 in 2.33 leads to 


(2.34) 


" , -(S)75 *■-«“/ 


dw 


w(w* + C) m 




to 


where K is a constant. 

It is also convenient to introduce the complex variable 


(2.35) 

where 


f = re? 


(2.36) 


The explicit relation between r and w is given by 


(2.37) 


r - K' 


w 


K'{(w + C) 1,: - C 112 ) 


Cm + (u? + C ) l/ 2 


w 


where K' is a constant. The lines 0 = const, in the hodograph plane are trans- 
formed into the same lines in the f-plane. The radial distance | f | = r is a func- 
tion of If, or w only. Multiplying + i(B/C) l,2 <p by t, we put 

(2.38) —(B/C) w >p + ty = /(f), 


thus identifying^ with the imaginary part of /(f) in (2.38). 

It is of interest to note from (2.38) that <p, $ are not conjugate harmonics. 
After < p, ^ have been determined in the hodograph plane, one must solve for 
the flow in the physical plane. Equations (2.15) yield 

(2.39) dz = dx + i dy = (dip + i — ^ • 

w\ p / 


In case (2.28) holds, utilizing (2.30), (2.37), (2.38), one reduces the above to 


(2.40) 


= oL If <*//*' - K’dJ/f], 


where bare denote conjugates. 

3. Polygonal approximation to the adiabatic in the ( p , l/p)-plane. If the 

adiabatic relation (2.10) is approximated by means of several straight lines in the 
(p, l/p)-plane: 


(3.1) 


p - A { — Bi/p, Pi_i < p < pi, 
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then relations (2.29) with proper values of R< , C,- hold in each interval. At the 
transition points p,-, w takes on values w { , yielding circles in the hodograph 
plane. There the sound velocity a is discontinuous, and one obtains from (2.9), 
noting that w — 0 for p = p 0 , 

(3.2) Ci = Bi, Ci+i - C { = (B i+1 - Bi)/p] = —A (a 2 ). 

It is convenient to choose the constants X, in (2.34) so that the values of W join 
on continuously, and similarly for the r-values in (2.37), so that one may con- 
sider a single (IF, 0)-plane and a single f -plane in which the vertices p,- , pi corre- 
spond to the straight lines IF,- , and to circles r,- respectively. 

The equations (2.19), (2.22) were obtained by making dx, dy perfect dif- 
ferentials, so that the integrals / dx, / dy derived from (2.17) are independent 
of the path of integration and yield x, y as true point functions of w, 6. At 
w = Wi the independence of these integrals of the path of integration must be 
examined separately. Here we must make , y e continuous. Now from (2.17) 
one obtains 


(3.3) 


cos 0 sin 0 , 

Xe = — <p» — pe , 

w pw 


sin 6 , cos 8 , 

ye = <p$ + Vt. 

w pw 


The determinant of <f>« , in (3.2) is equal to 1 /pw, and it, along with 
the coefficients of pe , i'e , is continuous at w< . Hence <pe , fa themselves are con- 
tinuous across w = w { , and so are <p, <]/. It follows now from (2.32) for each ta- 
in terval that , Bi/C, <p w are continuous at w — Wi . From the continuity of 
ipw = ihp/dw and from (2.33) follows that pw = dp/dW is discontinuous at 
IF = IF,- and that 



the subscripts IF,- , IF< + in (3.4) referring to left-hand and right-hand deriva- 
tives at IF = IF,- respectively. We shall put (3.4) in the form 


(3.5) 


dp _ dp 
dW Wi + " c< dW 




In terms of r this condition becomes 


(3.6) 


dp 

dr 


dp 
~ Ci dr 


Similarly, one obtains from the continuity of p, p t , 
(3.7) 


dip 

dW 


ITi + 


1 dj£_ 
Ci dW 
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( 3 . 8 ) 


d<p 1 t 

3r rj+ C% Of ri" 



Fig. 1. The p vs. 1/p curve, and its approximations 
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Fig. 2. The p vs. p curve, and its approximations 


The ratio of the slopes fy/dr at n is the reciprocal of dr/dw at the same revalues. 
Thus, on the hodograph plane df/dw is continuous, while on the f-plane, dyp/dr 
is discontinuous at r<. 
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The polygonal approximations (3.1) to the adiabatic (2.10) may be viewed 
in two different ways. One way is to suppose that just enough heat is supplied 
to or taken away from the gas as it expands so that it obeys equation (3.1); 
or else one may imagine the existence of a fictitious gas for which the adiabatic 
reduces to (3.1). In either case the velocity of sound is discontinuous at pi. 



Fig. 3. The curves a 1 , u?*, M* t and their three-interval approximations 


As an example, Fig. 1 shows in the (p, l/p)-plane the adiabatic relation (2.10) 
over the range 1 < po/p < 1.6, a three- interval approximation to it, with 
pi/po = 1 .2, P 2 /P 0 = 1 .4, as well as the Chaplygin approximation. The functions are 
replotted on Fig. 2 in the (p, p)- plane. It will be noted on Fig. 2 that the slope 
a 2 — dp/dp increases with p and p along the adiabatic, but decreases as p in- 
creases along the approximating hyperbolic segments; however, at each vertex 
pi the change of slope a makes up for accumulated divergence between the a 2 
values throughout the interval. Fig. 3 shows w 2 , a 2 , M 2 plotted vs. 1/p 2 ; the 
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dotted curves give the same quantities for the adiabatic (2.10) (for y = 1.4). 
In the calculations leading to the curves of Figures 1, 2 and the figures that 
follow, it is assumed that p 0 = 1, po = 1. This is not a serious restriction since 
by a choice of units any values of po , po can be reduced to this case. The reader 
who is irked by this procedure, however, will prefer to replace w 2 by w 2 p 0 /po = 
yw 2 /al, and a 2 by a 2 po/po = y<x/a\. 



Fig. 4. The coefficients F and G of Chaplygin’s differential equation and their approxi- 
mations 


On account of its discontinuities and the gaps in its values, the Mach num- 
ber M is obviously not a suitable variable to use in the polygonal approximation 
method. 

Elimination of p, a from (2.23) under the assumption (3.1) leads to (2.24) but 
with F, G given not by (2.25) but by 


w 


C< 

10* + C,’ 


(3.9) F(w) = 1 + 


w* + Ci’ 


GM = 


W{-i < W < 10 ,-. 
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The values oiF,G from (2.25) and (3.9) are plotted on Fig. 4 for the example of 
Figs. 1, 2. Also shown on Fig. 4 are the values of F, G based on the Chaplygin’s 
approximation. 

The present method may thus be viewed as consisting in approximating to 
the coefficients F, G, (2.25) in (2.24) by means of (3.9), this choice of the ap- 
proximations having the advantage that (2.24) becomes the Laplace equation in 
W, 6. At w i the solutions ^ of (2.24) are continuous and so are d\p/dw. 


Table I 


M 

w 

0i = wYi j 

*3 

Rc 

Ri - Qx 

Rc 

0 

.0000 

.0000 

0 

0 

0 

0 

.1 

.11832 i 

.1180 

.1177 

.1180 

! -.0003 

0 

.2 

.23575 

.2334 | 

.2328 

.2335 

! - .0006 l 

.0001 

.3 

.35180 

.3441 l 

.3428 

.3444 

-.0013 

.0003 

. 1 

! .46591 

.4481 

.4452 

.4491 

-.0029 

.0010 

.5 

.57736 

.5438 ! 

.5398 

| .5466 

-.0010 ! 

.0028 

.55 

.63194 | 

.5882 j 

.5840 

.5923 

- .0012 i 

.0041 

.60 

.68565 ; 

.6300 

.6262 

.6361 

! -.0038 

.0061 

.65 

! .73854 

.6694 

.6658 

.6779 

i — .0036 

.0085 

.70 

| .79041 

.7061 

.7019 ; 

.7177 

-.0042 

.0116 

.75 | 

.84133 ! 

.7403 ; 

.7358 

.7639 

-.0045 ; 

.0236 

.80 ' 

.89127 j 

.7719 ! 

. 7673 1 

.7916 

-.0046 ! 

.0197 

.85 j 

i .94012 

.8010 

.7963 

.8257 

— .0047 ; 

.0247 

.90 

.98786 1 

.8275 ! 

.8230 

.8580 

-.0045 | 

.0305 

.95 

1.03456 ! 

.8516 

.8471 

.8887 

-.0045 : 

.0371 

1.00 | 

1.08013 

.8735 ! 

.8692 

.9177 

-.0043 

.0442 

1.10 | 

1.16788 

.9105 

.9069 

.9712 

-.0036 

.0607 

1.20 1 

1.25108 1 

.9394 

.9385 

1.0200 

-.0009 ' 

.0806 

1.30 ; 

1.32979 

.9612 • 

.9656 

1.0620 

+ .0044 

. 1008 

1.40 j 

1.40402 ; 

. 9769 

.9886 

1.1001 

.0117 

. 1235 


The discrepancies in F, G on Fig. 4, deriving from the slopes on Fig. 2, are 
quite appreciable. To study the discrepancies of the solutions, a product type 
of solution 

(3.10) \I/ = wYi(t) cos 6 

of the exact equations (2.24), (2.25) was compared with a corresponding solution 

(3.11) ^ = R cos 6 , R = function of w = R{r) 

of (2.24), (3.9), choosing R = Q,dR/dr = latr = 0 so that R agrees with wY in value 
and slope at r = 0. Since R cos 0 is harmonic in the f -plane, it follows that the 
factor R in (3.11) is a linear combination of r and 1/r in each interval fa , ri+i). 
In the first interval the coefficient of 1/r is chosen as 0, and in passing from one 
interval to the next one the new coefficients are determined so as to render R 
continuous and so that (3.11) satisfies the condition (3.6). 

Table I gives the values of wY\ , of R* , the function R for the three-interval 
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approximation of Fig. 1, and of Rc , the function R for the Chaplygin approxima- 
tion. Also shown are the differences R z — wY x , R c — wY x . The values Y x 
were taken from Garrick and Kaplan [2]. The Mach number refers to the exact 
solution. It will be noticed that the discrepancies are far smaller than one would 
expect on the basis of the differences in F and G. The table was continued into 
the supersonic interval where the third line segment on Figure 1 gives a rather 
poor approximation to the adiabatic; the agreement there, while not as good 
as for w < Wz , is surprisingly good. Since the Chaplygin straight line is tangent 
to the adiabatic at p 0 , 1 /po , the discrepancy close to w = 0 (and as far as w = .6) 
is smaller for the one-interval solution, but for larger w-values the Chaplygin 
solution becomes much worse. 

4. Solutions by the method of reflections. The product solution method for 
the determination of ^ was explained in [1] and utilized in Table I. Another 
method, the method of reflections or images, is based on the following proposi- 
tion. 

Let h(W, 0) be an arbitrary harmonic function. Then either 

HW, 6) + h(2Wi - W, 0) in W > W ( , 

1 “I r C{ 

Y-^—KW.O) in W <Wi, 
or 

KW, 0) + ^4 M2 Wi — W, 0) in W < Wi, 

Ci *T 1 

-^~h(W,0) in W>W it 

X T“ Ci 

furnishes a function u satisfying the boundary condition (3.5) at W = IF,- . 
Equation (4.1) is useful in finding a function u having the same singularity as 
h (for instance that of a point source or vortex) in IF > IF,- and satisfying (3.5), 
while equation (4.2) furnishes a function u satisfying (3.5) and possessing the 
same singularities as h in IF < Wi. 

In applying the above to cases with several discontinuities, one runs into the 
difficulty of obtaining images of images. Thus, consider the case of three-in- 
terval approximations with two lines of discontinuity at Wi,W 2 , and assume 
that h has a singularity at the point IF = B lying between IFi , IF 2 . There is 
no loss in generality in assuming Wi = 0. This may be accomplished by proper 
choice of Ki in (2.37). We also put W 2 = C. 

Application of (4.1) at W\ = 0 shows that (3.5) will be satisfied by the addition 
to h of 


u — 

(4.2) 

u = 


u — 

(4.1) 

tt = 


(4.3) 


- hrf 
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this term possesses a singularity at W = = -Bi , the image of B in W = 0, 

of “strength” 


(4.4) 


Ri 


1 - Cl 
1 + Cl 


Similarly, application of (3.5) with W, replaced by C shows that to satisfy (3.5) 
one may add to h 


(4.5) ft, = ^—1 h(2C - W, 0) 

c 2+1 

thus placing a singularity at W = B, = 2C — B, the image of B in W — C, of 
“strength” 


(4.6) 


R t = 


Ct - 1 
Cj + 1 


9 


1 

1 

1 

, 1 



1 

1 

1 

1 

W 

B 8 «B-2C j B,,*-B 

1 

-c 

0 

8 

B,*2C-B 

1 

C 


Fig. 5. Reflection of singularity, W, 0-plane 

It will be found that the addition of (4.6) now spoils the condition (3.5) over 
W = 0, and it is necessary to add another term, namely 

(4.7) h-o = RM-W, 6) = RiR 2 h(W - 2 C, 6) 

to restore this condition; this term is singular at W = S_ 2 = B — 2 C, the image 
of Bi in W = 0. Likewise, the addition of h-\ as well as of ft_ 2 in no way helps 
the boundary condition (3.5) at W = C, and additional terms are required to re- 
store this condition. This process can clearly be continued leading to further 
singularities over a periodic array of points B n which are the successive images 
of B in the two rectilinear boundaries, W = 0, W = C (See Fig. 5). The posi- 
tion of these points is analogous to what one observes in a room with two parallel 
mirrors on opposite walls. Upon looking into either one, one sees one^ own 
successive reflections extending to infinity and obtained by reflections back 
and forth across each mirror. Moreover, the intensity of each reflection is ob- 
tained from the image which is being reflected by multiplication by a proper 
“coefficient of reflection,” which in the present case is equal to Ri for reflection 
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over the left-hand mirror W = 0, and Rt for reflection across the right-hand 
mirror. There results the following infinite series 

(4.8) * = £ h n (W, 6) for 0 < W < C 

n — — oo 

where 

hc(W, 6 = h(W, 6), 

(4.9) h~ n (W, 6) = 6 ), n > 0, 

0) = R 2 h^ n (2C - TT, 0), 7? < 0. 

The above infinite series converges provided that both Ri and R 2 are numeri- 
cally less than 1 and h does not become infinite “too rapidly” at infinity. The 
convergence is then as rapid as that of a geometric series. 

It must be clearly understood that the series (4.8) applies only in the strip 
0 < W < C in Fig. 5 within which the singularity B lies. While the series 
(4.8) converges outside of that strip too, it represents the analytic continuation 
of the function ^ within the strip between 0 and C across these boundaries, and 
not the values of ^ in these regions. Going back to the mirror analogy, (4.8) for 
W < 0 or W > C corresponds to the fictitious world of images observed in the 
mirror, and not at all to what is behind the looking glass. The tine values of 
^ in W < 0 or W > C are not the analytic continuations of ^ which are con- 
tinuous along with all of their derivatives across the boundaries W — 0, W = (7, 
but functions which join on to these in the manner described by the boundary 
condition (3.5) and the continuity of \p itself. Within the region W < 0 ap- 
plication of the second equation (4.1) shows that function^ can be obtained by 
multiplying all the terms n ^ 0 in (4.8) with singularities in W > 0, that is, at 
B y B h Bi • • • , by the factor 1 + R lm In this way there results the infinite 
series 

(4.10) yp = — ~ h n (W, 6) for W < 0. 

1 + Cl n -0 

Similarly, one obtains from (4.2), (4.8) 

(4.11) \f/ = K(W, 6) for W > (7. 

1 + C 2 n«0 

Thus^ is actually free from singularities except at B. 

Introducing f as in (2.38), one replaces the lines W = 0, W = C by the circles 
r = ri ** 1, r = r? = c c y while the singular points B n are transformed into 

(4.12) b n = c*" 
so that 

(4.13) • • • , = l/6 0 , bo = b = e* , 6i = e 2c /6o, b 2 = 6e 2c , 

The reflections across W = 0, W = C now correspond to inversions across the 
circles r = 1, r = r 2 =* e c . An additional singularity at f = 0 corresponding to 
W — oo may now appear, unless special provisions are made to eliminate it. 
In practice it may be convenient to use the series (4.10) or (4.11) for comput- 
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ing \f/ in the range 0 < W < C. This is done for (4.11) by identifying \f/ in (4.11) 
with u in the second equation (4.2), solving for h and substituting in the first 
equation (4.2). 

The nature of equations (4.8)-(4.11) can be clarified by means of Fig. 6 which 
is based on the optical analogy mentioned above, but with the mirrors made 
“semi-transparent.” The terms in the series (4.8)-(4.11) are represented by 
rays which start from the point B of Fig. 6 at a fixed angle with the horizontal 



Fig. 6. Reflection ray analogy for finding images of singularities for the case of three 
rectilinear intervals 


and are reflected and transmitted at the boundaries W\ and W 2 with reflection 
coefficients jRi, R 2 given by (4.4), (4.5) and transmission coefficients 

(4.14) Ti = l+Ri, T 2 =l+#2. 

The transmitted rays Tih h • • • can be visualized as originating from the 
source points Bi,B 2 • • - on the IF-axis, the transmitted rays T 2 h- 1 , T 2 h- 2 , ■ • • 
as originating from the source points B- 1 , R_ 2 , • • • . 

The optical analogy method is equally applicable to the case of more than 
three intervals. The case of five intervals is represented in Fig. 7. One now 
introduces reflection and transmission coefficients Ri , for rays striking Wi 
from the left, T'i for rays striking Wi from the right, where 


R 


1 - Ci 

I + c t ’ 


T'i 


__ 2 _ 
1 + Ci 


= 1 + Ri, 


Ci ~ 1 - 
Ci + 


-Ri 


T = 

* Ci + 1 


1 + Ri, 


(4.15) 
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Ci being defined by (3.5). Corresponding to each ray segment there is a term 
obtained by multiplying the function 

(4.16) h( , 0) 

by the coefficient placed on the ray, where the first argument is obtained by re- 
placing W by 2Wi — W corresponding to each reflection the ray suffered on its 
way from B. (Transmissions do not affect the first argument in 4.16.) 

The increased complexity due to the multiple boundaries as the number of 



Fig. 7. Reflection ray analogy for finding images of singularities for the case of five 
rectilinear intervals 


intervals increases is partly compensated for by the decreased magnitudes of 

Ri , Ri. 

It is to be kept in mind that even in relatively simple flows in the physical 
plane, the function ^ may be multiple-valued in the hodograph plane. Since 
in the solutions indicated above h is not restricted to single-valued functions, 
these solutions are applicable even to the multiple-valued cases. 

5. Example* We apply the method of the preceding paragraph to the flow 
function ^ which corresponds to a point source at f = 6, and put 

(5.1) h = Imflog (f — b 0 )\ = 0 O , 

where 0 0 is the argument of f — &o = f — 6, that is, the angle between this com- 
plex vector and the real f-axis. Inversion of /(f) in the circle r = R is accom- 
plished by replacing f by R?/ f leading to f(R 2 / f), bars denoting conjugates. 
For the case /(f) = log (f — 6), this leads to 

(5.2) log (tf/f - b) - log (f - R 2 /b) - log ? + log (—6). 
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With R = 1, R 2 /b = 1/6 = 6-1, the imaginary part of (5.2) yields (see Fig. 8) 
(5.3) — d-i + 0 zt 7r, 6-x = arg (f — 6_i), 0 = arg f. 

This leads to 

V5.4) h - 1 = I2i( — 0_i + 0) + const. 

Similar calculations of h n for other n yield 

4*oo — oo 4-00 

' >.5) }// = 22 e *0n -0 7! e n — 7r e n for ri < r < r 2 , 

n— oo n— 1 n— 1 



where 

0 n = arg (f - 6 n ) = Im log (f - 6 n ), 

(5.6) 6-i = — Ri y c\ = — /?2 

642 = R 1 R 2 , 64 3 = 642641 35 — R 1 R 2 R* , • • • . 

Inside the (unit) circle r = r x and outside the circle r = r 2 one obtains similarly 
from (4.10), (4.11) 

(5.7) \/f — ir + — - — 2 e n (d n — •*) for r < r 1( 

1 + Cl n-0 

(5.8) * = ( £ e»<?» - 9 £ e„ ) + 6 for r > r t . 

In choosing the 0-terms and the constant terms in (5.5), (5.7), (5.8), a slight 
departure from direct inversion in accordance with (4.8), (5.2) has been made 
so that without violating (3.6) the function \p is made free from singularities at 
r = 0 and vanishes for real f > 6. 

As an example, the flow function \p was calculated for the case of a point source 
at 6 = 60 = 1.15 for the (p, p)- approximations described in §3 and shown on 
Figs. 1, 2. The images of the point source occur at 
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fci = 1.2861, h - 1.7008, 6, = 1.9021, b 4 = 2.5155, • • • , 

6_i = .8696, = .7776, 6_* = .5880, 6^ = .5257, 

The coefficients ci, C2 are given by 

ci = 1.1388, ct = 1.5633 

leading to 

e_i = -Rt = .06490, e x = -Rt = -.21975 

and to 

e-s = cj = -.01426, e_3 = -.00093, e 3 = .00313, = e 4 = .00020, • • • . 



r cose 


Fig. 9. Stream lines \p = const, in the f-plane for point source at r = 1.15, 0 — 0 


The series (5.5), (5.7) and (5.8) become, with 0*, \p expressed in degrees (A^ = 
360° for unit point source) : 

* = 180° + .9351(0o - 180°) - .2055(01 - 180°) - .O133(0 2 - 180°) 

+ .0029(03 - 180°) + .0002(04 - 180°) + • • • , for 0 g r S n, 

* = 41.522° - .04990 + 0 O + .219801 - .O1430 2 + .003103 + .000204 + ••• 

+ .O6940„i - .01430-2 - .00090-3 + .00020.4 + • • • , r^r^r 2 , 

t = - .28060 + 1.219800 + .07920^ - .O1740- 2 - .OO110_ 3 + .00020-4 + - • • , r £ r 2 . 

The plot of the curves ^ = constant in the f = re %9 plane is shown in Fig. 9 
for ^ = 0°, 20°, 40°, • - • . Figure 10 shows the same flow lines but in the hodograph 
plane. 

As a further example, the field of a point vortex was considered. It will be 
recalled from equation (2.38) that the conjugate harmonic of \p is not a possible 
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flux function (since - ( B/C) m <p + # is analytic in f and not <p + i<p). Hence, 
unlike the incompressible case, the conjugate harmonic of the point source solu- 
tion will not do for a point vortex. Going back to (4.8)-(4.11) we put 

(5.9) ha = Re[log (f - b)] = log do, do = | f - b | 

(this identifies /(f) in (2.38) with i log (f — h)). Inversion in r = It yields (see 
Fig. 8) 

(5.10) log (f - b) -» log (tf/f - b) 

= log (? — (ti'/b) ) - log f + log (-6). 



Fig. 10. Stream lines ^ = const, in the hodograph plane for point source at w = .8599, 

On applying to It = 1 and taking real parts one obtains 

(5.11) log d-i - log r + log ft, rf-i = f - ft„i. 

Comparison with (5.3) and (5.4) shows that 

(5.12) h - 1 = 7?i(log — log r) + const. 

Application to (4.9) (4.11) with ho = log /\> leads to 

(5.13) ^ X (-1)"«. logdn, for r g r t = 1, 

(5.14) ^ log dn - log r 2 e*(-l) H + K x , torn gr^r 2) 

u— 00 n — 1 
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(5.15) i = T~ir — | £ (” D" «• log <*»| + K * log r + K. , for r ^ r, , 
l + |_»-o J 

where the constants K x , K 2 , K z are so determined that \p is continuous at n and 
r% , and (3.6) holds. The latter condition is best applied by means of 

(5 - i6) /3 fL*-*/2L-* 

leading to an equation involving the sum of the coefficients of the logarithms 
whose argument vanishes inside the circle of integration. 



Fig. 11. Stream lines <P = const, in the f -plane for point vortex at r — 1.15 , 9 =» 0 


Substitution of the previous values of n , r-> ,b,e n ,b n ,Ci, c 2 into (5.13)— (5.15) 
leads to the following three series 

t = .9351 log do + .2055 log di — .0133 log dt — .0029 log d z 

+ .0002 log d, -)-•••, for r g r x , 
t - —.0120 + .0890 log r + log d 0 + .2198 log di — .0143 log d 2 — .0031 log dt 

4- .0002 log d t + • • • — .0649 log cLi — .0143 log cL 2 + .0009 log d - 3 

+ .0002 log d_4 + • • • , for r x g r g r 2 , 
+ « -.0764 -f .4387 log r + 1.2198 log d 0 - .0792 log d. x - .0174 log d- 2 

+ .0011 log eL 3 + .0002 log + • • • , for r r 2 . 
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The flow lines for the above ^ are plotted on Fig. 11 for ^ = 0, =b.2, ±.4, • • . 
On Fig. 12 the aspect of the same flow lines in the hodograph plane is given. 

It must be kept in mind that the examples just discussed, while they possess 
the required point-source singularity, are not unique solutions. It is clear that 
any solution which is free from singularities in the regions under consideration 
may be added to the above. 



Fig. 12. Stream lines ^ « const, in the hodograph plane for point vortex at w =* .8599, 


It is believed that the method outlined above is far more convenient from 
computational point of view than other methods that have been developed for 
handling these flows, for instance the one given in [3]. 

6. Determination of the flow in the physical plane. The point source and the 
point vortex solutions are of interest in connection with the flow through a grid 
of similar blades, the entering flow at infinity corresponding to a point source 
and a point vortex; the exit flow at infinity corresponding to a point sink and 
vortex. It is clear, however, that further functions ^ would have to be added 
to the above solutions to obtain blade shapes of practical interest. Neverthe- 
less, it is of interest to find the aspect of the physical flow arising from a pure 
point vortex-source and a point vortex-sink. This can be determined by super- 
position of the above solutions and carrying out the integrations (2.40). For 




114 H. PORITSKY 

the present, however, this calculation was carried out only for the incompressible 
case for which the above equations simplify considerably. 

For the incompressible case, the variable f may be directly identified with the 
hodograph variable 

(6.1) f = we t9 = u -f- iv. 

From (2.35) it follows that the complex potential 

(6.2) os = (p — i\p/po 



Fig. 13. Stream lineB ^ * const, for a point vortex source at ** 1 -f i\ also for a point 
vortex sink at X = 1 — i. Incompressible case 


is an analytic i 

function of f : 



(6.3) 


w 

= /(r). 

Since 




(6.4) , 

dot _ dec 

_ dip 

i d\p 

dz dx 

dx 

pa dx 

we have 




(6.5) 


-1 

dz = / 


r 


Placing the point source and the point vortex, each of unit strength, at the 
point f « 1 + i and the point sink and the point vortex of similar strength at the 
point £ = 1 — i, we have 
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( 6 . 6 ) 


to = A log (f — a) + B log (£ 


A = 1 + i, B = — 1 i, 

The integration (6.5) yields 

z ~ A f - ^ + B f -~L 

J f(£ - a) J t(t - 


b), 

n = l + i, 


b = 1 -i. 


(6.7) 


r(r - b) 


= ^ t-l°g f + log (f - a)] + - [-log f + log (£ - b)]. 



Fig. 14. Stream lines ^ = const, obtained by superposition of the streamlines of Fig. 13 
Incompressible case 


For the values indicated in (6.6) this reduces to 

(6.8) « « (1 + i) log (f - a) + (-1 + 0 log (f - i>), 

(6.9) 3 = log (r - a) - log (f - 6). 

The lines of flow in the hodograph were first obtained by superposition of the 
rectilinear flow lines corresponding to the point source and the circular flow lines 
corresponding to the point vortex leading to equiangular spirals passing through 
diagonally opposite corners of the resulting small squares formed by the above 
radial lines and circles. After the above logarithmic spirals have been con- 
structed around the point f =* 1 + i, a similar set was obtained for the f = 1 — % 
as indicated in Fig. 13, and by superposition the streamlines of Fig. 14 were ob- 
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tained. Finally, by substituting the values of f for these flow lines into (6.9) 
the flow lines in the physical plane were found. These are shown on Fig. 15. 

It will be noted from equation (6.9) that the integration leading from the 
hodograph to the physical plane possesses no singularity at the origin f = 0 as 
might ordinarily be expected from (6.5). The resulting flow is smooth and 
analytic in the whole physical plane, and corresponds to a 90° turn of the flow 
from its incident direction at infinity to its exit direction at infinity. 



Fig. 15. Stream lines ^ *=* const, in physical plane corresponding to Fig. 14 
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THE BOUNDARY LAYER OF YAWED CYLINDERS 


BY 

W. R. SEARS 

Starting with the Navier-Stokes equations of motion for a viscous fluid, we 
repeat Prandtl’s argument regarding the orders of magnitude of quantities in a 
laminar boundary layer, for the special case of a yawed cylinder of infinite length. 
The equations resulting are as follows: 

(1) Ut + uu a + VM,= —Px/p + VU„, 

(2) v t + uv x + wv, « w„ , 

(3) 0 = p, , 

(4) u x + 0, 

where the coordinates x and z are measured along and perpendicular to the sur- 
face, respectively, and y is measured in the direction of the cylindrical axis; u, w , 
and v are the corresponding velocity components; p is the pressure; p the density 
(assumed constant) ; t the time and v the kinematic viscosity. Since the cylinder 
is uniform and infinite in extent in the y direction, it follows that w, v, and w are 
functions of x, z , and t only. The pressure p(x, t) is supposed to be given by the 
potential-flow conditions at the outer edge of the boundary layer. 

It is seen that (1), (3), and (4) are the customary non-linear equations describ- 
ing the two-dimensional boundary-layer flow about an un-yawed cylinder, while 
(2) constitutes a linear equation by which v(x , z , t) can be computed if the two- 
dimensional problem is solved. Moreover, the two-dimensional problem in- 
volved is exactly the case of plane flow about the same cylinder in its un-yawed 
condition. 

It may be useful to notice that, in the steady-flow case, equation (2) is the 
same as the equation for the temperature distribution T(x> z) in the laminar 
boundary layer of the un-yawed cylinder, provided that the Prandtl number is 
one and viscous heating is neglected. Thus the distribution of spanwise veloc- 
ity near a yawed cylinder is the same as the distribution of temperature near 
the same cylinder, at zero yaw, when its surface is maintained at a uniform tem- 
perature different from the stream temperature. 

The separation of the equations achieved here leads to interesting conclusions 
about certain boundary-layer phenomena on a yawed infinite cylinder. For 
example, the chordwise location of laminar separation (of the chordwise flow), 
which is determined by equations (1), (3), and (4), must be invariant as the 
cylinder is yawed. In addition, it may be speculated that the phenomenon of 
transition is controlled by the Reynolds number based on the chordwise com- 
ponent of the stream velocity. 

The first special case treated is that of a yawed flat plate in steady flow. Here 
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p. is identically zero, and it is easily seen that u and v are proportional. In fact, 
the result means that the boundary-layer flow is always in the free-stream direc- 
tion with the so-called Blasius velocity profile, that is, is unaffected by yaw of the 
leading edge. 

We proceed next to consider yawed steady flow about a class of cylinders sug- 
gested by Prandtl, for which the potential velocity outside the boundary layer 
can be expressed in the form 

Ui(x) = aix + 

d\ and as being constants. The plane problem has been solved, and the func- 
tions defining u(x f z) and w{x y z) are available in tabular form; 1 for example 

u — aixfi(ij) + dzx*fz(rj) + • • • 

where rj 55 ( UL/v ) 1/2 z/L, XJ being the chordwise component of the stream 
velocity and L a characteristic dimension. To obtain the appropriate solution 
of (2) in this case, we assume 

* = V i: (x/L) n G n (v) 

n—0 

where V is the axial component of the stream velocity. This leads to a system 
Of ordinary differential equations for the G n (y). The boundary conditions re- 
quire Gi = Gs = • • • =0. The even-numbered functions have been evaluated 
numerically for n = 0, 2, 4, and 6. It appears that these are sufficient for an 
estimate of the spanwise flow in the boundary layer, forward of separation. 

The results include diagrams showing the magnitude and direction of bound- 
ary-layer flow at various positions forward of the line of separation of chordwise 
flow. The shape of the “limiting streamline” at the surface of the cylinder has 
also been determined and is drawn in comparison with the AS-shaped streamline 
of the exterior potential flow. 

Cornell University, 

Ithaca, N. Y. 


1 S. Goldstein (editor), Modern developments in fluid dynamics , Oxford, 1938, pp. 148-152. 



ON SHOCK-WAVE PHENOMENA: INTERACTION OF SHOCK WAVES 

IN GASES 


BY 

H. POLACHEK AND R. J. SEEGER 

l. Introduction. Interest in shock-wave phenomena was revived during 
World War II. The authors were introduced to the subject by J. von Neumann 
when all were associated with the Navy Bureau of Ordnance. Under his in- 
spiring leadership there was initiated theoretical and experimental research which 
resulted not only in actual practical success, but also in real intellectual stimula- 
tion. Much of the present understanding of shock-wave phenomena is due to 
his physical insights. It is not inappropriate, therefore, to review his general 
investigations [13] together with detailed ones of the authors [16] at this first 
annual postwar symposium in applied mathematics. 

The formation and propagation of a shock wave in a compressible substance 
(non-viscous and non-thermal-conductive) have been matters of discussion ever 
since the early investigations of W. J. M. Rankine and H. Hugoniot [11]. Pri- 
mary contributors have been J. W. Rayleigh [17], G. I. Taylor 1 [24, 8], R. Becker 
[1], and L. H. Thomas [24]. The one-dimensional problem of shock-wave inter- 
action, however, has attracted attention only since 1941 [6]. Von Neumann’s 
work revealed two-dimensional interaction of shock waves to be of even greater 
interest both physically and mathematically. 

The oblique reflection of a shock wave is equivalent to the collision of two 
similar shocks. It might be supposed that the ordinary scheme of acoustic re- 
flection would be applicable to shock- wave reflection. According to von Neu- 
mann [13], however, E. Teller first pointed out to him that there is a breakdown 
in the case of certain shocks — a breakdown which is associated with that of super- 
sonic flow into a concave comer and with the detachment of the headwave of a 
wedge in supersonic flow. Von Neumann related this breakdown to the soot 
F-effect of E. Mach. 2 He predicted a new type of reflection, which has subse- 
quently been termed “Mach reflection”. 

Experimental verification started in 1942 with the repetition of Mach’s in- 
vestigations by E. Bright Wilson, Jr., et al., and later with their extension by 
R. W. Wood. Direct confirmation was achieved through ballistic spark photog- 
raphy by A. C. Charters and R. N. Thomas in 1942. Valuable contributions 
were made in 1943 also by P. Libessart and by H. Lean. A systematic quantita- 
tive investigation using a so-called shock tube was completed by L. G. Smith [22] 
in 1944. More precise measurements are now being sought independently by 
L. G. Smith, W. Bleakney [10], et al. Evaluation of the experimental material 

1 Cf. also G. I. Taylor, Pressure on solid bodies near an explosion , RC118. 

2 E. Mach, Vienna Academy, Sitzungsberichte vol. 78 (1878) p. 819; other papers vols. 
72-92 (1875-1889). 
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has been made from time to time by von Neumann [13], P. C. Keenan [12], and 
the authors [15]. The present summary is concerned not with this interest- 
ing experimental history, but rather with the mathematical investigations which 
have been essential for guiding these experiments. 


- 43 - - 4 ^ 


Fig. 1 


2. Plane shock waves in gases. Consider a simple model [16] of a shock wave, 
say, a plane step shock wave I (Fig. 1) moving with constant velocity U in a gas 
of negligible viscosity and thermal conductivity. Let the physical state of the 
gas initially be specified by its pressure p 0 , density po , and material velocity Uq , 
and that behind the shock be specified by its pressure p, density p, and material 
velocity u. It is convenient to resolve the material velocity u into components 
V and W which are normal and tangential to the shock front, respectively; 
likewise, uo may be resolved into components V 0 and W 0 . Now continuity of 
tangential velocity requires the equality of W and W 0 , so that we shall not con- 
cern ourselves further about these components. 

If we consider the flow of the gas relative to the shock front, we have by the 
conservation of mass 

(1) Po(C7 - Vo) = p(U - V ). 

The conservation of momentum requires that 

(2) v ~ Vo « Po(U - V 0 )(V - Vo). 

Eliminating first V and then Vo from these two equations, we obtain, respec- 
tively, 

® u - v ' - (nfifcdY- u - r - (ro£^)“ 

On the other hand, the elimination of U from the same equations gives 

( 4 ) V — Vo = ( ~ ~ Pq)(j3 ~ po) 

V PPo 

In terms of E, the intrinsic energy per unit mass, the conservation of energy 
states 



E - E 0 


(p + Po)(p - po ) 
2ppo 


(5) 
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It is convenient to introduce a temperature-dependent parameter. One method 
of defining such a parameter e is by the expression 


E = (e - 1 )p/p. 


Substitution of this value of E in the energy equation (5) yields 

Po _ (2e 0 - l)po + p 
P Po + (2e — l)p 


Or, in terms of the density ratio n = po/p and of the compression ratio 
? = Po/p 


(5a) 


(2co - 1)£ + 1 

{ + (2e - 1) • 


A second mode of definition is the use of an average value e specified by 

*-*-<«-l) (?-*)• 

\P Po/ 

In terms of e equation (5) becomes 

Po _ ( 2 £ — l)p 0 + P _ (2e — 1)£ + 1 

P p 0 + (2e - 1 )p n | + (2e - 1) ' 


In this case a more useful parameter is 7 given by 


We now obtain 


7 * */(* ~ 1). 


(5b) 


= (g + v* ±Jh il) 

(t - l)f + (7 + 1 ) ‘ 


If 7 is constant, it is simply the ratio of specific heats, which is equal to 5/3 for 
monatomic ideal gases, 7/5 for diatomic ideal gases, and so on. In general, 
however, 7 is not constant, but represents a mean ratio of specific heats; it de- 
pends at high temperatures on molecular vibration, dissociation, and electronic 
excitation (to a less degree). For temperatures below 2000° K., for which disso- 
ciation is not important, the variation of 7 with temperature is given by Becker^ 
formula [I] or by Smallwood's expression [21]. Tables [3, 2, 4, 14] available for 
states of air at higher temperatures may be used to construct the adiabatic 
Rankine-Hugoniot curves [16] for the variation of the pressure with the density. 
By comparison of these more accurate curves with the corresponding curve for 
7 « 1.40 it is found that the simple assumption of constant 7 is valid for shocks 
of strength up to $ ~ 0.3. Inasmuch as most of the experimental investigations 
on the reflection of shocks so far have been within this range, the equations that 
follow will be given for constant 7 (we shall drop the bar). 

It is possible to express all the previous relations in terms of a single parameter. 
The choice of this parameter depends on the particular needs, which vary. We 
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shall choose f . Furthermore, it is convenient to express all speeds as ratios with 
respect to the speed of sound. Let Co ■ (ypo/po) 11 * be the speed of sound in front 
of the shock and c s= {yp/p) 112 be that behind the shock. Then equations (3) 
can be expressed variously by 

M m U ~ Vo = ( to + M ~ $ 

Co \ 2y 



(30 



(7 - D£ + (7 + 1) 
(271(7 + 1)5 + (7 - l)]) 1 '*’ 

^ (7 + i)j + (7 - p y ' 


and equation (4) becomes 


(40 


V — Vq _ 2(1 - Q 

c (2 7 [(7 + 1)€ + (7 ~ 1)]) I/2 ’ 



mvvmmmm w 8 ^\\m\\\\^ 



Fig. 2a 


Fig. 2b 


It is to be noted that 

7] — <r/r 

cq/c = (£/*?) 1/2 « 

3. Simple theory of regular reflection in ideal gases. Two plane shock waves 
which do not have their normals parallel are always in a state of collision. For 
similar shocks this problem of two-dimensional interaction is equivalent to the 
reflection of a single shock incident obliquely upon an infinite, plane, rigid wall. 
The question now is this: Under what conditions does “regular reflection” [13] 
take place, that is, reflection such that the line of contact between the incident 
shock and the reflected one moves along the wall? (Inasmuch as the oblique 
collision of two such shock waves results in an intersection of four shocks, its 
comparison with the intersection [5, 9] of three shocks is also of interest.) A 
simple theory of such reflection can be based on the assumption of uniform pres- 
sure between the shocks, as well as between each shock and the wall. 

Therefore, consider a plane step shock wave / which is moving with constant 
velocity in an ideal gas of negligible viscosity and thermal conductivity and which 
is incident at an angle « upon an infinite, plane, rigid wall SS' (Fig. 2a). (It is 
convenient to consider the gas flow relative to an observer moving with the 


(5') 

and that 
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line of contact 0 (Fig. 2b).) The normal material speed r in front of the shock 
I is expressed in terms of { in the second equation of (3 , ) ) whereas the tangential 
material speed t along the shock I is determined by 

(6) t — r cot a). 

The normal material speed <r behind the shock /, on the other hand, is obtained 
from the third expression of (3'), which also depends on £. Thus the material 
speed behind the shock I is fixed, too. Resolving this velocity into components 
along the axes x and y, we have 

(7) w*(£, to) = t cos « + <r sin «, u*( £, co) = t sin w — a cos co. 

Suppose that a plane step shock R is reflected from the wall at an angle «' 
(Fig. 2a). It may be characterized by £', the ratio of the pressure behind shock 
R to that in front of it. Now the normal material speed behind shock R is given 
in terms of £' by 

/ _ (y ~ !){' + (7 + 1) 

(2 y[(y + 1)*' +(y - 1)])>» ’ 

where the unit of speed is still the speed of sound c in front of that shock. The 
tangential material speed t' along the shock R is determined by 

(6') t' = t' cot 

The normal speed a' in front of shock R is obtained from the following expression 
in 

c , = ^ (v + Di' + (7 - p y /2 

Thus the x y y components of the material speed in front of shock R are, respec- 
tively, as follows: 

(7') u x (£\ co') = t! cos co' + a' sin co', %(£', co') = -t' sin co' + *' cos co'. 

(It is to be noted that u x and u z are the same function, whereas u v is merely the 
negative of u v .) 

Regular reflection is completely determined by the conditions 

(8) u*(£, co) = u' s (£'y co') and u y (£, co) = u' y (Z' y co'). 

Eliminating co' from these two equations, we obtain the following quadratic 
expression for <r' 2 in terms of o and co: 

(7 + l)<rV' 4 — [2(7 + l) 2 <r 4 + 47o- 2 (a 2 — 1) cos 2 co 

(9) 

+ <r 2 (( 7 — 1 )or“ + 2) 2 cot 2 co]<r'“ + [(7 + 1)V 4 — 4(<r“ — l)" cos 2 co 

+ ((7 — 1 )(t 2 + 2) 2 cot 2 co] = 0. 
On the other hand, the condition u y = then gives co' in terms of <7, co, and o': 
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(10) COS to' = — — COS 01 . 

<r 1 — a 

Some numerical values’ for y — 1.40 are shown here graphically: to' (to) for 
given { in Fig. 3 and {'(to) for given { in Fig. 4. In general, two solutions {', to' 



are obtained for given {, to; one with high {' and high to', the other with low {', and 
low to'. There are certain “extreme” values (to,), however, for which these two 
solutions are identical, and beyond which no solutions at all exist. The value 
of to, may be found from the following cubic in sin’to, for given <r({) : 

l&yV - l) 4 sin 6 to, - [ 16(7 + l) 2 (y<r 2 + l)(<r 2 - 1)’ + l&yV - l) 4 

- 8y(tr 2 - l) 2 ((y - 1> 2 + 2) 2 ] sin 4 to. - [ 4 (y + 1)V - l)((y - l)<r 2 + 2) 2 

(U) ~ ((7 - l)* 2 + 2) 4 + 87 (<x 2 - 1) 2 ((7 - l)tr 2 + 2) 2 ] sin 2 to. 

- ((7 - l)* 2 + 2) 4 = 0. 

* The various numerical results cited in this report are taken from complete tables that 
are too lengthy to be published. Tables for y * 1.10, y = 1.40 and y =* 1.67 were prepared 
for the Navy Bureau of Ordnance mostly under the Mathematical Tables Project of the 
Applied Mathematics Panel, NDRC, and are available at the Bureau of Ordnance. 
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Fia. 4. Ideal gas — y ■* 1.40 


Table 1 



“Minimum' 

” Solutions 

: 

“Head-on” 

Solutions 

“Extreme” Solutions 


y - 1.40 

y - 1.40 

y - 1.40 


t'tn 

urn 


Z'n 

r. 

«« 

u'e 

0 

6.379 

37?29 

22?04 

8.000 

6.983 

39?970 

32?97 

0.05 

5.095 

36? 17 

22?64 

6.115 

5.654 

39?517 

35?29 

0.1 

4.256 

35?24 

23!17 

4.938 

4.780 

39?288 

37?47 

0.1424 

3.739 

34?57 

23? 56 

4.237 

4.237 

39?231 

39?23 

0.2 

3.210 

33?77 

24?05 

3.545 

3.677 

39?326 

41?55 

0.3 

2.574 

32?63 

24?81 

2.750 

2.991 

39?893 

45?44 

0.4 

2.141 

31?71 

25?46 

2.235 

2.509 

40?945 

49?26 

0.5 

1.825 

30?94 

26?05 

1.875 

2.145 

42?534 

53? 18 

0.6 

1.584 

30?29 

26?59 

1.609 

1.852 

44?781 

57?28 

0.7 

1.392 

29?72 

27?08 

1.404 

1.607 

47?973 

61?75 

0.8 

1.237 

29?21 

27?53 

1.241 

1.392 

52?736 

66?90 

0.9 

1.109 

28?75 

27?95 

1.109 

1.194 

60?822 

73?54 

0.95 

1.052 

28?54 

28? 15 

1.052 

1.098 

68?025 

78?28 

1.0 

1.000 

28?34 

28? 34 

1 000 

1.000 

90?000 

90T00 


Then £' and w' can be obtained as before from equations (9) and (10), respec- 
tively. The “extreme” solutions for y = 1.40 are given in Table 1. 
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In the case of the regular solutions with y < 3 there is always a particular 
angle u m for which the reflected pressure £' is a minimum. The value of oi m may 
be obtained from the following fourth-degree equation in sin* u m for given <r(£): 

(12) 4t(7 ~ 1>l + 21 * (1 _ sinSwm)2[((7 “ 1)ff2 + 2 ) 2 + W ~ 

— (? + l)[((y — IV* 4- 2)* + 4(7(r* + 1 )(<t* — 1) sin 4 &>»,]* = 0. 

Use is again made of equations (9) and (10), respectively, to obtain $4 and u' m . 
The “minimum” solutions for y = 1.40 are given also in Table 1. 

It is to be noted that the angle of reflection to' is an increasing monotonic func- 
tion of the angle of incidence «. For y < 3 there is one particular value of the 
angle of incidence for which the two angles are equal. For angles of incidence 
smaller than this critical angle to* the angle of reflection c o' is less than the angle 
of incidence «; whereas, for larger angles, the angle of reflection is greater than 
the angle of incidence. Inserting the condition for equality of these angles in 
equation (10) one obtains 

(13) cl - 1/er, 

which gives a reflected pressure (l equal to that of head-on reflection for given 
incident strength £. The “head-on” values, too, are given in Table 1 for 7 = 
1.40. The magnitude of is obtained by inserting the condition for equality of 
angles together with its consequent relation (13) in equation (9). Thus 

(14) cos 2w h = (7 — l)/2. 

The value of u h is 39?23 for 7 = 1.40. 

For angles of incidence greater than u h , the reflected pressure actually exceeds 
the head-on value. The strongest shock wave for which such regions of reflec- 
tion exist is given, in general, by 

m t = 2_ T (3 - if* - (3, - i) 

7 + 1 


Thus, for 7 = 1.40, £/> = 0.1424. This value of £, being of special interest, is listed 
as one of the entries in Tables 1 and 2. The u v (« x ) curve for « = u h is a hyper- 
bola symmetric with respect to the Ux-axis, which makes contact with the enve- 
lope of all the hyperbolas only for 7 < 1.59307 [12]. 

For a given strength of the incident shock I there is always one angle of 
incidence «, for which the gas flow through I and R is identical with that in a 
corresponding solution obtained from the simple theory of three-shock intersec- 
tions (see below). It is to be noted that for any 7 <C 3.5931 this “quasi-station- 
ary” flow corresponds to the regular reflection solution with the low-valued £' for 
weak incident shock J, but with the high-valued % for strong incident shocks. 
The critical strength £„ that separates these two classes of quasi-stationary solu- 
tions is that particular one which is identical with an “extreme” solution. The 
values of this “extreme-stationary” solution for 7 = 1.40 are: 


l«« £«« 

0.4332 2.3783 


/ 


0>es 

41?42 


50?57 



ON SHOCK-WAVE PHENOMENA 


127 


Comparisons of the theory of regular reflections of shocks in ideal gases with 
experiment are given in a number of reports [22, 12, 15]. H. Weyl [26] has shown 
that the reflection of a shock wave in a fluid satisfying Tammann’s equation of 
state has characteristics similar to those in an ideal gas. The authors [17] them- 
selves have considered waterlike substances in detail. 



Fig. 5a Fig. 5b 


4. Simple theory of three-shock intersections in ideal gases. Three plane 
shocks 7, 72, M intersect along a line 0 (normal to the plane of the paper in 
Fig. 5a), which moves into still gas in the direction of aa. The simple theory 
[16, 5, 9] requires that each region between adjacent shocks have uniform pres- 
sure. (It can be applied also as a first approximation in the neighborhood of 
an intersection where the pressure in each region is not quite uniform.) Con- 
sideration of the gas flow relative to the moving intersection-line 0 indicates that 
one of these regions must have a plane along which there is a discontinuity in 
tangential material speed (hence in density, too). Thus in Fig. 5b the three 
shocks are regarded as stationary and the gas as moving initially along aa and 
then parallel to the discontinuity surface D (a “slipstream”). We shall use this 
frame of reference henceforth. 

The specification of two parameters in addition to the physical state of an 
ideal gas of negligible viscosity and thermal conductivity in one of the uniform 
regions is sufficient to determine the solution. For computational convenience 
we choose as parameters £, the ratio of the pressure ahead of shock 7 to that be- 
hind it, and co, the angle between the shock front 7 and the direction of motion 



Fig. 6 


of the line of intersection 0. We fix the remaining quantities defining the state 
in front of shock 7, but these need not enter directly in our computation. From 
£ we obtain immediately the other characteristics of the shock 7, such as rj, cr, r 
(cf. equations (3'), (5')). 

Now t y the tangential material speed along the shock front 7, is unchanged 
across the shock and is given by (cf . Fig. 6 ) t — t cot o>. Thus the velocity of the 
gas flow in the region between the shocks 7 and R is determined. Suppose 0, the 
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angle between these shocks I and R, is known. Resolving the material velocity 
into components <r' normal to the shock R and i! tangential to it, we obtain 

(15) </ = t sin ft + a cos /S and t f = t cos /3 — <r sin 0, 

where a positive value of t ' signifies the direction along R toward 0. Now <r' 
determines J', the ratio of the pressure behind shock R to that ahead of it and 
also r', the gas velocity there normal to it. Thus 

, _ 2ya' 2 - (7 - 1) , _ (7 “ IV* + 2 

* 7+1 ’ 7 (7 + IV' ’ 

Hence the direction 8 R ( = a/ for regular reflection) of gas flow behind the shock 
R is given by 

(16) 8 R = tan"" 1 (r'/— O* 

For the purpose of considering the gas flow across the remaining shock M it is 
convenient to normalize quantities with respect to the region ahead of M instead 
of that behind /, that is, p 0 , po , Co • Let represent the ratio of the pressure 
behind shock M to that ahead of it. Thus 

G7) $ = v"/vo - r/{. 

This value of fixes the normal gas material speed a" in front of the shock M, 
that is, 

„ _ f(y + l)£o' + (7 - D\ m 

ff0 V 27 / ’ 

as well as the normal material speed t” behind it, that is, 

n __ (7 l)^o + (7 + 1) __ (7 l)^^ + 2 

(27K7 + i){o / + (7 — 1)]) 1/2 (7 + ly” 


But the material speed uq in the region in front of shock M is given in terms of 
the sound speed Co for that region by the equation 

. „ 1I/2 

(18) Uq 


_ ^_/iY 

sin co / 


Thus the angle <t> between shocks I and M is determined by the fact that the 
normal material velocity a" is a component of Uq , that is, 


(19) 


<t> — co = sin 1 (<tq/uq). 


Hence the tangential material speed to along the shock M is given by 

(20) t'o' = <jo cot (<t> — co ), 

where a positive value of to signifies the direction along M toward 0, so that the 
direction of gas-flow behind the shock M is determined by 

(21) 8 m = — [<#> + 0 + tan 1 (t'o / —to )]. 
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Thus if the value of 0 has been chosen correctly, a solution will exist for 
= Sr • 

As in the case of regular reflection, there is usually more than one set of real 
solutions for a given sot of parameters. That this is the case may be deduced 
from considerations of limiting conditions, which indicate that there are, at least, 
two families of solutions. Thus in the case of weak reflected shocks, that is, 
1, after much algebraic manipulation one obtains the following quadratic 
equation for the limiting angle fi[ 

(22) ~ l)v 4 + 2v 2 + 1] cos 2 fi'x — 2 a[(y — l)o- 4 + 4y<7 2 — (y — 5)] C08|Sj 

+ 3(y — l)<r 4 + 2(y + 3)<r 2 — (y — 1) = 0. 

It is to be noted that <j>[ approaches x as a limit, whereas the limiting angles 
«i , s{ are given by 


tan " 4 = CSC ft' — c cot pi , and cofc s; = csc - cot • 

On the other hand, for strong reflected shocks, that is, £' — > oo , the limiting angle 
^oo is found from a quadratic equation in sin 2 : 

(23) 4 7 sin 4 pL - ( 7 + l) 2 (r? + 1) sin % + (7 + 1)% = 0. 

In this case the two physically possible values of pL are supplementary and co« 
approaches zero as a limit. Furthermore 

tan = — ( 7 + 1)/ (7 — 1) cot ft* , and cot = tan . 


Finally, for the limiting value £ — » 1 one obtains the following cubic equation for 
the limiting angle pi which is supplementary to <t> 1 : 


Sa'(ya' 2 + - 1) cos % - 2[2ya' 6 + (2 7 2 + 57 + 5)(r' 4 

— 2(27 + l)cr' 2 + (7 - 1)] cos 2 Pi + 2<t'[(7 2 + 3)o-' 4 + 4( 7 2 + 2y — l)cr' 2 

- (y 2 - 5)] COS ft + 2(7 - iy 6 - (37 + 5 ) (7 - l)cr' 4 

- 2 ( 7 2 + 57 + 2 V 2 + (7 + 3 ) (7 - 1) - 0. 


Also, 

cot coi = a' csc pi — cot Pi and 


cot 81 — 


csc pi — <j’ cot pi 


As 7 approaches unity, the limiting configurations become quite simple. For 
hypothetical values of 7 greater than 1.67, which are of use in the discussion of 
waterlike substances [13, 17], some of the limiting conditions just found do not 
exist. For example, in the case of one of the families of solutions there is no 
sonic reflected shock (£( — > 1) for very weak initial shocks (£ — > 1) if 7 is greater 
than 1.67, whereas there is no sonic reflected shock for very strong initial shocks 
($ — > 0) if 7 is greater than 2. 
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Numerical results for to OS) are shown graphically in Fig. 7 for y = 1.40 and for 
given values of £, namely, $ -* 1, $ = 0.9, 0.7, 0.5, 0.3, 0.1, 0.0. It is to be noted 
that there are two families of solutions; also, that there are certain values of the 
angles for which no three-shock configurations are possible, as well as other values 
for which the two families of solutions overlap. The two families can best be 
distinguished by the relative magnitudes of the angle 5. For y = 1.40 the values 
for 8 lie entirely above 135° for one family of solutions and below 135° for the 
second family. 



Fiq. 7. Ideal gas — 7 ~ 1.40 
Three-shock configurations 


Of particular interest are the cases where the gas flows across one of the shocks 
normally. This condition cannot be realized for shock J. In this instance the 
tangential component of the material velocity along / is zero so that the normal 
component <r ' across shock R (and consequently £' the strength of R) would be 
less than unity, inasmuch as a < 1 and cos p ^ 1 (cf. the first equation of (15)). 

Let us consider the case where the material flow across shock M is normal to 
it. Now <t> — co = t/ 2 in this instance, so that 

u 

(J 0 = Uq . 

This relation gives £', and hence <r', as a function of £ and 01 . Thus the value of 
P is determined by the first equation of (15) and 8 R , in turn, by equation (16). 
But in this case d R = 7r — (co + ft) so that co, and consequently P ) must be selected 
to obtain consistent values of 8 R for given £. The solutions thus obtained are the 
“quasi-stationary” ones related in each instance to a case of regular reflection. 
It is possible to obtain <ri 2 algebraically from the following quadratic equation 

(25) 2or 2 cf — (2<r 4 + (7 — 1)<t 2 + 2)<r^ — (a 2 — l)((y — l)cr* + 2) = 0, 

and then co, from 


tan co. 


(7 - IV 2 + 2 
(7 + im *: 2 - 1 ) • 
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The solutions are given in Table 2 for 7 = 1.40; they are indicated by the word 
“stationary’ 5 in Fig. 7. 


Table 2 



“Stationary* 

* Solutions 



7 = 

1.40 


£ 

£'« 

<*>« 

«*>'« 

0 

7.270 

21777 

8?37 

0.05 

5.466 

25?42 

11?60 

0.1 

4.381 

28?74 

15?46 

0.1424 

3.769 

31?30 

19721 

0.2 

3.211 

34?36 

24?96 

0.3 

2.674 

38?38 

36?02 

0.4 

2.425 

40 ? 87 

47?09 

0.5 

2.317 

42?21 

57?13 

0.6 

2.280 

42 ? 83 

65?83 

0.7 

2.283 

43?01 

73?29 

0.8 

2.309 

42 ? 94 

79?69 

0.9 

2.349 

42?71 

85 ? 20 

0.95 

2.374 

42?56 

87?68 

1.0 

2.400 

42 ? 39 

90?00 


The case where the material flows normally across the shock R can be simply 
related to the quasi-stationary state [9]. In this instance 5 = x/2 so that t' = 0. 
Hence by the second equation of (15) fi is also fixed; a' is then given by the first 
equation of (15), <r 0 by (17) and the Rankine-Hugoniot relations [11], uq by (18), 
and finally <j> is determined by (19). These solutions are indicated by the phrase 
“normal to R” in Fig. 7. It is of interest that both the quasi-stationary con- 
figurations and those for flow normal to R occur only in one family of solutions. 

Extensive tables and charts (7 = 1.10, 1.40, 1.67) for the various quantities 
occurring in the simple theory of regular reflection and of three-shock configura- 
tions are contained in the Navy Bureau of Ordnance Report ERR 13 [16]. 

5. Modification of the simple theory of shock intersections. The so-called 
simple theory of three-shock intersections in an ideal gas has been found in- 
adequate to explain a large class of three-shock configurations obtained from 
experiment [22, 12, 1 5, 10]. Also, complete agreement [10] does not exist between 
observed and theoretically computed angles in the case of the regular reflection 
of strong shocks. Now this theory is based on the assumption that each region 
bounded by shock waves has uniform pressure. In order to facilitate the analysis 
of experimental data, therefore, it is necessary to consider the possibility of a 
more generalized flow pattern in the neighborhood of an intersection-. In this 
section consideration will be given to the modification of one or more regions 
between adjacent shock waves by the inclusion of a Prandtl-Meyer wave [24, 15, 
7], which is a zone of continuous pressure variation of the type encountered in 


4 R. J. Seeger, OSRD4943. 
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the bending of supersonic flow around a corner. The pressure, density, and 
material velocity in the interior of a Prandtl-Meyer (PM) wave is constant along 
any radius OS (Fig. 8), but varies continuously with the angle 0, measured from 
an initial radius OR along which the flow speed is sonic and normal to OR. If 
M is the ratio of the material speed to the local speed of sound at any point on 



radius OS, then the angle 0 and the pressure ratio P = Ps/Pr ( Ps and Pr arc 
the pressures on OS and OR, respectively) are given by the expressions below 


(26) 


0 = 

P = 







127/(7-1) 


Also, the angular rotation v of the material-velocity vector in going from a point 
on OR to OS is given by 

(27) v = Q - sec ~~ l M. 


From equation (27) it follows that the material speed normal to OS is always 
equal to the local speed of sound, which is one of the characteristic properties of 
Prandtl-Meyer waves. It follows also that the material speed is everywhere 
supersonic. 

We shall consider first the case of regular reflection of a plane shock wave from 
a rigid wall. It is evident that no PM flow is possible in the region between the 
reflected shock and the wall. This is a consequence of the fact that the material 
velocity behind the reflected shock and normal to it is subsonic; hence it must 
be subsonic in a direction perpendicular to any line in that region. It follows 
also from similar considerations that no shock wave can follow a PM rarefaction 
wave. It is, therefore, possible to construct a flow pattern only with a PM com- 
pression wave in the region between the incident and reflected shocks. The 
effect produced by the introduction of such a PM compression wave is to decrease 
the magnitude of the extreme incident angle . 

The mathematical relations that must be satisfied by the various physical 
quantities are given by the system of equations (28). Mi and M 2 are the material 
speeds prior to and following the PM wave, respectively; while AM, Av, A P are 
the total changes experienced by Af , v , P while passing through this wave. The 
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quantities t, <r, and /, cr' represent the material speeds normal to the incident 
and reflected shocks, respectively; t and l' are the speeds parallel to the shock 
fronts. All speeds pertaining to the incident shock are normalized with respect 
to the speed of sound in the region immediately behind the incident shock, while 
all speeds pertaining to the reflected shock are normalized with respect to the 
.speed of sound in the region directly in front of the reflected shock. The rela- 



tions for <7, r, n are the Rankine-Hugoniot equations for shock waves, and hold 
equally well for o', r', rj'. It is now necessary to prescribe three parameters in 
order to obtain a solution. For instance, we may prescribe «, £, Mi . 

_ ((y + 1)£ + (y — 1)V* _ (y — lV* + 2 

* V 2y ) ’ 7 (y + l)<r 

_ * _ (7 + 1)€ + (Y - 1) 

’ r (Y - 1)5 + (Y + 1) ’ 

(28) t — r cot co, Mi = (<r 2 -f- < 2 ) 1/2 , 

t f = M 2 cosX; cr' = M2 sin X; 

X = o)' -f- w -j- | v 2 — vi | — tan 1 (< j/t) 9 

w' = tan~ x r'/t'. 

The velocity vectors corresponding to the speeds r, cr, t , u x and r', cr', t\ u f are 
indicated schematically in Fig. 9. 

Considerations similar to those of regular reflection [22] limit the existence of 
PM waves for the case of three-shock configurations to the following possibilities: 

(a) A compression PM wave between the incident and reflected shocks, 

(b) A compression, rarefaction, or compression-rarefaction PM wave between 
the reflected shock and the density discontinuity, 

(c) A compression PM wave in front of the Mach shock. 

A system of equations similar to those for three-shock configurations given in 
§3 must be satisfied in each case, in addition to equations (26) and (27) which 
hold in the interior of the PM wave and to the Rankine-Hugoniot equations 
which relate the physical states on both sides of a shock wave. For instance, 
for a PM wave in the region between the reflected shock and density discontinuity 
the following modifications of the simple three-shock-configuration equations 
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must be made. Equation (29) gives the material speed (Mach number) Mi 
behind the reflected shock 

(29) Mi = W/?) 1 I 2 (t ' 2 + t' 2 ) 112 . 

Equation (17) is replaced by 


(170 r « (p 2 /Pi)(r/f). 


Since the physical conditions behind a PM wave are not determined unless the 
conditions in front of the wave as well as one arbitrary parameter are specified, 
the inclusion of a PM wave places at our disposal an additional parameter which 
may be used to obtain a greater variety of flow patterns. As in the case of 
regular reflection, the pressure P 2 corresponding to a material speed (Mach 
number) M 2 may be chosen arbitrarily. Finally, the equation = 8 I{ is replaced 
by the analogous equation 8 M — 8 R + \v 2 — vi\. 

In addition to the limitations discussed above there are a number of physical 
restrictions to the solution of three-shock Prandtl-Meyer configurations which 
apply particularly to the region between the reflected shock and density dis- 
continuity. First, the material velocity must be supersonic in a region where a 
PM wave can be fitted. Secondly, the direction of flow must be in the direction 
of the intersection line, rather than away from it. 

6 . Refraction of a shock wave at a free surface. A particularly interesting 
wave pattern is that which may be expected to result from the interaction of 
a shock wave with a free surface. Consider two media of different physical 
properties separated by an interface. If a shock wave originating in one of these 
media impinges upon the second medium at an arbitrary angle co, then in general 
it may be expected that a shock wave will be transmitted into the second medium, 
while a second wave will be reflected either as a shock or as a rarefaction wave. 
In the first case the resulting pattern will be a three-shock configuration of a 
somewhat more general type than that discussed in §3. In the second case a new' 
type of configuration will result, consisting of two shock waves and a Prandtl- 
Meyer rarefaction wave. We shall limit our present discussion to ideal gases. 
Let To , Co , po , and 71 , Ci , pi be the ratios of the specific heats, the sound speeds, 
and the pressures, respectively, pertaining to the two regions (it will be noted that 
po = Pi). Let a plane step shock wave of strength £, traveling in the region 
( 70 , Co , po), strike the interface at an angle co. Then in the case of a reflected 
shock wave there will result a three-shock configurati 6 n defined by a set of 
equations analogous to those of §3, with the following modifications. Equation 
(18) will be replaced by 


(18') 


u 0 


Co r 

Ci sin o) 



and the Rankine-Hugoniot relations involving the transmitted shock will have 
7 replaced by 71 ; while those of the incident and reflected shocks will have 7 
replaced by 70 . On the other hand, to obtain the second type of configuration 
we must make the following changes, in addition to the above. Equations (15), 
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(16), and (17) pertaining to the reflected shock wave are replaced by equivalent 
relations for a Prandtl-Meyer wave, 

Mi = (a* + ey n , 


(150 

(160 

(170 


«-«“]• 


2yo/(YO-D 


ki = — sec 'ikfi ; v 2 = 0 2 — sec l Af 2 , 

Xr = ir — tan 1 (<r/t) + 1 1»2 — »i |, 

r - pm. 


*»oc« 


MIHtCI 


IMMaiino KOCi 


G> 1 

i JFHd<*rt 

© L_i 

Fig. 10 


Equation (21) is replaced by 

(21') = 2t r - 0 - tan-Vr"/-^'). 

Finally, the relation \ R = X^ is substituted for the equation 8 R = 8 M . 

The above systems of equations for the two types of refraction patterns con- 
stitute a complete solution of the problem on the basis of our simplified assump- 
tions. They contain all possible configurations resulting from the collision of a 
shock wave with a free surface. An exhaustive analysis, however, based on these 
equations is rather difficult, due to their algebraic complexity. For instance, 
for a fixed set of values of the parameters it is possible to obtain a number of 
solutions. Also it is not possible to tell a priori what type of refraction pattern 
to expect for given conditions. In order to obtain an insight into the character 
of these solutions it is desirable, therefore, to investigate first certain special cases 
whose solutions are predictable from other considerations. Two such cases are 
the refraction of a shock at normal incidence (that is, w = 0) and the refraction 
of an acoustic wave (that is, f = 1) at any angle of incidence. 

For the case of normal incidence we can derive the solution to the above prob- 
lem directly by a rather simple argument. To fix our ideas, assume that the 
flow on both sides of the interface was originally at rest. After the interaction 
has taken place, the material velocity on both sides of the density discontinuity 
must remain equal. The material speeds in regions (1), (2), and (3) (Fig. 10), 
normalized with respect to the speed of sound in region (1), are (r — <r), 
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(t — <r) — (or' — t'), ({/v) l,2 (ci/co)(*" — t"), respectively, for a reflected shock 
wave; while for a reflected (simple) rarefaction wave these speeds are (t — a), 
(r - c) - (2/(7o - l))[(P 2 /Pi) <? °^ )/2ro - 1] and (*A) l,2 (Ci M(a" - r"), 
respectively. Equating the speeds in regions (2) and (3) we obtain 

(30) (/ - </) + (r - <r) + (SA) 1/2 ( C i/co)(r" - c") = 0 

for a reflected shock wave; and 

2 r / Po \ ( >o“‘ i )/ 2 toh 

(30') — 1 L 1 - \pj J + (r ~ *) + (£A) 1/2 (Ci/ Co)(<t" - r") = 0 

for a reflected rarefaction wave. 



Fig. 11. Refraction configurations 


It can be shown that the general equations for the two types of refraction 
patterns also approach the above limits for co — > 0. For the case of a reflected 
shock wave this limit is approached in that branch for which also sin — > 0. For 
both types of patterns we may expect that the physically plausible solution is 
that one which is connected continuously to the solution given by equations (30) 
and (31). 

It is interesting to note that neither of the two branches found to satisfy the 
equations for the three-shock configuration problem in §3 (equivalent to the 
refraction problem for the special case 70 = yi , co/ci = 1) is a continuation of 
the solution to equation (30). As a matter of fact, the value of £' (the strength 
of the reflected shock) tends to infinity for both these solutions. On the other 
hand, a third branch exists for the solution of the refraction problem, which is 
apparently the physically likely solution and which approaches the solution to 
equation (30) for w = 0. This branch degenerates to the trivial solution £' = 1 
for three-shock configurations (70 = 71 > Co/c\ = 1). This property is illustrated 
in Fig. 11 , where the three w(j3) solutions of the refraction problem for 70 = 71 = 
1.40, (co/ci) 2 = 1.14, { = 0.364, co = 30° are plotted against a background of the 
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corresponding families of solutions for the three-shock configuration problem for 
the same parameters (but with (co/ci) = 1 ). 

In the case of an incident acoustic wave (£ = 1 ) SnelPs law, namely, 

( 31 ) sin co __ co 

sin (</> — w) ~ cl 

is known to be physically satisfactory. We can verify by direct substitution in 
the equations for the general refraction patterns that this equation is satisfied 
for £ = 1 . Here again we can identify the physically plausible branch in the 
neighborhood of £ = 1 by finding that branch which is continuously connected 
with the solution given by equation ( 31 ). 



Still another special type of refraction pattern of particular interest is that for 
which a reflected wave is entirely absent. This is the transition point between 
a refraction configuration with a reflected shock and one with a reflected rare- 
faction. It is analogous to the case of equal acoustic impedances (po Co = pi Ci) on 
both sides of an interface for normal incidence of an acoustic wave (or for normal 
incidence of a shock wave when 70 = 71)- Fortunately, this result may be easily 
obtained, and the basic equation may be reduced to a quadratic in S = sin 2 co. 

In Figure 12 , 01 is a shock wave intersecting the interface OS at 0. OT is the 
transmitted shock, and OS' is the direction of flow behind either shock wave. If 
no reflected wave is produced, it follows from the equality of pressures on both 
sides of OS' that the incident and transmitted waves are of equal strength. Let 
| be the ratio of pressure across either shock, normalized with respect to the 
region in front (to the right). The following equations must then be satisfied. 
The notation is essentially that used in the derivation of the general problem. 



/(to + 1)£ + 

(to - 

!)Y /2 . 5 

_ (yo_ 

+ 

1)1 

+ 

(To 

— 

1 ) 


V 2to 


) ’ v 

(To 

— 

D? 

+ 

(To 

T 

D’ 

u = 

a 

- — ; ui = 

sm co 

& 

sin co 










/ (71 + 1)1 + 

(Ti - 

^Y /2 • « 

= km 

+ 

DI 

+ 

(ti 

— 

1 ) 

O’! = 

V 2ti 



(Ti 

— 

1)1 

+ 

(Ti 

T 

i)’ 

COi = 

siiT^i/wi); 

tan a; 

)' = tan co/fj; 

tan 

0 " 

= tan 
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(32) 
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By substituting the values for «i , and u" in the last of equations (32) we ob- 
tain after some algebraic manipulations the following equivalent relation, 

47i(| 2 — 1) — l"| <S S + f"aoai (a — 

(320 Lfl7ia0 J L V «/ 

+ 4(71 — 7o)(| 2 — 1)J S + «o[ao - a«i] = 0 

where 

a - yi/yoico/cif; «o = (70 + 1)| + (70 — 1); 

<*i = (71 + 1)1 + (71 — 1); S = sin 2 w. 



Fig. 13. Refraction of acoustic wave 


For normal incidence this equation reduces to 

(33) (7q[(7o + 1)1 + (To ~ ljlT _ (7i[(7x + 1)1 + (71 ~ 1)]) 1/2 

Co Ci 

This equation is equivalent to the relation 

(330 [rft) - *(*)] + ($/ v) 112 (ci/ Co) W' (I) - r"Q)], 

which may be obtained directly from equation (30) or (300 by setting £' = 1 or 
Pi/ Pi - 1. This, in turn, is equivalent to the condition that the material 
velocity in region (1) is equal to that of region (3) (Fig. 10). 
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For the case of an acoustic incident wave equation (32') reduces to [19] 


(34) 


sin 2 c o t 


* ~~ (yo/7i) 2 (ci/cq) 2 
1 - (7o/7i) 2 (Ci/c 0 ) 4 ‘ 


For such a wave the angle for total reflection (transmitted wave normal to inter- 
face) is given by the relation 


(31') sin 2 w r = (co/ci) 2 . 

In Figure 13 we plot both sin 2 co* and sin 2 co r as a function of (co/ci) 2 , for the three 
cases To < Yi , To = 7i , To > 71 • It will be noted that in all cases co r > co* for 
real values of co. This property is of considerable interest, since total reflection 
can take place only when the reflected wave is a shock. (In the case of a reflected 
Prandtl-Meyer rarefaction wave the flow in the upper region would be bent 
towards the intersection line both by the incident wave and the reflected wave 
and can thus never be parallel to the interface.) Hence in order that total reflec- 
tion be feasible the refraction pattern for angles co > co* must be of the reflected 
shock- wave variety. 



Fig. 14 


To derive the equations for total reflection we must consider only the case of 
a reflected shock wave. We can obtain such a system of equations by setting 
(<£ — co) = 7r/2 in the system of equations for the general refraction configuration. 
It is possible, however, to deduce a cubic equation in a' 2 , analogous to the well- 
known quadratic equation derived independently by K. Friedrichs and by J. von 
Neumann (equation (25)) for the case of a stationary shock configuration [13]. 
To do this we consider the two regions on both sides of the interface separately 
(Fig. 14). The solution of the shock configuration in the upper half is identical 
with the case of regular reflection (equation (9)) from a rigid wall, which replaces 
SS ' in the diagram. 

The condition that must be satisfied in the lower half is simply the equality of 
pressure in the region behind the transmitted shock to that behind the reflected 
shock. Since the flow in front of the transmitted shock has no vertical com- 
ponent the relation 
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must hold. This is equivalent to 


(18"') 


esc 5 6] = 7°fa + IV* + 7o(7i ~ l)g 2 - 71(70 ~ 1) 
Yi(c 0 /ci) 2 l(7o - fa 2 + 2] 


We may eliminate w in equation (9) by substituting its value from (18"'), thus 
obtaining a cubic expression in <r' 5 , which may be written in the form, 

(35) Ay 1 + Ba'* + CV 2 + D = 0, 


where 


A = 70 fa it Ufa ± _ 7ofa + l ) 2 

7i(c 0 /Ci) 2 7i(co/cj) 4 

B = fa ~i~ l) 8<r< 1 _ Yofa + 1) . , fafa + l ) 5 — 270(71 + 1)<t 2 A] 

V.fc„/c.1* ««./>.//». 12 * ■ - 2/- /. \< — ~ 


Ylfa/Ci) 2 ” 7l(Co/Ci) 2 

C = 4*aV - l) 5 p - 


iM/c,)* 


7i(Co/Ci)* 
2 4(<r 5 - 1) 


/A j_ [270(71 + 1) — <r 2 A] 4 (<r 2 — 1 ) 70(71 + 1 )„ 

• •> , . vA If ^ 1 / / 


i) - g ^ 4 (cr 5 - l) 5 + ^ 1— ;; a + 


yM/c 1) 4 

7i(Co/Ci) 2 ” ~ r 7i(co/ci) 4 A J 


7l(Co/Ci) 2 


and where 


f - -<r 2 [fa - 670 + l)<r 4 - 2(70 - 3)(70 - l)<r 5 - 4( 7 o - D), 
9 = fa — IV* + 2, 

A =* 70(71 — l)<r 2 — 7ifa — 1). 


If we set 70 = 71 » Co = Ci this equation reduces to equation (25) for a “quasi- 
stationary 1 * three-shock configuration. In the general case it is rather unman- 
ageable. However, for an acoustic incident wave it is completely factorable and 
gives the physically likely solution 

(36) <x /2 = 1 ; sin 2 w r = (co/ci) 2 

and two additional solutions 


/2 _ To ~ 7i 


(36') 


a = 




esc w T = 0, 


To(7i + 1) ’ 

(ci/co) 2 (ti “ To) 


2 

CSC W r 


= „' 2 


7i(7o + 1) - 7o(Ci/c 0 ) 2 (7i + 1) 

It is possible to derive also a rather simple solution for the case of a weak inci- 
dent wave, that is, for a shock wave which is almost acoustic. We set <r 2 = 1 — 
where « is small so that t 2 and terms of higher degree are negligible. We con- 
sider only the solution in the neighborhood of that given by equation (36). By 
substituting in equation (35) we obtain the interesting result 

fay r, _ 270 + 71(70 — 1) 

K C J L 7i(7o + 1) 


(37) 


.' 2 = 


= 1 + < and sin « r « = ( — 
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Hence for a weak shock there is always an angle w r « which produces total reflec- 
tion whenever this is the case for an acoustic wave, and its value is given by 
equation (37). 



7. Some remarks on four-shock configurations. We shall conclude this 
paper by deriving the condition under which a four-shock configuration may 
exist without a density discontinuity. We shall also indicate how this result may 
be extended to an n-shock configuration. It is known [7] that in the case of 
three-shock configurations a plane of density discontinuity must invariably 
accompany three intersecting shock waves. The following analogous theorem 
for four-shock configurations may be obtained by consideration of the pressure- 
density relation across a shock wave. Four intersecting shock waves cannot 
exist without the accompaniment of a plane of density discontinuity, except in 
two special cases. The first is obviously the case of two shock waves, symmetric 
to two other shock waves, with respect to a plane which replaces the wall in 
regular reflection. The second exception is the case where the pressure (or den- 
sity) ratios across the first and third shocks, as well as across the second and 
fourth shocks, are equal. The shocks are taken in sequence around a circle. 

The pressures and densities across a shock wave are related by the equation 


(5c) 

where 


_ PPk — Pi 
Pk MPt — Pk 


m s (y - 0/(y + !)• 

We assume that two-dimensional space is divided into four regions of uniform 
density and pressure by four intersecting shocks and apply equation (5c) to each 
of the four shocks (Fig. 15). We obtain the relation 


(38) ~ = ^ = (MPS _ PlKm “ P2)(m “ p3)(m ~ pi) 

— (mPi — P 2 ) (mP 2 — P.l) (pP3 — Pi) (ppi — pi) = 0. 

This expression is a third-degree polynomial in p. It vanishes for p = 0, p = 1, 
p = —1; hence it cannot vanish also for p = (y — l)/(y + 1) ((y — l)/(y + 1) 
different from 0, 1, —1) unless it is identically zero. The coefficients of p and 
p have the same factors 


(P2 — Pi) (Pi — Pi) (Plp3 — piPi); 
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while the coefficient of p is zero. Thus, F(p) == 0 when any of the above factors 
vanish. 

The condition p 2 — P 4 = 0 or pi — p s = 0 may be seen to be equivalent to the 
condition of symmetry of the type encountered in regular reflection from a rigid 
wall. If we set the third factor (pip 3 — P 2 P 4 ) = 0 we obtain the following rela- 
tions of the density ratios across the shock fronts 

(39) P 1 /P 2 = pi/ Pz or P 2 / Pz = pi / Pi 

which must be satisfied. From equation (5c) it follows that this condition is 
equivalent to a similar relation between the pressure ratios 

(39') pi/pz = Pi/pz or p 2 /pz = Pi/Pi • 

For an n-shock configuration equation (39) becomes 

(38') ^ ~ “ ^ 2 ) • * • (m - Vn) 

- (m - vi ) 0 * — *12) • • • (m — *?n) = 

where 

*/l = pl/p2 , V2 = P 2 /P 3 , ’ * * , Vn—1 = Pn-l/pn , Vn = Pn/pl , 

/ — 1 / —1 / —1 ' _ — 1 

Vl — Vl > 12 = V2 , Vn - 1 = V n—1 , Vn ~ Vn • 

If we denote by Pi , P* , • • • , P» ; Pi , jPj , ■ ■ • , P. the elementary symmetric 
functions of the ij’s and t/’s, respectively, we may write equation (38') in the 
form 

(38") f(m) = (/xW ~ Pl ^ + FiV ‘~ 2 ~ * * * + + (-*m) 

- ( M n - PiV^ 1 + p 2 v~ 2 - • • • + (-d^pUm + (-lrK) = o. 

A necessary and sufficient condition for this equation to be identically zero is 
that the roots of the first polynomial on the right be equal to the roots 
of the second polynomial. Rut these roots are reciprocals of each other. 
Thus this condition is equivalent to the requirement that each of the roots of 
the first polynomial 171 , V 2 ,* * * , Vn be equal in some order to one of the recipro- 
cals vT\ Vi , • • • , Vt/ • It will be noted that the product P n = V 1 V 2 * • * Vn = 1. 
For the case n = 4 this requirement is satisfied if 

(1) 771772 = 1; hence vzVi = 1, 

(39") (2) 771773 = 1; hence vzVi = 1, 

(3) viVi = 1; hence ViVz = 1. 

These are, in turn, equivalent to the conditions derived above. We did not con- 
sider cases such as tjI = 1, because this implies that the strength of shock (1) is 
zero, and hence reduces the problem to a three-shock configuration. 

For any given value of n, there are also a number (n — 1) of particular values 
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of fx (or 7 ) for which a shock configuration without a density discontinuity may 
be obtained. To obtain these we note that the following relations hold between 
the elementary symmetric functions 

(40) Pi = Pn— ! , P 2 = Pft-2 , • • • , P n— 1 = P[ , P n = Pn = 1. 

Hence equation (38") reduces to 

(39'") _(Pl “ “ P -2)M n " 2 

+ (-l) n -\Pn- t ~ P 2 )m + ( 1 ) B_ ^ (P «— 1 - Pl)M = 0 . 

For n = 3 these values of n are simply 0, — 1 ; while, for n = 4, ^ = 0, — 1 , +1. 

To sum up, for n = 3, n = 4, physically plausible shock configurations without 
density discontinuities are possible only if equation (38") is satisfied identically 
(that is, all coefficients are identically zero). Also, for all odd values of n (in- 
cluding n = 3) such configurations are possible for the physically unrealizable 
values of 7 = 0, 1 ; while for even values of n (including n = 4) these are possible 

for 7 = 0, 1, and oo. For n > 4 equation (38") has solutions other than the 

above, and hence configurations without density discontinuities may be expected 
to exist for any value of 7 , without the above restrictions. 
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THE BREAKING OF WAVES IN SHALLOW WATER 


BY 

J. J. STOKER 

The subject of hydrodynamics furnishes material particularly suitable for a 
conference on non-linear problems in mechanics of continua since these problems 
are practically all non-linear in character. In particular, problems of wave 
motion in water with a free surface are non-linear — because of the free surface 
conditions — even where a velocity potential exists. In this talk we consider the 
special case of motions in shallow water; these non-linear problems should be of 
peculiar interest at the present conference because they can be formulated and 
discussed in terms of the same basic mathematical theory that is used for the 
discussion of one-dimensional non-steady flows of a compressible gas. The prob- 
lems concerned with compressible gas dynamics have, quite naturally in view of 
the prevailing interests due to the recent war, occupied most of the attention at 
this conference. It may therefore be interesting and amusing to see how the 
underlying mathematical theory developed for gas dynamics can be interpreted 
in terms of the phenomena of surface gravity waves in water. 

It has already been stated that we are interested in surface waves in shallow 
water. By this we mean that the depth is small compared with the length of the 
surface waves. The theory used is then an approximation which consists essen- 
tially in a development of all quantities in the exact hydrodynamical theory with 
respect to the depth, and neglect of all terms beyond a certain order in the depth. 1 
If the lowest order terms only are retained it turns out that the pressure in the 
water is, as in hydrostatics, simply proportional to the depth below the free sur- 
face, while the velocity of the water is independent of the depth coordinate. In 
case the original undisturbed depth of the water is constant the differential equa- 
tions take the form, in the case of a two-dimensional flow: 

(1) h(u t + uu x ) = —p x , 

(2) ( hu) x + ht = 0, 

in which h(x , t) is the height of the surface above the bottom, u(x , t) is the velocity 
in the ^-direction, and p is the quantity 

(3) P = | h\ 

One observes that the equations (1) and (2) are exactly the same as in gas dy- 
namics if the depth of the water h is interpreted as the “density” and the quantity 

1 For a complete treatment of the subject of this talk, including an extensive bib- 
liography, see Stoker, The formation of breakers and bores: The theory of nonlinear wave 
propagation in shallow water and open channels ; Communications of the Institute of Math- 
ematics and Mechanics, New York University, January 1948. The shallow water theory 
itself was derived long ago by Lagrange. 
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V as the “pressure”; in addition, these two quantities obey the “adiabatic rela- 
tion” (3) with the fixed adiabatic exponent 2. 

The problem of calculating the manner in which a disturbance created at a 
point in shallow water propagates into still water of constant depth is exactly 
analogous to the problem of calculating how a pressure wave travels down a tube 
filled with a uniform gas initially at rest. The latter problem has been studied 
in great detail both theoretically and experimentally. Perhaps the most striking 
single result is the following: there is a very great and fundamental difference in 
the propagation of a rarefaction wave in a gas as compared with the propagation 
of a compression wave. A rarefaction wave propagates indefinitely as a smooth, 
continuous motion, but a compression wave always develops into a discontinuous 
shock wave no matter how smoothly the compression wave may have been 
started. The latter phenomenon, which is very well known experimentally, 
mirrors itself in the mathematical treatment of the problem, since it is readily 
shown that a continuous compression wave solution cannot exist for an indefinite 
time but that rather a discontinuity must eventually occur. In water waves the 
analogous situation is the following: a depression wave (that is, a wave created 
by steadily lowering the water level at a certain point) propagates indefinitely 
into still water of uniform depth as a continuous wave, but the creation of an 
elevation or hump in the water always leads to a discontinuity. The central 
theme of the present talk is that the occurrence of breakers in shallow water is to be 
interpreted as the analogue of the occurrence of discontinuous shock waves in gas 
dynamics . 

In discussing the propagation of a surface wave into still water the well known 
method of characteristics is particularly useful since it brings out the essential 
phenomena mentioned above very clearly. One can also calculate quite easily 
by this means the time and distance to the point at which a discontinuity first 
develops, which turns out to be in all cases the point at which the slope of the 
water surface first becomes infinite. Beyond this point, which we call somewhat 
arbitrarily the breaking point , the theory embodied in equations (1), (2), (3) is no 
longer adequate to describe the motion; numerical calculations of the shape of 
the wave as it progresses into still water indicate strongly, however, that the 
wave would actually curl over and break very soon after passing this point. 

After a wave curls over and breaks it is often observed that a steady motion 
ensues in which a steep and turbulent front progresses into still water at constant 
speed leaving water of constant and greater depth than in front behind it. Such 
a wave is called a bore. In rivers and estuaries in various parts of the world 
from England to China such bores are a common occurrence as the result of the 
incoming tides. They are the exact analogues of a steady shock wave passing 
down a tube filled with gas at rest. The theory of such bores is, as one would 
expect, analogous to the corresponding theory of discontinuous shock waves 
in gases, with one exception : only mechanical sources of energy are considered in 
the water wave theory and this brings with it (as Rayleigh first noticed) a viola- 
tion of the energy law for water particles crossing the shock. In gas dynamics 
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the energy balance is upheld on crossing the shock — only the entropy increases 
discontinuously ; in the case of a bore we can only say that the mechanical energy 
lost is used to establish a turbulent regime behind the shock. 

Thus we are able to treat the change in form of waves up to the breaking point 
(in the sense defined above) and we can also study bores or shock waves which 
under appropriate circumstances are the end result of the breaking of a smooth 
wave. But there is an intermediate phase which starts at the point we have 
called (somewhat arbitrarily, perhaps) the breaking point and continues on 
through a period in which the wave curls over and finally falls into the still water 
in front to cause a very turbulent motion. If the water behind the wave should 
then continue to move forward at nearly constant speed the result would be a 
bore. It is not entirely out of the question to treat this intermediate phase in 
the development of a bore, and this is a problem which should be studied. 

The theory of long waves in shallow \vater embodied in equations (1), (2), and 
(3) is a simplified version, or perhaps better, a special case of the theory used by 
hydraulic engineers to discuss unsteady flows in open channels. In particular, 
the theoretical treatment of the problem of propagation of flood waves in rivers 
requires the solution of equations of the same general type as (1) and (2), but 
more complicated because of the necessity to consider a sloping bottom and to 
take account of the variable cross section of the river channel. Basically, how- 
ever, the method of characteristics can still be applied to obtain numerical solu- 
tions. The French hydraulic engineers, following a tradition which goes back 
to Boussinesq, have carried out studies of this kind in various special cases. 2 
This type of problem deserves much further study, both because of its practical 
importance and because it offers scope for developments of mathematical interest. 

New York University, 

New York N. Y. 

2 The nature of some of this work is indicated in the paper of the speaker cited above. 



ON HAMILTON’S PRINCIPLE FOR PERFECT 
COMPRESSIBLE FLUIDS 1 


BY 

A. H. TAUB 

1. Introduction. It is the purpose of this paper to show the equivalence of a 
variational problem which we shall call Hamilton’s principle with the equations 
describing the conservation of momentum and energy of a perfect compressible 
fluid, one with no viscosity or heat conductivity. The equations we refer to are 
those holding in regions where the flow is continuous and those holding across 
discontinuities. The classical form of Hamilton’s principle for a continuous 
medium is 


r** 

/ (6L + 6A) dt * 0 

where is the virtual work done by the displacement against the external forces 
and the Lagrangean L is of the form of a volume integral over the portion of the 
medium being considered, 


L = f £ dr. 

The Lagrangean density «£ is in turn a function of generalised coordinates q\x> t) 
and their derivatives with respect to the variables indicated, x and t , which refer 
to space and time variables. 

L. Lichtenstein 2 has given a discussion of Hamilton’s principle for fluids which 
is incomplete in that the conservation of energy is not considered. His treat- 
ment differs from that given below in that he does not consider variations in L 
produced by variations in the temperature distribution in the fluid and hence 
does not obtain one Euler condition from his variational problem. The discus- 
sion given here will parallel his, but the Lagrangean will be generalised and the 
type of variations considered will be extended. 

E. Lamia 3 has derived a relativistic isentropic theory from a variational prin- 
ciple. This theory does not consider discontinuities. * The Lagrangean used 
below may be modified so as to give a relativistically invariant theory of non- 
isentropic hydrodynamics. These results will be presented elsewhere. 

2. Notation and definitions. Two cartesian sets of coordinates will be used 

1 This work was done in part while the author was employed at Princeton University on 
work sponsored by the Office of Naval Research, contract N6ori — 105 Task II. 

2 L. Lichtenstein, Grundlagen der Hydrodynamik, Berlin, Springer, 1929, Chap. 9. 

3 E. Lamia, Vber die Hydrodynamik des Relitivitatsprinzips, Dissertation, Berlin, 1912, 
and Annalen der Physik (4) vol. 37 (1912) p. 772. 
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below, the Lagrange coordinates denoted by xl (i = 1 , 2 , 3) and the Euler coordi- 
nates denoted by x { (i = 1, 2, 3). Thus 

(2.1) x‘ = x\X 0 , t) 

where 

x\x 0 , o) - 4 

are the equations of the particle paths of the fluid. The components of velocity 
will be written as 


-uKx 0 , l) = 


dx i 

dt 



The square of the velocity will be written as 


u = uu 


where we have used the summation convention which will be used throughout 
the paper. The velocity components may also be considered as functions of x { 
through the inverses of equations (2.1). 

The symbol d/dt will be used for the partial derivative of a function with 
respect to time where the xj are kept constant and the symbol d/dt for that in 
which the x‘ are kept constant. Thus 


* f( x i) = d J + U i?l 

dt J( ’ ’ dt + dx*' 


Let Vo , V and Vi denote the volumes occupied by the fluid under consideration 
at times to , t , and t\ respectively where t is some time such that to g t ^ t \ . Let 
So , S, and Si be the respective boundaries of these volumes. Part of these 
boundaries, denoted by Sq , S', and S[ , may consist of rigid walls moving with 
prescribed velocities and the remainder, denoted by So, S", Si, consists of free 
boundaries. We shall assume that each S is made up of a finite number of ana- 
lytic and regular surfaces. 

The functions x x and u will be assumed to be continuous single-valued func- 
tions of xj and t in and on S in the interval to ^ t ^ ti . However we shall allow 
du'/dt to have discontinuities across a surface 2(0 which varies with time 
within 7. For simplicity we shall assume that a single such surface exists and 
that it divides V into two parts V 1 and 7 2 . For each value of t, 2 (0 will also 
be assumed to be made up of a finite number of analytic and regular parts. 

We shall write for the varied paths 

(2.2) x* 1 = x l + e£ 

and for the varied velocities 

„*>• = M *' + C ^ 

dl 


(2.3) 
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where {* and d$'/dt are assumed to be continuous functions of xj and t for xj in 
F 0 and on <S 0 and U £ t <. k . 

We shall denote by X< the components of the inward drawn normal to a surface 
bounding a region. We shall assume that 

(2.4) *‘(*0 , <o) = ?(xo , h) = 0 and = 0 


on -S'. Thus the variations to be considered will be those which have no com- 
ponent normal to the moving rigid walls -S'. If S' has an edge we shall take the 
£‘ in the direction of the edge and if S' has a comer we shall assume that 
vanishes there. 

The components of external body forces per unit mass will be denoted by A,- 
and of the surface forces per unit area by A»< . These will be assumed to be 
continuous functions in V and on S. The forces X ti will be assumed to vanish 
on S'. 

Let po(x 0 ) be the density of the fluid at the time t - t 0 . This will be assumed 
to be a piecewise differentiable function of xj in F 0 and on -So . The density of 
the fluid at any later time will be denoted by p, which will be considered to be a 
function of x‘ and t. 

The continuity of mass is then insured by requiring that 

(2.5) * = J = det 

P 

Thus we obtain 

/ Po dr 0 = I p dr . 

Jv 


dx { 

dx'o 


From equation (2.5) and the rule for different-iatinj 

__ 1 dp __ du 
p dt dx' ’ 


( 2 . 6 ) 


a determinant it follows that 


If the paths are varied then the density at time t will be changed from p to p* 
where 


(2.7) 


4° = det 

p 


dx*' 

dXo 


= — det 
P 


dx*' 

a? 


From this equation we may readily compute that 

-Uf\ - 

\p 3 o dx 1 p\de 


0 

/*~o 


where of course p* at e = 0 is p. Hence for arbitrary volumes 

/ p* dr* = p dr = po dr 0 , 

Jv Jv J Vo 

where V 0 ,V, and V* are the volumes occupied by any given amount of fluid at 



ON HAMILTON'S PRINCIPLE 


151 


time to , at time t where the particle paths are given by (2.1), and at the time t 
when the particle paths are given by (2.2) respectively. 

The internal energy per unit mass of the gas will be denoted by U and it is 
assumed this is a known function of the density p and the absolute temperature 
T. The entropy per unit mass will be denoted by S and we have from the defini- 
tion of entropy and the law of conservation of energy the relation 

(2.9) TdS - dU + pd(l/p). 

We denote the Helmholtz function per unit mass, sometimes called the free 
energy per unit mass, by H where 

H = U - TS 


and H will be considered as a function of p and T. It follows from (2.9) that 


(2.10) 

1! 

and 


(2.11) 

►■alias 

II 

1 

pQ 


Variations in the temperature distribution of the gas will be considered below. 
However these will not be produced by variations in T(x, t) directly but by con- 
sidering the temperature as the time derivative of another variable introduced 
by Helmholtz 4 and called a by Von Laue. 5 Thus 

(2.12) T - da/dt. 

We shall consider variations of this variable and write them as 

a* = a + ea , 

(2 - 13) T ' = d £ + e £ = T + e %> 

ct(x o , to) = a(x 0 , t\) = 0 

where a and a are functions of x % 0 and t or alternatively of x\ t f which are assumed 
to be piecewise continuous and to have piecewise continuous derivatives. The 
function a will be required to vanish on the boundary S. Across the surface of 
discontinuity T will not be continuous as is to be expected from the usual formu- 
lation of shock wave theory. 

The moving surface of discontinuity, S, will be assumed to have either of the 
alternative parametric forms 

(2.14) x'q = x'o(u , v y t) or x % = x\u y v , £)• 


4 H. Von Helmholtz, Wissemhaftliche Abhandlungen, Leipzig, Barth, 1921, vol. 1, p. 248. 
6 M. Von Laue, Relativitdtstheoriey Braunschweig, Vieweg, 1921, vol. 1, p. 248. 
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The “varied” surface 2* will then be expressed as 

(2.15) xo — Xq(u, v, t) -f- e3o(u, v, t) 
or as 

(2.16) x' = x\u, v, t) + eS \u, v, t). 

We shall assume that the surfaces 2 and 2* respectively divide the volumes 7 
and 7* into subvolumes 7i and 7 2 and V* and V* . 

It will be necessary to consider the derivative with respect to e of integrals of 
the form 

Ke, t) — f . P*f(x*) dr* = f P *fdr* + [ p*f dr* 

•'vj+vj Jv; JvJ 

where the volumes 7 i and V* are volumes occupied at time t by particles of the 
fluid which at time t = to were in volumes 7 0 i(e) and 7 02 (e) respectively, that is 
the particles have Lagrange coordinates belonging to 7 0 i(e) and 7o 2 (e) respec- 
tively. The paths of these particles are given by (2.2) and the discontinuity 
surface 2(e, t) is given by (2.15). Thus 

(2.17) I(e, t) — f pof(x*(x 0 , t, e)) dn + f p 0 f(x*(x 0 , l, e)) dr 0 . 

J V<n(e) J V 0i (9) 

Note that 

1(0,0 = f pof(x(x 0 , t)) dr a + [ Pof(x(x a ,t))dTo 

•'*'01 •> v as 

where the subvolumes 7oi and 7o 2 are those separated by the discontinuity 2 = 
2(0, t ) given by the first of (2.14) and the particle paths are given by (2.1). 

It follows from (2.17) and the fact that ?( x° , /„) = 0 that 


(2.18) 

and 

d/(e, t) _ 
de 

f P*j-dT 0 +[ p 0 E%[f]da 

•/v 0 ,+r 0 j de Jz{t) 

(2.19) 

where 

(~) - 
\de j tmm o 

f Po dro + [ Po2*X{[/] d<r 

Jv ol +V 0i de JZ( 0) 



[f] - h - Si . 


ft and fi are the values of / on the V, and 7i sides of 2(e) respectively, \* are the 
components of the normal of 2(e) directed from the region 7 2 (e) toward the 
region 7i(e) and da is the surface element on 2(e). 

The following formula will also be needed below 

j f pf(x, t) dr = — f pof(x(x 0 , t ), t) dr 0 

at Jvii o+r f (t) at Jv Ql +v 02 

— f Po-f.dTo+[ PoVl\i[f] da 

j v 0 i+vq 2 at J s 


( 2 . 20 ) 
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where FJ are the cartesian components of velocity of the discontinuity surface 2 
relative to Lagrange coordinates. 

The quantity poFJX, represents the rate at which matter is crossing the dis- 
continuity from region F 02 to region F M • If pi , u [ , and (n , u\ represent the 
density and particle velocity on the two sides of the discontinuity 2 and if F* are 
the cartesian components of the velocity of the discontinuity in Euler coordinates 
then since mass is to be conserved in crossing the discontinuity we must have 

(2.21) PoFoXt = Pi(F i - «i)X< = p 2 (F < - ttJ)X, . 

3. Hamilton’s principle. The Lagrangean we shall use for the variational 
problem is 

L = f p(2"V - H{p, T)) dr. 

JVi+V 2 

This differs from that of Lichtenstein in that we employ the function H instead 
of any function which satisfies (2.10). Our procedure will also differ from that 
of Lichtenstein in that we shall allow variations of T , through the variable a, 
and also variations in the surface of discontinuity. 

Following the usual technique of the calculus of variations we consider the 
integral 


(3.1) 




- H(p*T*) + efXi] dr* 


+ e 


f X'ifda*) 

Js "* J 


dt 


where u ** is given by (2.3), p* by (2.7), T* by (2.13), the boundary between the 
subvolumes Vt and F* is the discontinuity 2* which is given in parametric form 
by (2.15) or (2. 1C), and dr* and d<r* are the volume elements in V * and on S"* 
respectively. 

Hamilton’s principle is then embodied in the statement that the particle paths, 
temperature distribution and motion of the surface of discontinuity is such that 


(3.2) 


no) = 



= 0. 


Using (2.18), (2.10), (2.13), (2.7) and (2.8) we obtain 

- c {l, y » - + » ip + " x ‘t‘ + 1] ^ 


(3.3) 
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We now note that 


/ „(„“§■ +4)*./ „(4 + «y 

Jn+ri \ dt dt } Jv oi+v 02 \ dt dt) 


dr* 


^01+V0i 


(du* , dS \ 

\H ( + di“) 


drn 


~~ f Po j, ( u% % { 8°^ ^ r ° ~ f 

•'K01+V02 d* Jv c 

- -Ji f Po(u'£' + Sa) dr 0 — f pi(V' — m!)A,[h‘£‘ + /Sot] dtr 

(It •'Kfti+V'02 J 2 

[ ( du* { dS \, 

where we have made use of (2.20) and (2.21). Moreover 

L'^-Lb^-L .s*** 


— — f pf’Xt da + f [p]^Xt da — f QL t % dr 
J stt Js 0#* 

where in the first surface integral X» are the components of the inward drawn 
normal on S" and in the second integral X t is defined as in equation (2.19). In 
this equation we have made use of the last of equations (2.4). 

In virtue of these results and the vanishing of £“ and a at times to and ti equa- 
tion (3.3) becomes 


/'( 0 ) 



+ 


dp 

dx* 


,x ‘) £ ‘ + ,, f “) 


dr 


(3.4) 


+ f £*(-XVi — pX t ) da 
Js// 

+ {[p]\i - pi(F* - ubUuW 


+ p 0 So[2 -, m 2 - H] - pi(F* - da 


dt. 


If we now require that 7'(0) = 0 for arbitrary and a subject to the conditions 
(2.4) and (2.13) we must have 6 


(3.5) 


du* . dp 
P dt dr’ 


P X<, 



in Vi and in F 2 . On S" we must have 


(3.6) 


X,i = p\i 


• Lichtenstein, loc. cit. p. 367 . 
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and across 2 we must have 

(3.7) Pi(F - vtokfa*] = [p]X, 
and 

(3.8) poESX,[2“V - H] = pi(F < - u{)X < [5«]. 

The first of equations (3.5) are the usual equations of motion of a compressible 
fluid and (3.7) expresses the conservation of momentum across the surface of dis- 
continuity. It is well known that for continuous flows the conservation of 
energy is equivalent to the second of (3.5). We shall now show that equation 
(3.8) may be used to establish a relation between [Sa] and 25 A* such that energy 
is conserved across 2. 

4. The energy integral. It is well known in particle mechanics that the 
constant of motion called the energy may be obtained from the Lagrangean 
function as follows 

where q' are the generalised coordinates and q are the velocities corresponding 
to these coordinates. This suggests considering the expression 


I p6> dr 
Jr i+Fj 

and seeing under what conditions its time derivative vanishes as a consequence 
of the equations of motion where in our case 

$ = w* (2~ l u - H(p,T)) - T~- (2~V — H) = 2"V + U. 

du l ol 

This is of course the total energy per unit mass of the fluid. Now 


d 

dt Jvi+v 2 


f p& dr = ^ [ po&(xo , t) dro 
Jr i+v 2 at Jr 0 1+V02 

- f P ^ dr + [ Pi(r' - ut)USi dc. 
Jvi+v* at Jz 


But 


/ - 


d& 

dt 



+ 


5S)* 


where we have used equation (2.9). If we now use equations (3.5) and (2.6) we 
obtain 


r d& , 

/ p a dr 

Jv l +v 2 at 



}JsO) ir 

dx' ) 
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which may be written as 

f p^dr = f pXiU + f pu'\i da — f [pit’]X, da- 
Jr,+r 2 at Jr i+v. Js J 2 


Hence 


f p -t- dr — f pXiU % dr -f- f X 9i U % d<T + f pu'Xi 
JVi+Vt (it Jvi+Vi J 8 tr Jsf 


dcr 



The first two integrals in these expressions give the work done on the fluid by 
the external forces. The third gives the work done by the rigid walls moving 
against the pressure of the fluid. 

The conservation of energy will be a consequence of the variational principle, 
that is, we shall have 


(4.1) ~ [ p& dr = f pXiu'dr+f X'tu'dv + [ pu% 

atJvx+v* Jvi+vi Js" Js> 


dcr 


if we relate [Sa] U> poHjAi so that 

(4.2) [pw‘]Ai = Pi(y ; - «‘i)M2~V + U ] 

is a consequence of (3.8). This may readily be done as follows: Write 

PoE’X< 


(4.3) 
and set 


Y = 


pi(v* - uDXi 


(4.4) + 

Then (4.2) is a consequence of (3.8). Thus if the variation of the discontinuity 
surface is not allowed to be arbitrary but is determined in terms of a, which may 
be taken to be continuous across 2, by (4.3) of the discontinuity and (4.4) then 
conservation of energy throughout the fluid is assured. 

Hence we have shown that the conservation of momentum and energy in re- 
gions of continuity and across discontinuities are equivalent to the condition 
7(0) = 0 where the particle paths, the temperature (thought of as the velocity 
of a) and the position of the discontinuity are varied. The variations are 
restricted in that they have been required to satisfy certain conditions: (1) The 
variations in the particle paths are assumed to vanish at times k and t\ and to 
be normal to the moving rigid walls. (2) The variation in the variable a is also 
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assumed to vanish at U and t\ and moreover if a discontinuity is present its varia- 
tion must be related to that of a through equations (4.3) and (4.4). 

Contrary to the situation in particle dynamics, if discontinuities are present, 
the conservation of energy is not a consequence of the Euler equations of varia- 
tion but is achieved by using a relation between the variation in the discontinuity 
and the variable a. 

University of Washington, 

Seattle, Wash. 



THE FOUNDATIONS OF THE THEORY OF ELASTICITY 


BY 

F. D. MURNAGHAN 

1 . Introduction. The theory of elasticity deals with the strain, or deformation, ’ 
which a deformable medium experiences when the medium is subjected to stress. 
In the usual form of the theory the strain is measured from the unstressed state 
of the medium and it is assumed that the strain is infinitesimal, that is, that only 
the lowest order terms in the expansion of any function of the strain components 
in a series of powers of these components need be considered. The relation con- 
necting stress and strain (which relation is known as Hooke's Law) is found from 
energy considerations. Confining our attention to isothermal processes it is 
assumed that the work done on the medium by the stress applied to it is stored 
up in the medium in the form of free energy and that the density of this energy 
(that is, the energy per unit volume) is a function of the strain-components. 
Assuming that the strain is measured from the state of zero stress the lowest 
power terms in the expansion of the energy density in a series of powers of the 
strain components are of the second order and Hooke's Law appears in its well 
known form: 

Each component of stress is the derivative of the volume density of the free 
(or elastic) energy with respect to the corresponding strain component so that 
each stress component is a linear function of the strain components, or, equiv- 
alently, 

The stress tensor is the gradient of the volume density of the elastic energy 
with respect to the strain tensor and the stress tensor is a linear function of the 
strain tensor. 

This simple result (on which the whole theory of strength of materials is 
based) is in accord with experience only for very small strains. For example in 
the stretching of an iron bar Hooke's Law stating the proportionality of stress 
and strain may be in accord with experience only for extensions which are not 
greater than one-tenth of one per cent while the bar may undergo, without rup- 
turing, an extension of 30%. The problem of large extensions of a bar is com- 
plicated by the phenomenon of plastic flow and we shall devote our attention 
here mainly to the simpler problenf of compression of a ’medium under extreme 
hydrostatic compression, in which problem plastic flow does not appear. This 
simpler problem can be treated without introducing the concepts of strain and 
stress components since the strain is completely determined by the change in 
volume and the stress by the pressure, but we shall not follow this procedure 
since the theory we propose has wider application than that of compressibility 
under hydrostatic pressure. When we apply the theory to this problem of com- 
pressibility and make certain simplifying hypotheses suggested by the results 
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of experiment we obtain the following formula connecting pressure with volume: 



where t>o is the volume when p = 0 and A and a are constants which depend on 
the medium. Professor Bridgman published in 1945 observations on compressi- 
bility up to the high pressure of 100,000 kilograms per square centimeter. We 
select his observations on indium for comparison with the formula just given. 
Bridgman gives the values of v/v 0 at p = 10,000, 20,000, • • • up to 100,000 
kg/cm (1 kilogram per square centimeter being, approximately, atmospheric 
pressure). For p = 10,000 kg/cm 2 , v/v 0 = .9760 and for p = 100,000 kg/cm 2 , 
v/vo = .8451 so that at the highest pressure the medium has been compressed a 
little more than 15 %. On assigning to the constants A and a in our formula the 
values A = 97,750; a = 4.2 we obtain the following values of p at the values 
of v/v 0 which are given by Bridgman: 

10 080, 19 970, 30 100, 39 800, 49 680, 59 640, 69 640, 79 750, 89 980, 100 200. 

The greatest difference between the observed and calculated values is less than 
1% while the experimental errors are estimated to be as much as 3%. If our 
formula is valid up to a compression of as much as 50% we find that a pressure 
of 1.7 X 10® kg/cm 2 is necessary to compress indium to half its volume. 

Before proceeding to show how our formula connecting pressure and volume 
was derived, we point out a feature of the formula which is interesting: 

The formula treats pressure and hydrostatic tension (that is, negative pressure) 
unsymmetrically. Thus p must be infinite to make v zero while p is —A, and 
not — oo , when v — °° . In other words the medium will rupture at a hydro- 
static tension ^ A . In particular indium cannot support a hydrostatic tension 
of 100,000 atmospheres while a hydrostatic pressure of 100,000 atmospheres 
compresses it by less than 16% of its original volume. All theories of rupture 
hitherto proposed which have come to our attention have failed to meet this 
crucial test of differentiating between hydrostatic pressure and hydrostatic ten- 
sion and so are seriously inadequate; for a medium cannot be crushed by any 
amount of hydrostatic pressure while it can be tom apart by sufficiently high 
hydrostatic tension. 

2. Outline of elasticity theory. We denote by A and P the positions of a 
typical particle of our deformable medium when the medium is unstrained and 
strained, respectively. Let a be the 1 X 3 matrix whose elements are the coor- 
dinates (a 1 , a 2 , a 3 ) of A with respect to any convenient Cartesian reference frame: 
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Then the elements of the 3X1 matrix da are the coordinates of the vector ele- 
ment of arc for the unstrained medium and the squared element of arc for the 
unstrained medium is given by 

dsl = da* da 


where da* is the 1X3 matrix obtained by transposing da. Similarly if x is 
the 3X1 matrix whose elements are the coordinates of P with respect to any 
convenient Cartesian reference frame (not necessarily the same as that adopted 
for the unstrained medium) the squared element of arc for the strained medium 
is given by 

dsl — dx* dx. 

Let us denote by J the 3X3 Jacobian matrix of the coordinates {x x ,x,x) with 
respect to the coordinates (a 1 , a*, a*), that is, the derivative of the matrix x with 
respect to the matrix o: 

J = dx/ da. 


(Note that the variables x tell the rows, and the variables a the columns, of J .) 
Then 


so that 
Hence 


dx = J da\ dx* = da*J* 
dsl = da*J* Jda. 
dsl - dsl = da*(J*J - E,) da 


where E 3 is the unit 3X3 matrix. The strain, or deformation, is said to be 
measured by the difference between the two matrices J*J and E 3 and one-half 
this difference is termed the strain matrix or strain tensor. On denoting the 
(symmetric) strain matrix by e we have 

« - 2 ~\J*J - Fa); J*J - E 3 + 2«. 

The elements of e are invariants (that is, scalars) under transformation of the 
rectangular Cartesian coordinates (x 1 , x 2 , x 3 ) of P; on the other hand « is a tensor 
of order two under transformation of the rectangular Cartesian coordinates 
(o 1 , a 2 , a 8 ) of A. 

In order to express the conditions of equilibrium of the strained medium we 
introduce the concept of a virtual deformation of the medium. This is done by 
regarding the matrix a; as a function not only of o but of an accessory variable 
or parameter. We denote differentiation with respect to this parameter by the 
symbol 5 and observe that since the elements of a and the parameter are in- 
dependent the order in which differentiations with respect to any element of a 
and the parameter are performed is immaterial. Thus 
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and so 



5( = 2~‘{(5 J*)J + J*iJ\ = J*DJ 
•where D is the symmetric 3X3 matrix: 

j ' 2 "[{s w }' + eH- 

A virtual deformation is said to be rigid If = 0 or, equivalently, if D = 0 and 
the condition of equilibrium of our strained medium may be phrased as follows: 

The strained medium is in equilibrium if, and only if, the virtual work of the 
forces acting on any portion of the medium in any rigid virtual deformation is 
zero. 

We denote by T the 3X3 matrix whose elements are the coordinates of the 
stress tensor. T is a function of the matrix x and it is a tensor of the second order 
under transformations of the rectangular Cartesian coordinates (re 1 , x, x s ) of 
P. On writing out the virtual work we find that a linear form in the elements 
of the matrices 8x and d(8x)/dx must be zero for any rigid virtual deformation. 
On considering the virtual translations (for which d(8x)/dx is the zero matrix) we 
obtain the relation div T + p(x)F = 0 where p(x) is the density of the strained 
medium and F is the 1X3 matrix whose elements are the coordinates of the applied 
force per unit mass; div T is the 3 X 1 matrix obtained by taking, in turn, the 
divergence of each column of T as if these columns were vectors. The relation 
div T + p(x)F = 0 eliminates the elements of 8x from the expression for the virtual 
work and so we have a linear form in the elements of the matrix d(8x ) /dx which 
must be zero for every rigid virtual deformation, that is, for every skew-symmetric 
matrix d{8x)/dx. The coefficients of this linear form are the elements of T and 
so we find (as part of the conditions for equilibrium) that T must be a symmetric 
matrix. This being the case our linear form in the elements of d(6x ) /dx may be 
written as a linear form in the elements of D = 2~\{d(bx) / dx)* + d(bx) /dx] and 
so our conditions for equilibrium, namely 

div T + P {x)F = 0; T* - T, 

are not only necessary but are also sufficient. These conditions of equilibrium 
being satisfied the virtual work of the forces acting on any portion V(x) of the 
medium in any virtual deformation is the integral over V{x) of the sum of the 
diagonal elements of (that is, the trace of) the product TD. This trace of TD 
(which we shall denote by [TZ>]) is the sum of the products of each element 
of T by the corresponding element of D. Thus 

Virtual work = f [TD] dV(x). 
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On denoting by <*> the free energy per unit mass of the medium, the total free 
energy stored up in V ( x ) is/ y{Z )p(x)<j> dV (x) and so the principle of energy conserva- 
tion yields 


f [TD] dV(x) = 6 [ P (x)<t> dV(x). 

J V(x) Jv(x ) 

By virtue of the principle of conservation of mass the right-hand side of this 
equation may be written as 

6 f p(a)<t>dV(a) = f p(a)60 dV(a) = [ p(x)8<f> dV(x) 

J V(a) J V (a) Jv(x) 


and so 


/ [ TD]dV(x ) = p(x)8<f>dV(x ). 

Jv(x) Jv(x) 

Since this relation must hold for every portion V (x) of the strained medium we 
have 


[TD] = p(x)50. 

So far we have been on sure ground; the fundamental relation we have just 
written is merely a convenient form of statement of the principle of conserva- 
tion of energy. To proceed further we must make some hypotheses concerning 
8<t>. The theory of elasticity assumes that 0 is a function of the strain matrix e 
and so 60 is the sum of the diagonal elements (that is, the trace) of the product 
of 6« by the gradient d<f>/de of 0 with respect to e. This hypothesis is not necessary 
and its adoption rules out any possibility of an explanation of the phenomenon 
of hysteresis. A more general hypothesis would be that 60 is a linear form in the 
elements of 5c whose coefficients might well depend on T as well as on c. This 
linear form might well be a non-exact differential and if this were the case 0 would 
depend not only on the strain c but also on the “curve” connecting the unstrained 
and strained states of the medium, that is, 0 depends not only on the final strained 
position of the medium but on the “history” of the medium during its passage 
from the unstrained state to the strained state. Furthermore in order to explain 
phenomena which arise after the plastic state has been reached, 60 must treat 
in an unsymmetrical way “loading” and “unloading”; in other words the stresses 
observed when strain is being relieved are different from the stresses experienced 
when strain is being imposed on the medium. 

If we commit ourselves to the hypothesis that 0 is a function of c it is clear 
that, due to the fact that c is a symmetric matrix, 0 may be written in many 
equivalent ways. We normalise <t> by replacing, if necessary, each element of e 
by the corresponding element of 2“ 1 (e* + e) ; in other words we write 0 as a sym- 
metrical function of c. The essential advantage of this procedure is that d</>/de 
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becomes a symmetric matrix. On using the relation St = J*DJ our fundamental 
formula [TD] = p(x)5<f> yields 

[TD] = p(x) |jj = P (x) [j^ /w] 

.and since the trace of the product of two matrices is insensitive to the order in 
which the factor matrices are taken this is equivalent to 

[TD] = 

Since this must hold for an arbitrary virtual deformation, that is, for an arbitrary 
symmetric matrix D, we must have 


T = P (x)J^J*. 


This is the fundamental formula which reduces, in the classical (or infinitesimal) 
theory of elasticity to Hooke’s Law: 

T = p(a) 


To see how this reduction takes place we observe that, by virtue of the principle 
of conservation of mass, p(x) dV(x ) = p(a) dV(a) so that 

p(x) = p(a) I det J r = p(a){det (J*J)]~ m = p(a){det (E + 2 t)]~ m 

— p(fl) {1 — h + • • • } 

where I\ is the trace, or sum of the diagonal elements, of the strain matrix c. 
The infinitesimal theory of elasticity assumes that the difference between J = 
dx/da and the unit matrix i? 3 is an infinitesimal matrix. If we denote the matrix 
x — a by U we have J — + du/da , J* = E z + {du/da)*. In accordance, 

then, with the basic principle of the infinitesimal theory, namely, that only the 
lowest order terms in the expansion of any function as a power series in the ele- 
ments of the infinitesimal matrix du/da need be considered, we have 

J = = Et;t = 2 - E 3 ) = ; P (x) = p(a) 

and so 

T = P(a) g = | {p(a)<t>\. 


It must be emphasized that this relation is only valid in the infinitesimal theory; 
in the exact theory (or in a closer approximation to the exact theory than that 
furnished by the infinitesimal theory) T, while it is a function of the matrix 
du/da (which matrix is not, in general, symmetric), is not, in general, a function 
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of the symmetric matrix « = 2 — E z ). It is incorrect to follow the pro- 
cedure which has been adopted by some authors who have tried to construct a 
theory of finite deformations. They propose to keep terms other than those of 
the lowest order in the expressions for the strain components, so that they use 
the exact expression 6 = 2 l (J*J — E z ) rather than the infinitesimal approxima- 
tion c = 2~ 1 \(du/da)* -f du/da} but they also propose to use the formula T = , 
d [p(a)<t)}/d 6. If we wish to improve the infinitesimal theory the only logical thing 
to do is to make a clear-cut second approximation in accordance with which we 
keep in each function of du/da terms whose order is higher by one than that of 
the lowest order terms. Thus 

,, 2 -W-S)i 

p(x) = p(a)(l - / a ); T = p(a)( 1 - I 3 )(e 3 + ^{e 3 + (^)*|- 

If we denote by <f > i the terms of the lowest order in <j> (after the zero order terms) 
and by </> 2 the terms in <t> whose order is greater by one than that of the terms 
of <t > 1 we obtain 

= ^ + {p(a)tf> 2 } — { p(a)<f>i ) !p(a)<M 


+ 1 (*£)'■ 

The stress in the unstrained position is furnished by the formula 

To = l { p ( o )^}.. 0 

of the infinitesimal theory and so this stress will be zero if, and only if, the terms 
of <t> 1 are of degree greater than 1 in the elements of the strain matrix e. 

A deformable medium is said to be elastically isotropic when <f> is insensitive to a 
rotation of the rectangular Cartesian reference frame with respect to which the 
co-ordinates of A are furnished by the elements of the matrix a . It follows that 
for an isotropic elastic medium, <f> is a function of the three invariants h , h and 
h of the strain matrix «. Here h is the sum of the diagonal elements of e; h 
is the sum of the three two-rowed diagonal minors of e and I z is the determinant 
of c. Thus h is of the first, J 2 of the second, and / 3 of the third degree in the 
elements of 6. If <f> is developed as a power series in h , J 2 and h the terms in <t> 
which are of the first degree in the elements of e are a multiple of Ii . Hence the 
stress in the unstrained position must be, if it is not zero, a hydrostatic pressure or 
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tension (for the gradient of h with respect to € is the unit matrix). This result, 
which is of fundamental importance, may be phrased as follows: 

If a deformable medium is subjected to a stress in the unstrained state which is 
not a hydrostatic 'pressure or tension the medium is not elastically isotropic. 

3. The theory of scalar strain and stress. We term a strain or stress scalar 
when its matrix is a scalar matrix, that is, a multiple of the unit matrix. Thus a 
stress is scalar when it is either a hydrostatic pressure or a hydrostatic tension. 
We consider the relation connecting a scalar strain with a scalar stress and we 
write 


T = —pEz ; € = — eEz 


(so that p is the hydrostatic pressure and e is connected with the density by means 
of the formula p(x) = p(a)(l — 2e)~ m . <£, being a function of 6 , is a function of 
e and, hence, is a function of p(x) so that d^/de = ( d<t>/dp(x))(dp(x)/de ). From 
the basic relation p(x) = p(a) {det ( E + 2c)} -172 we obtain, by logarithmic dif- 
ferentiation, 


and so 


1 dp(x) 
p{x) de 


~(E + 2*)- 1 


d<f> 


-' fc, alj< £ + 2 * r ' 


On taking the trace of the matrices on each side of the fundamental equation 


-pE, = p(x)J J* 


we obtain 

-3 p = P (x) [j g J*] = P {x) [g Jvj 

-pW[g( B + 2,)]--V(x)^ 

and so 

2 / \ d<l> 

We suppose the medium to be homogeneous, that is, that p(a) is independent of 
a and that e is constant over it; then p(x) is constant and p(x)v = m where v is 
the volume of the (strained) medium and m its mass, m being constant we have 
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and so 


V = 


d<t> 0$ 

m dv dv 


where $ = m4> is the elastic energy stored up in the deformed medium. This 
simple formula replaces, for scalar strain and stress, the formula T =* 
p(x)J(d<t>/de)J* which is valid for any type of strain. 

Our whole attention must now center on the following question: 

What is the nature of the function 3> of v? 


The usual way of answering this question is to regard 3> as expanded in a power 
series in v/v 0 — 1 where v 0 is the volume in the unstrained state. The coefficient 
of the first power of v/vo — 1 in this expansion must be — p Q Vo where po is the 
pressure in the unstrained state. If the unstrained state is unstressed, that is, 
if po = 0, the linear theory yields 


V = 




where G is a constant. The next approximation would be 



where D is a second constant, and so on. This procedure has the nature of an 
“action at a distance” theory. It tries to bridge the strain from A to P by piling 
up more and more detailed information about what is happening at A ; thus C 
is the product by — v 0 of the value of dp/dv at v = v 0 , D is the product by vl of 
the value of d 2 p/dv 2 at v = v 0 , and so on. We propose to replace this action at a 
distance theory (which always looks back to the distant state of zero stress) by 
a “local” or “action through a medium” theory. Thus we regard the strain 
from A to P as built up from a succession of infinitesimal strains by the method 
of integration. We consider, then, the pressure p + Ap when the volume is 
v + Av where now the unstrained position is that for which the volume is v and 
the pressure p . The increment in <i> is of the form 


and 


so that 


A$ = — pAv + | (At;) 2 + • • • 
A 


p + Ap = 


3($ + A#) 

d(v + At’) 


d(A<l>) 
3 (At) 


p — qAv + • • • 


dp/dv — — q. 
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In order to obtain some information about q we follow the procedure of the in- 
finitesimal theory of elasticity and set 

pA<t> — —ph + ce 2 -f- • • • 

(note that p takes the place of p(o) ; p(x) is now p + Ap). It is not necessary for 
.us to assume our deformable medium to be isotropic; however if it is isotropic 
the second order terms in pA<f> are ((X + 2p)/2)l\ - 2 p/ 2 where (X, p) are Lamp’s 
familiar elastic constants. Since h = -3e, h = 3e 2 we have c = (3/2)(3X + 2p). 
Now 


and so 


e 


Hence 


so that 


v + Ay _ ' p 
v P + Ap 


(1 - 2e) a/2 




1 Av 
3 v 



+ •••■ 



pA«- -p(^) + (i e+ i p )(^)' + .... 

Since $ = m<t> — pity it follows that 

AS = — pAv + Q c + ip) M 2 + . . . 

and so vq = 2c/9 + p/3 = (X + 2p/3) + p/3. 

The quantity vq = —vdp/dv is the reciprocal of the compressibility, that is, the 
incompressibility of the medium. Denoting it by K we have the following result : 
For an isotropic elastic medium the incompressibility K is furnished by the formula 

K = (X + 2p/3) + p/3, 

where X, p are the Lamb elastic constants of the medium. 

We cannot make further progress without some information as to the nature 
of the dependence of X + 2p/3 on the pressure p in the unstrained state. From 
the experiments on indium referred to in the introduction we find that K may 
be approximated very well by a linear function of p over the very wide range 
of pressure extending from p = 0 to p = 100,000 kg/cm 2 . On writing K = 
o(p + A) where a and A are constants we have to integrate the equation jj 

dp 
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We obtain 



where Vo is the value of v when p = 0. For indium a has the value 4.2. a is 
the value of dK/dp and our approximating assumption is that dK/dp is constant. 
In interpreting the results of experiments on compressibility the expression Ko = 
— t>o dp/dv is frequently used rather than K. Since K = a A (v 0 /v) a , i£ 0 = 
aA(v o/v) a + l and so 


dKo 

dp 


-*«•_(. + 1 ) 5 . 

Ko av v 


From an examination of the results of experiment Slater 1 has estimated that 
for metals the value of dKo /dp at p = 0, that is, a + 1, is approximately 5. 
Our theory which is based on the assumption that dK/dp (not dKo/ dp) is con- 
stant yields the value 5.2 for the value of dKo/ dp at p = 0 for indium. 

If we do not wish to make the assumption that if is a linear function of p 
(or, equivalently, that X + 2/*/3, the medium being assumed elastically isotropic, 
is a linear function of p) we have to consider the equation 


— v dp/dv = (X + 2ju/3) + p/3 

where X and 2p/3 is furnished by experiment (or by assumptions concerning the 
nature of the force between particles of the medium) as a function of p. If we 
approximate (X + 2/i/3) + p/2 by a quadratic, instead of a linear, function of p we 
obtain the formula 

, 1/6 


instead of the previous formula 

-0+5T 


A, a, By by constants, 


Vo 

v 


If we wish to focus our attention on X + 2p/3 rather than on (X + 2p/3) + p/3 
we should introduce the variable u = (v/v 0 ) 1/3 ; then v dp/dv + p/3 = 
( udp/du + p)/3 = (1/3) d(pu)/du and the equation we have to solve is 

fa (P«) = ~(3A + 2 M ). 


From this point of view the most convenient form of statement of the law con- 
necting p and v is 



1 J. C. Slater, Note onGruneisen’s comtantjor the incompressible metals , Physical Review 
vol. 57 (1940) pp. 744-746. 
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where / is a function which must be determined by experiment or by making as- 
sumptions concerning the forces between elementary particles of the medium. 

4. The uniform tension of an elastic cylinder. We consider an elastic cyl- 
inder (whose generators we take to be parallel to the c-axis) and suppose this 
deformed by forces applied to the top and base, the rest of the surface of the 
cylinder being free from applied force. Our problem is a boundary-value prob- 
lem: The stress-matrix must not only satisfy the conditions of equilibrium 

div T = 0; T* - T 

but also the force applied to any element of area of the surface of the strained 
medium must have its coordinates furnished by the elements of the 1 X 3 matrix 
dS(x)T. Here dS(x) is the 1X3 matrix 

dS(x) = (d(x 2 , x 3 ), d(x 3 , x 1 ), d(x\ x 2 )). 

This boundary condition reveals a difficulty which lies at the very core of the sub- 
ject; we do not know, until the problem is solved, the boundary of the strained 
medium but, nevertheless, we must determine T so that dS(x)T furnishes the 
coordinates of the force applied to the (unknown) boundary S(x) of the medium. 
We do know the surface S(a ) of the unstrained medium and so we try to express 
our boundary condition in terms of the element of area dS(a) of S(a). dS(a) 
is the 1X3 matrix 

dS(a) = (d(a\ a 3 ), d(a\ a 1 ), d(a\ a 2 )) 
and it is easy to see that 

p(x) dS(x) = p(a) dS^J- 1 . 


In fact 


d(x 2 , x 3 ) = 


d(x 2 , x 3 ) 

t)(tt 

d(x l , X 2 , X 3 ) 
d(a l , a * , o s ) 


1 > * ) „*\ 1 ^(.X , X ) 1/3 S (x , X ) ](\ 

T77?) dia ’ a) + slHiTHij «« •«> + ■«> 

{ d (a, a’) ~ + d(a‘ , a') + d(a ‘ , a') J 


and since | d(x)/d(a) | = p(a)/p(x) it follows that dS(x) = (p(o)/p(x)) dS(a)J~ l . 
Since T — p(x)J(d<t>/di)J* it follows that 


dS(x)T = p(o) dS(a) ^ J*. 

0€ 


We shall denote by T(a ) the 3X3 matrix p(a)d<p/de = d{p(a)<t>]/d€ so that T(a) 
is the stress matrix of the classical infinitesimal theory and then our boundary 
condition may be framed as follows: 

The force applied to the element of area of the strained medium has its coor- 
dinates furnished by the elements of the 1X3 matrix dS(a)T(a)J*. 

The conditions of equilibrium may readily be written in a form which brings 
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into prominence the 3 X 3 matrix T{a)J* (rather than T = (p(x)/p(a))JT(a)J*). 
We have only to write the virtual work in any virtual deformation, namely, 

f dS(x)T8x + [ p(x)F8x dV(x) 

in the equivalent form 


/ dS(a)T(a)J*8x + / p{a)F8x dV(a) 

J S(a) J V (a) 

and then to write down that this virtual work is zero for a virtual translation. 
We find 

div ( a)[T(a)J*} + p(a)F = 0. 

Here div (o) is the 1X3 matrix differential operator 

diT (0) " (|i ■ if ■ a) • 

We shall consider only the case where all applied forces are surface forces; 
then F is the zero 1X3 matrix and the conditions of equilibrium appear in the 
form 


div (a)\T(a)J*) = 0. 

In the classical infinitesimal theory J* is replaced by the unit matrix /i’ 3 and the 
conditions of equilibrium are written in the form div ( a)T(a ) = 0. This pro- 
cedure is exact in the case of a homogeneous strain, that is, a strain in which 
the strain-matrix € is a constant function of a. In fact it is not difficult to show 
that when J*J = E-, + 2e is a constant function of a so also is J (the only hy- 
pothesis necessary for this being the existence and continuity of the second deriva- 
tives of the variables x with respect to the variables o). When J is a constant 
matrix the matrix div (a){T(a)J*) reduces to { div (a)T(a)) J* and since J* is 
nonsingular the equation div (a)(T(a)/*} = 0 reduces to div (a)T(a) = 0. In 
the problem with which we are concerned (namely, the uniform tension of an 
elastic cylinder) the strain is homogeneous so that the conditions of equilibrium 
reduce to div (a)T(o) = 0. Since T(a) = d{p(a)<f>}/de and since t is constant 
these equations are automatically satisfied if p(a) is constant, that is, if the cyl- 
inder is uniformly dense. We assume that this is the case and the question 
that confronts us is the following: 

What is the nature of the constant matrix T{a)f 

To answer this question we observe that since the sides of the cylinder are free from 
applied force the matrix T(a)J* must have its first two rows zero (for the force 
on any element dS{x) of the strained cylinder is furnished by the 1 X 3 matrix 
dS(a)T(a)J*). Hence the first two rows of T(a) must be zero and since T(o) 
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is a symmetric matrix the only element of T(a) which is different from zero is 
the element in the third row and third column. Denoting this element by P we 
have 


/ 0 0 c\ 

T(a) -jo 0 0 ). 

\0 0 P] 

The case treated by the classical theory is that in which the medium is initially 
unstressed and is elastically isotropic. Then p(a)<£ — ((X + 2p)/2 )l\ — 2 p /2 
where X, p are Lamp’s elastic constants. Thus T(a) = \IiE z + 2pc so that the 
constant strain matrix c is diagonal. Thus J* J = E + 2c is diagonal and there 
is consequently no lack of generality in taking J to be diagonal (since J is the 
product of a diagonal matrix by a rotation matrix). Denoting the diagonal ele- 
ments of e by (ci , € 2 , € 3 ) we find, since the diagonal elements of T(a) are (0,0, P), 
that ci = €2 = — <rc 3 where a = X/2(X + p) is Poisson’s ratio and that c 3 = P/E 
where E = p(3X + 2 p)/(X + p) is Young’s modulus. To take care of the case 
where the medium is subjected to a stress of the type 

/0 0 0 \ 

To = jo 0 0 

\0 0 Pol 


when the strain is zero we must write p(a)<j> in the form p(a)<f> 1 + p(u)<fc where 
p(a )0 1 = P 0 Ccc and p{a)<t> 2 is a quadratic function of the elements of the strain 
matrix c. Since we know that the medium is not elastically isotropic we cannot 
write p(a)<t >2 in the familiar form ((X + 2p)/2)/J — 2 /i/ 2 . If the medium is 
isotropic when free from stress it will be elastically insensitive to rotation around 
the c-axis when subjected to the stress T 0 . Then p(a) 0 2 must be of the form 


p(a)<h = {(X + 2p)Ji ~ 4 p/ 2 + «Ccc + 4/3(c aa C6& — «a6C6a) + 27Ccc(Caa + Cbb)}/ 2 


where a, 13 and 7 are three elastic constants which reduce to zero when P 0 is 
zero. Thus (a, /3, 7 ) are functions of Po as are also (X, p). The expression for 
T(a) is 


( 0 0 
0 0 
0 0 



-f* X/i P3 4” 2pc + ot 


0 

0 

0 



+ 20 




*ba 

0 


— <06 


Caa 

0 


I *CQ 

+ 7(0 

\0 


0 0 ' 
«cc 0 

0 Cm + e», 
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and since 


T(a) = 


0 0 
0 0 
0 P 


it follows that t is a diagonal matrix (for n — (3 0 since /3 reduces to zero when 

Po = 0). On denoting the diagonal elements of « by ci , «2 , eg we obtain «i = 
«2 = —at» where <r (Poisson’s ratio) is furnished by the formula 

X + y 

a = 2(\ + m + fi ) ' 


Furthermore 


P — Po — {A + 2ju + a — 2<r(A -f- 7)} €3. 

The stress matrix T is furnished by the formula appropriate for media which are 
under stress when the strain is zero: 

T - na) - r, i I p(.)*,i + £ l MaM + l «<.)♦.) (£)' 

Since t is diagonal we may assume, without any loss of generality, that du/da is 
a diagonal matrix whose diagonal elements are («i, e 2 , €3). It follows that all 
elements of T are zero save that in the third row and third column which element 
has the value P — P 0 /i + 2P 0 € 3 = P + P 0 € 3 (l + 2cr). Thus 

T33 = Po + €3 { Po(I + 2cr ) + X + 2/z + a — 2 a(\ + 7)}. 

The total applied force is the product of the unstrained cross-sectional area A by 
P(1 + €3) (since J* is the diagonal matrix whose elements are (1 + 61, 1 + €2, 
1 + €3)). Hence Young’s modulus (the quotient of this total applied force by 
At 3 ) is given by the formula 

E = A + 2n + a — 2cr(A + 7) 4- Po. 

We are now ready to obtain the formula connecting stress and strain by the 
process of integrating a succession of infinitesimal homogeneous strains. To do 
this we consider the strain from P:(z, y , z) to P + A P:(z + Ax, y + Ay , z + A z) 
(we give up the superscript notation since our theory is now over). We have 
(z + A z) =» (1 + tz)z so that €3 = Az/z and so 

Az 

A T„ = - {T..(l + 2<r) + X + 2 m + « - 2<r(X + 7)}. 
z 

If l is the length of the cylinder when T gg — P 0 it follows, on integration, that 

, ? f TgB dTn 

1 Jpq (1 + 2 <r)T fi + (A + 2y. + a) — 2<r(A + 7 ) ’ 
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In order to carry out the indicated integration we must make some hypothesis 
(preferably guided by experimental evidence) concerning the nature of the de- 
pendance of the elastic constants X, n, a, 0, y upon T„. It is particularly im- 
portant to know how 1 + 2(7 (the coefficient of T„ in the denominator of the 
integrand) depends on T... In the theory of hydrostatic pressure we have seen 
that the assumption that X + 2p/3 is a linear function of p gave results in accord 
with experiment over a very wide range of pressure. If we assume that 1 + 2a f 
X + 2/z + a and 2<r (X + 7) may be approximated closely enough by linear 
functions of T„ the denominator of our integrand is a quadratic function of 
whose constant term is the value of (X + 2g + ot) — 2a (X + 7) at T»» = 0 
(Po being taken to be zero). Since we have assumed the medium to be elastically 
isotropic when free from stress this is the value of X + 2p — 2a\ that is, of 
Young’s modulus E , at zero stress. If a decreases as T ng increases our quadratic 
function of T g , has two real zeros of opposite sign ; as T tg approaches the positive 
one of these z — > 00 and as T„ approaches the negative zero z — ► 0. The rela- 
tion connecting T„ = T and z is of the form 

A y B and a, constants. 

5. Concluding remarks. We have treated in this paper two of the simplest 
cases of uniform strain. When the strain is not uniform (as is, for example, the 
case throughout the interior of the earth) the problem is much more complicated. 
We content ourselves with pointing out here a certain inadequacy in the accepted 
treatment of what is, from the engineering standpoint, the most important case 
of non-uniform strain, namely, the uniform bending of a beam. In this accepted 
treatment T(a) = d{p(a)<£}/de is assumed to be of the form 

( 000 
0 0 0 
OOP 

where P (instead of being constant as in the uniform tension of a cylinder) is 
a constant multiple of a 1 . Under this assumption the basic equation of equi- 
librium div (a){T(a)J*\ yields d 2 x/dada = 0 so that each of the coordinates 
(x 1 , Xy x ) must be a linear function of a. This implies that the fibers of the 
beam which are originally parallel to the axis of the beam remain straight lines 
after the strain (instead of being bent as in the accepted theory). In the classical 
theory J* is set equal to P 3 before the differentiations involved in the symbol div 
(a) are performed and so the term involving the derivatives of the elements of 
J*, to which div (a){T(a)J*} reduces when div ( a)T{a ) = 0, is lost. The 
classical solution is furnished by the formulas 2 


1 + T/A _ /*V 
1 - T/B \lj J 


* A. E. H. Love, The mathematical theory of elasticity , p. 127. 
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* = « + ^ (c* + (to* — <rb s ), y = b + ab, z — c — ^ 

where P — —Ea/R y R being a constant (o* == Poisson’s ratio, E = Young’s 
modulus). Thus 


( 1 + <ra/R cb/R 

- ab/R 1 + ca/R 
c/R 0 

so that the three matrices obtained by differentiating, in turn, the columns of 
J* with respect to a are 







c 


dJ*\ 
da ) 3 


0 

0 


\-l/R 0 



The traces of the products of each of these matrices by T(a) should be zero; 
the first of these traces is P/R = — Ea/R 2 while the other two are zero. 

The Johns Hopkins University, 

Baltimore, Md. 
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G. F. CARRIER 

1. Introduction. Structures which are characterized by the fact that cer- 
tain time-independent loadings (surface tractions) produce a state of instability 
are frequently subjected to dynamic loadings which also may produce an in- 
stability. We shall be concerned with such structures in this paper, considering 
only dynamic loadings which lead to a stability problem as contrasted with the 
problem of forced vibrations. We shall distinguish between these problems as 
clearly as possible. While treating this question it is convenient to adopt a new 
point of view in dealing with the static stability problem, and to modify its mathe- 
matical formulation accordingly. The results gained by this approach are 
readily shown to parallel rather closely those of W. Prager [4]. 

2. Formulation of the stability problem. Nearly all structures for which the 
question of structural stability must be raised are characterized by the presence 
of a typical dimension (shell thickness, rod diameter, and so on) which is small 
compared to the other typical dimensions of the system. For such structures, it 
is always possible to determine a system of surface tractions such that the dis- 
placements can be considered as small in the sense customary in the theory of 
elasticity. 1 These assumptions imply, essentially, that if a system of surface 
tractions T% leads to a state of stress <r<,- and a displacement w,- , then X7\ should 
produce a stress X<7*/ and a deflection Xu s , for the range of X to be considered. 
Any system Ti which obeys this restriction will be called admissible , and the 
symbol T\ will be used to denote a particular admissible system of surface trac- 
tions. A simple example is furnished by a ring which assumes a noncircular 
shape under the influence of some surface traction T°. A radial pressure q with 
distribution q = X/p, where p is the radius of curvature in the pre-stressed con- 
figuration, satisfies our condition. 2 

We now define the dynamic stability problem. An elastic structure which is 
in equilibrium under the state of stress cr?y is subjected to surface tractions XT'* = 
T)A( t), where T) is defined in the foregoing and where A(t) is some function of 
the time. A certain state of deformation Xu] and a state of stress <r?/ + XcrJ/ 
result, which are both dependent on time. This state of stress and deformation 
may be found as the solution to a linear problem. For each value of X, certain 
transient oscillations may exist, depending on the initial conditions. For cer- 
tain ranges of X and certain functions A(t), these transients will not be stable; 

1 This is true even when the structure under consideration is already in a state of stress 

accompanied by large deformations. In this case, the quantities T it *■</, u f are the addi- 
tional traction , the change in stress, and the deflection from the pre-stressed equilibrium 
configuration. 

* The static stability of such a configuration is discussed in [1J. 
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that is, their amplitude will increase with time. When this occurs, the struc- 
ture is said to be dynamically unstable. A discussion of this instability is the 
purpose of the present paper, ^iscussions of two particular cases of this phe- 
nomenon may be found in the literature [1, 2, 3, 5]. Since transients may always 
exist, further specification is required to make the definitions of u ) and a\j 
unique. This is accomplished by requiring that the state Ac ri, , Aw) , which is. 
produced by the application of A T)A (<), be that for which <x!y , u ) are independent 
of A, The precise initial conditions to which this solution is related are unim- 
portant and cannot, in general, be given in a less implicit form. 

Let us now formulate the problem mathematically. We shall treat the quanti- 
ties an , a)j , u) as known, in view of the fact that they are not strictly a part of 
the stability investigation. We shall adopt the conventional tensor notations 
according to which repeated subscripts imply summation and a comma followed 
by a subscript i denotes differentiation with regard to the rectangular Cartesian 
coordinate Xi . The configuration associated with the state a\j is taken as the 
reference state and the Lagrangian manner of description will be adopted. 

Denoting the states of stress and deformation (with transients admitted) by 
&ij and Uj respectively, we have for the condition of dynamic equilibrium 

( 1 ) #</,• = pd 2 UjJdt 2 y 

(2) {&ijXk — &%&)),% = p(fikd 2 Uj/dt 2 —Xjd 2 u k /d?). 

When the force across an elementary surface dS is given by dji , we have 

(3) djj = cipiidS. 

In the original state and in the state 1 which excludes transients, we have 

(4) O’!/,* = 0, 

(5) (<AjXk *“ (T°ikX j),i = 0, 

( 6 ) dfj « d/miS, 

CO (<7ij + A<r},-),< = A pd 2 u)/dt 2 , 

(8) (<?{,■ + A <r}j)xi — (a a + A aL)x},i = p(xld 2 u)/dt 2 ~ x}d 2 ul/dt 2 ), 

(9) df) = (cr? , + \(r\j)nidS. 

We also note the following fact. If ?2y « u ) + u f , then 

(10) = Xj + u) + u y ; Xj , i = 5j i + u) , i + My, i . 

We may also break up <xt,- into the parts 

(11) &ij ** O’!/ + AcrJ J + T ij + Ti / + T,y. 

Here, t</ and r*y are, respectively, the symmetric and antisymmetric parts of the 
stress cn which are associated with the strain = (u iti + Uj ti )/2. The 
quantity is associated with the rotation tan = (u<, y — uy, *)/ 2. 
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We now follow the reasoning presented in detail in [4] and investigate the 
quantities r, r', r". It is clear that if a portion of the structure takes on a pure 
homogeneous strain cyy = Ui tj = Uj , < , the change in stress r + r' (since r* = 0 
in this case) arises in two ways. A symmetric change of stress ryy arises ac- 
cording to the generalized Hooke’s law 

*( 12 ) Tij = Cijutki . 

(Here Cijki is a fourth order tensor such that Ct*y« = Cjm = C»yi*.) As a rule, 
an anti-symmetric change of stress r<y will then be required to preserve the 
moment equilibrium. To find the expression for r,-y , we combine Equations 
(1), (2), (7), (8), (10) and (11) and obtain 3 

(13) Tij = — Tji = {(<rjfct + — ( CTkj 4* \crlj)€ik} /2. 

In order to determine r n we note that under a pure rotation co,y = u%j = — Uj,i , 
we have 

(14) dji = (8ij + wij)dfj = d/i + wi/d/y . 

Using Equations (3), (9), (11) and (14) we obtain 

(15) Tij = Wj k ((T 0 ik + Xtf!*). 

A combination of Equations (1), (7) and (11) now yields 

(16) [Tij + Tij + Tij],i = pd 2 Uj/dt \ 

With the boundary condition that + XT’} = Ti , that is, d/y = d/ ; , on 
the surface, we have 

(17) [Tij + Tij + Tij]Ui = 0. 

Equations (12), (13), and (15) provide the expressions for the stresses r, r', r" 
in terms of the known stress systems <7°y , <r}y , and the deflection Uj . Thus equa- 
tions (12), (13), (15), (16), and (17) imply a homogeneous differential equation 
in Uj and boundary conditions which will lead to the determination of the transi- 
ents and their stability or lack of stability. 

3. The variational formulation of the problem. In order to find the varia- 
tional formulation of the problem, it is essential that we look more closely into 
the nature of the stress system o)j. We may decompose this system into three 
distinct components: <r<y , on , on . These are completely analogous to the 
r, r', T n of the preceding discussion. Hence, when u\ t y = *{, -f , it follows 
that 

ri t * ( o l o l \ /o 10 

<r»y — &ij — \Giktkj <Tjk^ki)/^y 0 %j — — ^kj^ik* 

We now note that, if oij/on <<C 1 , no appreciable additional loading is obtained 
by the application of T) and hence no instability will occur unless the struc- 

3 In order to be consistent with our assumption of small displacements from the initial 
state we must disregard the terms of higher order. 
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ture is already unstable in the state c r?/ . Accordingly, a\j must have at least 
the same order of magnitude as a\j . On the other hand a'n is necessarily small 
compared to unity. Hence, the stresses a'n , a n are small as compared to 

~ c Uj ~ an . 4 To be consistent we must neglect an , a\\ as compared to an , 
since we superimpose displacements and make use generally of the linearity 
condition. However, an is symmetric and thus a\j must be treated as a sym- 
metric tensor. Using this fact we see that equations (16), (17) are the Euler 
equations and natural boundary conditions of the variational problem 

( 18 ) dj \C/ pqrt Gpq &rs 4 " ^pqi^r ,p^r ,q ^rp ^rq) p^dUj/dt) \dv dt = 0 , 

where X pq denotes a° PQ + \a pq . 

We thus formulated the dynamic stability problem in terms of a variational 
principle as well as in terms of a system of equations. Given the states of stress 
a°n and a)j , we now have only to solve either equations (16), (17) or (18) for u,\ 

A fairly obvious procedure for approximating such solutions is the following. 
We choose Uj in the form 

(19) Uj = Bj(xk)C(t) 

where Bj(xk) is an (intelligently) guessed function of the coordinates. The 
spatial integration of (18) followed by the variation of the remaining integral leads 
to an ordinary differential equation in C(t). In particular, if the time dependence 
of T } is sinusoidal, this equation for C(t) will be a Mathieu equation. For better 
accuracy, of course, one uses a linear combination of such functions and ob- 
tains, by a Rayleigh-Ritz procedure, a system of simultaneous equations for the 
time dependent coefficients of the spatial functions. 

4. The static stability problem. Before proceeding to demonstrate an appli- 
cation of the foregoing formulation of the dynamic stability problem, we shall 
consider the question of static stability. It is quite evident that each of the 
foregoing steps still applies when the loads and deflections are no longer time 
dependent. In that case all inertia terms vanish and our equations resemble 
closely those of W. Prager [4], We note that in this time-independent form these 
equations imply the existence of eigenvalues X and corresponding eigenfunctions 
Uj as contrasted with the “transients" arising in the dynamic problem. The 
following point of view must be adopted to solve a static stability problem. Let 
us suppose that the state of stress <r? 7 - produced by the loading T? is given. The 
following questions may then arise. 

(1) Is the given equilibrium configuration stable? 

(2) How can one define and measure the degree of stability? 

(3) What multiple y. of T\ will lead to instability? 

If the eigenvalue X associated with the given state a\j and the loading 2’} is 
zero, then the given configuration is unstable. If X > 0, the configuration is 


4 The symbol ~ should be read as “which is of order." 
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stable and X might be used as a rough “safety factor” (we imply that the loading 
T)j is so directed as to render the structure less stable). If T ? is not of the 
type T { , question (3) must be answered by a sequence of problems. We guess 
a multiple mi of T°i , compute the new <rjy and configuration, and find Xi as we 
found X. We proceed in this fashion, defining a sequence of m* = m(A*), until 
we find m( 0). This is the desired eigenvalue. 

For purposes of comparison we state the point of view adopted by W. Prager. 
Here, we multiply the stress cr$y by a constant X assuming no change in the con- 
figuration . When we solve for the eigenvalue X according to his equations [es- 
sentially our equations (16), (17), (18)], we may answer the three questions as 
follows. If X = 1.0, the system is unstable and the answer is rigorous in view of 
the fact that the assumed configuration is the correct one only if X = 1. If 
X > 1.0 the system is stable and X may be treated as a “safety factor”. Ques- 
tion three is answered by defining a sequence of problems (as before) such that 
X*->1.0. 

We note the following facts. If o\j is of the admissible type, the two points 
of view become identical and Prager’s X equals unity plus our X. For each linear 
problem solved in obtaining the answer to question (3), our method produces a 
loading T? + T\ which defines an unstable state of stress and the corresponding 
configuration. This may or may not be of interest, of course. 

5. An example. Let us apply the results of §2 to investigate the stability 
of a thin circular disc which is subjected to a uniform radial pressure. 5 Since 
this loading is of the type T\ , we may write 


Xcrjy = \A(t) 


1 

0 

0 


0 0 
1 0 
0 0 


to a sufficient degree of accuracy. In accordance with thin plate theory, we 
choose u z =*w(x y y) as the deflection of the neutral surface of the plate and write 


_ E(h 2 / 4 - i) 

(1 ~ ,*) 


Aw x , 


_ E(h 2 /4: - z 2 ) 
Tn ~ (l-„‘) 


Aw v , 


<013 — Wx , WJJ = W v , «is/ C023 <K 1. 

If we now let j = 3 in (16) and integrate over the thickness of the plate 
(—A/2 ^ z ^ A/2), we obtain 

Eh 2 

(20) 12(1 — v 2 ) (t)Aw — pd^w/d? . 


Here A is the Laplacian operator. 

When we consider the lowest mode of oscillation, w is readily seen to be of the 


‘We could as easily re-derive the known result for the column under dynamic end- 
thrust [2], 
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form w = g(t)Jo(ar) where <xr 0 is the smallest root of the equation Jo(jp) = 0 and 
where ro is the disc radius.® With abbreviated constants, (20) becomes 

(21) [ka — \aA (t)]g(t) = pd*g/dt 2 . 

Thus, the behavior of the function g(t) defines the stability of the disc under the 
given loading. Note that if A ( t ) is of the form (a + b cos a>£)> (20) is a Mathieu 
equation. A discussion of this equation which is relevant to the stability prob- 
lem may be found in [2]. 
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an application of the theory. 



STRESS-STRAIN RELATIONS FOR STRAIN HARDENING 
MATERIALS: DISCUSSION AND PROPOSED EXPERIMENTS 1 

BY 

D. C. DRUCKER 

A set of experiments is proposed which makes a sharp, easily measured dis- 
tinction between the present groups of mathematical theories of plasticity for 
strain hardening materials. The results will not only determine the relative 
validity of these theories but will also provide the basis for a better mathematical 
description of the mechanical behavior of materials. 

The basic experiments suggested for the strain hardening range are the rota- 
tion of the axes of principal stress without any change in the magnitude of the 
principal stresses. This can be accomplished by proper variation of tension, 
torsion, and internal pressure applied to a thin-walled tube. 

It is believed that physical reasoning applied to the description of the experi- 
ments alone shows that the commonly accepted theories of plastic deformation 
can not be valid in general and that, to a much smaller degree, there is a limit to 
the range of validity of the theories of plastic flow. However, only the experi- 
mental results can provide the true answer for each material. 

1 . Mathematical theories of plasticity. To demonstrate that rotation without 
change in stress magnitude is fundamental, it is desirable to review the two main 
groups of mathematical theories of plasticity for strain hardening materials 
which have been formulated on the basis of limited experimental results. They 
have been termed [4, 6] theories of plastic deformation and theories of plastic 
flow. The first (deformation) states that the components of strain are deter- 
mined completely by the existing components of stress and the second (flow) that 
the small increments in the components of strain depend upon the state of stress 
and the small increments in stress. Time effects which are important in many 
applications and for numerous materials are not taken into account in these 
mathematical formulations. This limitation is not removed in the following 
discussion. 

Neither type of theory claims generality even for simple states of stress, and 
each can be applied in a straightforward manner only when the material is loaded 
continuously or when loading is followed by a single unloading. For example, 
in simple tension, loading followed by unloading produces a load-elongation or a 
stress-strain curve as shown in Fig. 1. Subsequent reloading retraces most of 
the straight line CB so that the new stress-strain relationship is not the same as 
for the original loading AB. 

It is convenient and possibly necessary on physical grounds to consider the 

1 The conclusions presented in this paper were obtained in the course of research con- 
ducted under Contract N7onr-358 sponsored jointly by the Office of Naval Research and 
the Bureau of Ships. 
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components of elastic strain (recoverable) , and plastic strain (permanent), 
til separately. The total strain m is 

(1) € »; = €«•/ + €*7 . 


All-3 



Deformation theory. The often used relationship that octahedral shearing 
strain (either total or permanent) is a unique function of octahedral shearing 
stress is a special case of the general deformation theory. 

The usual assumptions of deformation theory are that (a) strain is uniquely 
determined by stress, (b) the material is isotropic so that the principal axes of 
stress coincide with the principal axes of permanent strain, 1 2 (c) the ratios of the 
principal strains will be constant if the ratios of the principal stresses are kept 
constant during the test, and (d) change in volume is a purely elastic phenome- 
non. Prager [8] has shown that, in accordance with these assumptions, the most 
general mathematical form of expression for the permanent strain when loading 
(only) takes place is 

( 2 ) tti = F(J , , Jl)[P(J, , J\) Sii + Q(Ji , Jl)J z U,\ 

where, with the usual summation convention for repeated subscripts: 

*J 2 = SijSji/2 is proportional to the square of the octahedral shearing stress. 

Jz = 8i]8jkSki/3 is the third order invariant of the stress deviation; / 2 is the 
second. 

Sij = <7,7 — 8&a is the stress deviation. 

8 = <7**73 is the average principal stress. 

<r, ,* is the stress. 

tij = SikSkj — 2/25*7/3 is the deviation of the square of the stress tensor. 

Flow theory. The flow theory is similar in form with the important distinction 
that differential changes are considered and €,7 is not determined by the final 

1 The permanent strains considered are small compared with unity but may be large 

compared with the elastic strains. 
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values of stress but depends upon the cumulative effect, that is, the path of 
loading. 

If the assumptions [2] are made that (a) the previous strain history is not 
important, (b) the changes in strain are determined uniquely by the state of 
stress and changes in stress, and (c) the principal axes of the permanent strain 
increments will coincide with the principal axes of the existing stress system, it 
follows that 

— \p(Jl > Jz)s ii + , Jz)Jl tij] dJ (J 2 , Jl) 

where the invariants of the stress deviation, J% and Jz , appear and the change 
in plastic strain depends upon the change in J 2 (or, equivalently, upon the 
change in the octahedral shearing stress) and the change in Jl . 

Comparison. Both types of theories can and should be made to predict that 
during unloading there is no change in the permanent strain and that during 
loading or unloading the elastic strains are functions of the stresses, for example, 
Hooke’s law for an isotropic material 

(4) Ee-j = (1 + p)8h + (1 - 2v)s8ij 

where E is Young’s modulus and v is Poisson’s ratio. 

Basically, the particular or the general formulations of the two groups of 
theories conflict mainly in their directional properties. Deformation theory pre- 
dicts coincidence of the axes of stress and strain, flow theory does not. They 
must, therefore, lead to different results in most cases including all except the 
simplest practical problems involving structural members or machine elements. 
However, they can be made to give the same answer when the directions of the 
principal stresses are kept constant and the ratios of the stress magnitudes 
remain fixed as loading proceeds, that is, if 

(5) a is = Ka*n , 

where o\j is any given state of stress and K is a scalar variable which starts at 
zero and increases continuously. 

Unfortunately, this special agreement between the two theories exists in almost 
all of the tests that have been performed to determine the plastic behavior of 
materials. Plots of octahedral shear stress against octahedral shear strain and 
also maximum shear stress against maximum shear strain correlate very well 
under these conditions of testing. However, there is little reason to suspect nor 
does it seem at all likely that a truly general relationship actually exists between 
these or similar quantities. 

2. Rotation of the axes of principal stress. The basic experiment to determine 
the validity of the theories is to change the directions of the axes of principal 
stress in the strain-hardening range without altering the magnitude of the stresses. 
Such a change has been termed a neutral change in stress [2]. It constitutes 

* The tests of Taylor and Quinney [9] which will be discussed later are actually not 
exactly of this type although they may seem to be on first inspection. 
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neither loading nor unloading in the general sense, because all the stress invari- 
ants (for example, the octahedral shear stress) remain the same. 

The predictions of the two theories are clearly distinct and entirely different. 
If the permanent strain depends upon the state of stress alone (isotropy is neces- 
sarily implied) the principal plastic strains must coincide in direction with the 
principal stresses at all times. Deformation theory therefore predicts that the 
permanent strain system will rotate with the principal stresses. On the other 
hand, the flow theory predicts no change in any component of permanent strain, 
dt a = 0 , because both the octahedral shear stress and Jz are constant, dJ = 0 , 
equation (3). 



Fig. 2. Tube under combined tension, torsion, and internal pressure 


For appreciable initial plastic strains and subsequent rotation about the inter- 
mediate, usually also about the smallest principal stress direction, the difference 
between these two predictions is so large that little precision of measurement is 
required to determine which theory is closer to the physical facts. 

It is of interest to note that previous [7] 4 suggestions for experimental work 
to distinguish between the theories actually depended fundamentally on the 
difference in prediction about the effect of rotation, but often were somewhat 
obscured by other changes taking place simultaneously. 

Physical reasoning suggests strongly that, for small rotations of the principal 
stress directions, the strain hardening which has previously taken place will pre- 
clude appreciable additional slip, and therefore the deformation type of theory 
cannot be correct. However, a 90° rotation will cause a high shear stress to act 
on a set of planes that are still weak and further slip may occur, that is, strain 
hardening is not isotropic and the flow theoiy is not complete. The preceding 
reasons are too close to hypotheses and the experiments must be carried out to 
determine what actually takes place. 

3. Proposed experiments. An experiment involving plastic strain cannot be 
interpreted easily unless the stress and strain are reasonably homogeneous. A 
thin tube under combined tension, torsion, and internal pressure is the only test 
specimen so far devised which permits a variety of approximately plane states 
of stress cr x , <j v , r xy (Fig. 2). However, compressive stresses are severely limited 
by the possibility of buckling, especially in the plastic range. 

The most striking and probably most significant test is the rotation, in the 
plastic range, of a state of uniaxial tension as shown in Fig. 3. The loading 


4 Further references are given in this paper. 
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schedule is obtained by gradually changing j3 in the expressions for the stress 
components 

(6) <r* = ^ | cos 2/3, <r, = | ? cos 2/3, r*, « | sin 2/3. 

Starting with ft = 0, that is, <r in the x direction, requires simply a gradual appli- 
cation of tensile force only to the tube until the tensile stress <r is reached. Then 



Fig. 3. Rotation of a uniaxial tension 


/3 is increased slowly which means decreasing the axial tension and adding internal 
pressure to give cr y and torque to give r xy . The torque increases to a maximum 
at jft = 45° and decreases to zero at 0 = 90°, reverses in direction increasing in 
magnitude to 0 = 135° and decreasing to zero again at 0 = 180°. The internal 
pressure can be made to produce circumferential stress alone [1] or the more 
usual boiler type of axial and circumferential stress. Circumferential alone is 
preferable in that & = 90° can then be obtained solely by internal pressure; other- 
wise an axial compressive force must be added to eliminate the axial tension. 

Strain indicating devices will measure the changes in both the elastic and per- 
manent strains and the two should be separated if an accurate theory is to be 
developed. However, when the permanent strain is, say, ten times the elastic, 
the distinction between the flow and deformation theories is so large that even 
this simple correction is not required. 

Any other state of plane stress is obtained by simply adding a two-dimensional 
all around tension in the surface of the tube to the a system. This requires 
added axial force and internal pressure only to give <r, = <r y = a', r xy = 0. The 
principal stresses in the surface are <r + a' in the direction of <r, that is, at /3 to 
the x axis, and <r' at right angles. Note that the plane “hydrostatic” case is not 
the same as true, three-dimensional, all around tension or compression which 
produces no change in permanent deformation. Here the third principal stress 
is zero and the added </ means an increase of <//2 in the maximum shear stress 
on the planes at 45° to the surface. 

Despite the fact that the possible states of stress [9] cover the entire range 
— 1 ;§ m =» +1 where m = 2(<r* — <r z )/ (<n — <r 3 ) — 1, they are not really complete 
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from the physical point of view because rotation is always about the direction 
of the smallest principal stress. It would be desirable, for example, to rotate a 
state of pure shear in the surface, but buckling difficulties prohibit this for thin 
tubes and lack of homogeneity of stress rules out thick tubes. 

The first series of tests for each material should be rotation of uniaxial tension 
at, say, three values of <r in the strain-hardening range each starting with an 
initially unstrained isotropic tube (see Taylor and Quinney test for isotropy [9]). 
It is recommended that 360° rotation be studied although 180° brings the state 
of stress back to its original position. In this way the effect of rotation can be 
used to correct partially for small creep and also for experimental variations. 

Several other questions must also be investigated. No matter how thin the 
tube wall, there will be some variation in stress and strain through the thickness 
[5]. The importance of this factor can be evaluated by starting some experi- 
ments with uniaxial tension in the circumferential direction, instead of the more 
natural axial direction, and then rotating. Another problem lies in the loading. 
Without a very elaborate set-up for continuous variation of <r x , cr y , r xy , the loads 
will be applied or removed in small steps and it will be necessary to determine 
the importance, if any, of the manner in which the steps are actually applied. 
This can be accomplished by exaggerating the steps in a few tests and also by 
running some tests in which cr is made to increase slightly at all times and others 
in which <r continuously decreases a slight amount. 

The next series of tests could be run at <r' = a or <n = 2tr 2 and possibly a third 
series at <r\ just slightly larger than cr 2 which will further check the importance of 
creep and the precision of the experiments. The rotation should have little 
effect in the third series because of isotropy in the surface. 

It should be emphasized again that the determination of the relative validity 
of the theories of plastic deformation and of plastic flow requires a very few 
experiments only, but that a good physical basis for a more complete theory 
needs both a great variety and repetition of test results. Only the test results 
can indicate how many series and repetitions are necessary. Also further studies 
involving loading after or during rotation, to provide a basis for a more general 
law of plasticity, cannot be outlined until the rotation information is carefully 
analyzed. 

However, it is interesting and important to note that if the prediction of the 
flow theory, that is, de’ij = 0, is reasonably close for rotations up to 45° then the 
work of Taylor and Quinney [9] may be used to supply much of the additional 
information. In their experiments, tubes were stretched plastically in axial 
tension, some or all of the tensile force was released and torque applied. They 
obtained a consistent interpretation of their results by considering only the 
added strains produced by the loading and ignoring the original tensile strain, 
that is, by adopting in a sense a flow theory point of view. Therefore, their con- 
clusions do not support the ordinary deformation theory as is so often assumed, 
but instead, what might be termed a flow-modified deformation theory. Further 
evidence in favor of such a modified deformation theory is given in detail by 
Hohenemser and Prager [3], 
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4. Conclusion. The rotation experiments will clearly distinguish between and 
determine the validity of the theories of the plastic behavior of strain-hardening 
materials. In addition, the results should prove extremely useful in providing 
a start for a more general theory of plasticity, should one be required, because 
any change in the state of stress can be considered as a change in the magnitude 
of the principal stresses plus a rotation of their directions. 
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THE EDGE EFFECT IN BENDING AND BUCKLING 
WITH LARGE DEFLECTIONS 


BY 

K. O. FRIEDRICHS 

While perhaps the majority of the talks given at this Symposium were con- 
cerned with non-linear problems in fluid dynamics, I should like to discuss a class 
of problems in the theory of non-linear elasticity concerned with bending and 
buckling of plates and shells subjected to loads which are so large that the linear 
theory of elasticity is no longer applicable. On the other hand, the deflections 
are not so large that the theory developed by Murnaghan must be applied be- 
cause the assumption that the strains remain small will still be maintained. 

This field of bending and buckling of plates and shells attracted considerable 
attention up to four or five years ago; the purpose of my talk is not to present 
new material but to try to revive interest in this field. There is a certain aspect 
of these problems which I think is particularly fascinating, namely the behavior 
of such bent and buckled plates near the edge, and I shall concentrate on this 
aspect. Strange phenomena at the boundary of bent plates and shells can always 
be expected if the thickness of the plate or shell is very small. It should be 
noticed that this is already the case when the theory of linear elasticity is appli- 
cable. There are, however, certain peculiarities of this “edge effect” which appar- 
ently occur only in non-linear problems. One can definitely say they are due to 
the non-linearity. Nevertheless, I should first like to make a few remarks con- 
cerning the edge effect in linear problems. 

The “edge effect” was first discovered by H. Reissner [6] in connection with 
the bending of shells on the basis of a linear theory. I prefer to discuss it in 
connection with a somewhat simpler problem. 

Consider a flat plate of thickness h which is subjected to a lateral load per unit 
area hf and also a tensile constant stress a in the plane of the plate. Its lateral 
.deflection w is characterized by a differential equation of the form 

(1) -yVVu> - trVV « f, 7 -2 = 12(1 - v), E = 1, 

and appropriate boundary conditions. Suppose the plate is very thin, that is, 
that h is very small. Then one is tempted to treat the problem approximately 
by setting h = 0 . Mathematically speaking that means one considers a set of 
problems depending upon the parameter h and asks whether the solutions ap- 
proach a solution of the problem when h is set equal. to zero. An obvious diffi- 
culty arises. The original differential equation is of the fourth order and 
accordingly two boundary conditions should be imposed at the edge. The 
limiting differential equation is only of the second order and consequently one 
condition only can be imposed for the solution of the limiting differential equa- 
tion. Assuming that it is true that the solutions for h s* 0 approach the solution 
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for h = 0 one would like to be able to characterize this limit function intrinsically 
as a solution of the limiting second order differential equation satisfying one 
proper boundary condition. The question then arises, which is this boundary 
condition or, in other words, which boundary condition got lost? There is a 
general rule which gives the answer to this question which has been completely 
established for ordinary differential equations by W. Wasow [8]. In the present 
case the rule shows that the boundary condition of the highest order of differentia- 
bility is lost. Suppose originally the plate was clamped so that the deflection w 
and the slope dw/dn were prescribed to be zero at the edge. Then the latter 
condition will be lost. The limiting function will not have a vanishing slope at 
the edge. It is then clear that the first derivatives of the solution for h ^ 0 
cannot converge uniformly up to and including the edge to the first derivatives 
of the limiting solution since these derivatives vanish for the solutions with h j* 
0, but not for the limit solution with h = 0. Asa matter of fact, the convergence 
is non-uniform at the edge and for small values of the thickness h there is a very 
narrow strip along the edge at which the slope of the deflection quickly changes 
over from the value zero prescribed at the edge to a value not differing much 
from that which the limiting solution assumes at the edge. This narrow strip 
corresponds to the boundary layer in the flow of a viscous fluid along an obstacle 
and it is frequently also called a boundary layer. 

For many purposes it is important to know just how this rapid transition 
across the narrow boundary layer takes place. This question can be answered 
in a manner similar to that employed in Prandtl’s boundary layer theory. 
Instead of the arc length s and the normal n, new independent variables hs 
and hn are introduced so that as h — * 0 the boundary layer is magnified and 
in the limit extends to infinity. The transformation is so chosen that in the 
limit the order of the differential equation does not reduce. If now w is con- 
sidered a function of hn and hs, a completely new limiting procedure results in 
which the convergence is uniform. The limiting differential equation problem 
is simpler since the domain is the half-plane. The only question this time is: 
what are the appropriate boundary conditions at infinity by which this limiting 
solution can be characterized? The answer is, roughly speaking, that the value 
of the quantity dw/dn at infinity is the same as that which the solution of the 
interior limit process, described before, assumes at the edge. 

This is an outline of the theory of the edge effect problems of bending in which 
linear elasticity is still applicable. The question arises whether the situation is 
not the same in non-linear problems. I want to show that in certain non- 
linear problems the situation is the same and in certain other problems it is quite 
different. 

Let us consider again a plate subjected to a lateral load and a tensile load in 
the plane of the plate applied at the edge. But now we no longer assume that 
the resulting deflection w is so small that the theory of linear elasticity is appli- 
cable but still we assume that the strains and slopes remain small. For that case 
von K&rm&n [4] has formulated the basic equations 
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(2) 7 2 A J V * W — IfiyyWxx + 2 IfxyWxy — <px X Wyy = /, V\j W ZI Wyy — w\y = 0 

in which ip is Airy’s stress function and hf is the lateral load per unit area. For 
simplicity let us assume that the plate is circular in shape and that the deflection 
has cylindrical symmetry depending only on the distance r from the center. It 
is then convenient to introduce instead of w the quantity 

(3) q = —r~ l w r 

proportional to the slope of the plate and further the radial stress component <r 
counted positive when it is a tension. The differential equations then can be 
reduced to the following form 

(4) 7 2 AV" ! (rV) r — aq = — // 2, 

( 5 ) T~\r\) r + <*72 = 0 . 

Two boundary conditions must now be imposed, one for q and one for a. We 
require that the plate is free at the edge in the sense that the bending moment 
vanishes at the edge: 

(6) rq T + (1 + v)q = 0, r = R. 

Secondly we prescribe the value of the radial stress <j at the edge 

(7) <r = a, r = R. 

We first consider the simple case that the edge stress a is prescribed to be zero 
while the load is different from zero, / ^ 0, and we want to find approximately 
the solution of the problem in case the thickness h is very small. It is then 
natural Bimply to set h = 0 in equation (4). From the resulting equation one 
can immediately express q in terms of a and insert in the equation (5). The 
resulting equation 

(8) + /78a 5 - 0 

can easily be solved numerically. This problem is analogous to a problem 
treated by Hencky. The question arises whether the solutions for small h 
actually approach the solution of the present problem for h = 0. There is little 
doubt that this is the case. Also there is little doubt that the lost boundary con- 
dition is condition (6) concerning the bending moment. Thus, for small values 
of h, there will be a narrow layer in which the bending moment changes quickly 
from the value zero at the edge to approximately the value which the solution of 
the limiting problem assumes at the edge, a value which, by the way, is infinite. 

There is another curious phenomenon met in this case due to the fact that the 
second term in equation (8) becomes infinite at the edge. The rate of change of 
the stress a also becomes infinite at the edge. Thus also the pressure undergoes 
a very quick change near the edge by (7). Experimentally this behavior could 
not be distinguished from a boundary layer but mathematically speaking it is a 
completely different affair. 

Now let us consider the case that the load hf vanishes and that the stress <r *= 
= — p at the edge is a compression. If the pressure p exceeds a certain value 
the plate buckles out and, if the thickness h of the plate is very small, this happens 
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already for a very small value of the edge pressure p. Again one would like to 
try to describe the buckled state of the plate approximately by simply setting 
h * 0 in (4). If one does, the result is the equation 

(9) aq = 0 

with the solution q = 0, whence from (5) a = const, follows. It is again natural 
to assume that the condition (6) concerning the bending moment is lost and that 
condition (7) remains valid. Condition (6), by the way, is satisfied automatically 
by the limiting solution. If now condition (7) were retained the limit solution 
would simply be that the constant stress a equals that which was prescribed at 
the edge. However, that is just not correct. The condition (7) concerning the 
edge stress is also lost in the limit and the correct limit solution does not satisfy 
it. The correct limiting solution is, as a matter of fact, the constant 

(10) cr = — .47p. 

Thus the limit process in this case is irregular and differs completely from what 
has been established to be generally true for corresponding limiting processes for 
linear equations. In the normal limiting process the direct limit function could 
be determined intrinsically and provide information which was needed to deter- 
mine the limit function of the process of stretching the boundary layer. Here, 
however, the situation is the reverse. It can be shown that the stretching of 
the boundary layer leads to a problem through which the boundary layer limiting 
solution is determined intrinsically and which provides information needed to 
determine the direct limit solution. This is the way the number —.47 was ob- 
tained. This reversal of the determinacy situation appears to be due to the 
non-linearity. 

This peculiar situation makes it quite imperative to establish the statements 
made by a rigorous mathematical proof, which has been supplied by Stoker and 
myself years ago [3], but in addition it makes one suspicious about similar situa- 
tions and one feels that even in casss in which one expects a regular limiting 
behavior a rigorous proof is called for. Thus for the problem mentioned before 
for the bending of a plate such a proof is under investigation. 

To determine approximately the solutions of these problems is not difficult 
once one knows their qualitative behavior. One may thus, for example, use a 
Rayleigh-Ritz procedure as has been proposed by von K&rman. However, 
unless one knows this asymptotic behavior beforehand such approximation 
methods might give quite erroneous results. 

A very famous problem for which an approximate solution can be given once 
the correct asymptotic behavior is properly conjectured is the following: a 
rectangular plate, simply supported along two sides, is subjected to a constant 
perpendicular displacement in the plane of the plate on the two other sides and 
then buckles out. To determine the deflection and the stress displacement for 
a very thin plate von Kdrmdn [4] has assumed that boundary layers occur along 
the simply supported sides outside of which the stresses are negligible. On the 
basis of that conjecture von K&rm&n gave easily an approximate expression for 
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the approximate stress. The width of the boundary is what he calls the effective 
width. 

Another problem in which one may expect that a boundary layer approach 
will give the solution is that of the buckling of a sphere which is subjected to a 
uniform compressive load from the outside. If this load exceeds a certain value 
the sphere will buckle. As von K&rm&n and Tsien have shown [5], even for 
loads at which the unbuckled sphere is still stable, there exist states of equilibrium 
possessing a lower potential energy than the unbuckled state and they have 
advanced the hypothesis that the shell, before reaching instability, will jump 
over into one of these states of equilibrium. In these states of equilibrium the 
linear theory of elasticity is no longer applicable and it is rather difficult to deter- 
mine them. Experimental evidence indicates that in the buckled state the shell 
develops one or perhaps several small dimples. If the thickness of the shell is 
very small, one is again tempted to try a limit process by letting h — » 0. One 
way of doing this would be to assume that as the thickness approaches zero the 
dimple contracts to a point and, accordingly, to magnify the neighborhood of 
this point by stretching it in proper relation to the thickness as it approaches 
zero. Thus the neighborhood of this point is stretched out into the full tangent 
plane at this point. In this way the mathematical formulation of the problem 
becomes much simpler and it then is amenable to a Rayleigh-Ritz procedure. 
Making a natural assumption about the shape of the dimple one obtains a numeri- 
cal value for the buckling load which agrees nicely with the experimental value. 
However, it turns out that one can make the potential energy still smaller by 
making various unnatural assumptions about the shape of the dimple and it is 
still an open question whether or not the problem can be attacked in this way 
[2]. I should mention, though, that Tsien [7] has emphasized the fact that one 
should distinguish between two problems, one in which the external pressure is 
prescribed and another in which the change of volume is prescribed. The latter 
problem corresponds even better than the first one to the actual experimental 
situation and it seems that Tsien’s treatment of the problem with prescribed 
volume change, in which he also makes use of the simplification by stretching, 
leads to a correct approximate result. 

Finally I should like to mention a problem in which the boundary effect is just 
due to the non-linearity. This interesting phenomenon was observed by Stoker 
and Bromberg [1J. The problem is concerned with the deformations of a section 
of a sphere in which bending is neglected from the outset. Such a shell is called 
a sheet. The deformation of a sheet may be described by a radial displacement 
w and a tangential displacement u. Instead of the latter, one may conveniently 
introduce the stress component a along a meridian curve. The differential 
equations of the problem are 

(11) RT\<r sin 6 wi)t + tan 0(<r sin 0) » + <r sin 0 = —Rf, 

(tan 0 sec 0(<r sin0)»)» — (1 + v tan* 6)<r 

+ R~ 1 { w tan* 0 + wt tan 0 + (2R) -1 u>#). 


( 12 ) 
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As boundary conditions we require that the radial and circumferential deflection 
displacements w and u vanish at the edge. These conditions can be seen to be 
equivalent to 

(13) w =* 0, 

(14) (<rsin0)# — y<rcos0 « 0. 

If now the applied load hf is zero the solution of the problem is easily seen to 
be w = 0, <t = 0. To obtain a representation of the solution for small loads hf 
one may divide the quantities w and o' by / and then let / — > 0. One observes 
that if w/f and cr/f are introduced in equations (11) and (12), the first term in the 
first equation and the last term in the last equation obtain the factor /. Thus 
these two terms drop out in the limit. Incidentally, the resulting limit equations 
are just those of the so-called membrane theory of shells. Evidently the differ- 
ential equation (11) which for / 0 is of the second order is now an equation of 

the first order and accordingly one must expect that the boundary condition for 
w is not satisfied by the limit solution. This is indeed the case for small values 
of /. There is a narrow layer along the edge across which the ratio w/f rapidly 
changes from the value zero at the edge to approximately the value the limit 
function assumes at the edge. It is interesting to note that the data of concrete 
actual problems just fall into the range for which the boundary layer is very 
narrow. We observe that the first term in equation (11) is quadratic in the two 
unknown quantities <r and w and thus it is seen that the loss of a boundary con- 
dition and the occurrence of a boundary layer is due to the non-linearity of the 
problem. 
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NUMERICAL METHODS IN THE SOLUTION OF PROBLEMS 
OF NON-LINEAR ELASTICITY 


BY 

WILFRED KAPLAN 

1. Form of the problem. If the stress-strain relations of a material are 
assumed to be non-linear and the differential operators are replaced by difference 
operators, then the equilibrium equations for the body considered become a sys- 
tem of n simultaneous non-linear equations in n unknowns: 

(1) fi(x i , • • • , x n ) = 0 (i = 1, • • • , n). 

In the linear case, these equations represent the conditions for the minimum of 
a function g(x \ , • • • , x n ), the/< being the components of the gradient of g. 1 

2. Methods of relaxation and gradients as special cases of a general procedure. 
A general method of obtaining the solution of (1) is to consider the corresponding 
ordinary differential equations 

(2) ^ = fi(x i , * • • , x n ) (i « 1, • * • , n). 

These “dynamic” equations have an equilibrium point determined by (1). In 
the linear case all solutions are asymptotic to this point; for sufficiently small 
non-linearity this must continue to be the case, and that assumption will be 
made. Thus the determination of one solution of (2) will be sufficient. 

The method of gradients amounts precisely to that. Because of the stability 
of the equilibrium point, one can further be satisfied with an approximate solu- 
tion, for example, a broken-line solution. If a minimizing function g is available, 
then, in determining the length of each step, one can use the function g itself, 
and proceed in the chosen direction as long as g continues to decrease. 2 

The method of relaxation can also be interpreted as a method for approximate 
solution of (2). In this case one starts at an arbitrary initial point (xj, • • • , x° n ) 
and determines which, positively or negatively directed, coordinate axis, say 
Xi , is closest in direction to the vector/, at the point, and proceeds some distance 
along that coordinate direction, perhaps until the “residual” /i equals 0. 

In either of these two methods, the evaluation of the non-linear part of the /< 
is lengthy, and, relying basically on a Picard successive approximation procedure, 
one usually reevaluates these only after several steps have been completed. 

3. A compromise method. The writer has been experimenting with a method 
of approximate integration of (2) which permits more flexibility between the two 
extremes of the relaxation method and the method of gradients. The vital 

1 Cf. R. Courant, Variational methods for the solution of problems of equilibrium and 
vibrations, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 1-23. 

* Cf. H. B. Curry, The method of steepest descent for non-linear minimization problems 
Quarterly of Applied Mathematics vol. 2 (1944) pp. 258-261. 
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question is the accuracy with which the vector /»• is approximated at each step. 
The cruder the approximation, the more rapid the individual steps but (in gen- 
eral) the slower the convergence to equilibrium. 

The basis of the new method is, first of all, a cubic lattice of mesh h in the 
XiX 2 • • * avspace, as in relaxation. An arbitrary initial point (xj , • • • , 3°) is 
chosen and the vector [fi , • • • , f n ] is evaluated at the point. The one of the 
vectors [«i , • • • , e n \ nearest in direction to f/i , • • • , / n ], where e { = =fcl or 0, 
is then determined, and (x? , • , x°) is replaced by the lattice point 

(x° + eih, • • • , x° n + eji) as next approximation. In two dimensions, this 
would amount to choosing the lattice direction within 22^° of the given vector, 
whereas the relaxation procedure would use 45°. The accuracy of the new 
procedure can be increased by allowing to vary over a larger range, while 
decreasing h\ for example, let e { = 0, dbl, ±2, with h reduced one-half. In the 
case of linear equations, the process of changing many x’s simultaneously can be 
greatly accelerated, for example, by use of punched cards. In the non-linear 
case, a similar remark applies if the usual procedure of correcting the non-linear 
terms only at intervals is used. 

4. An example. Suppose one is solving the problem V 4 F = 0, F = F (x, y ), 
on the square 0 ^ ^ 3, 0 ^ 2/ ^ 3, with boundary conditions as shown in 
Table 1. The problem is then to be solved by difference equations on the lattice 
with mesh 1 unit. There are thus four unknown values: xi == F(l, 2), 
x 2 = F( 2, 2), X3 = F( 1, 1), x 4 = F( 2, 1). These satisfy the linear equations 
a „x* = a , where, in matrix notation, 


22 

-8 

-8 

2 


2 

-8 

22 

2 

-8 

, II * || = 

31 

-8 

2 

22 

-8 


15 

2 

-8 

-8 

22 


14 


The exact solution is xi = 1.575, x 2 = 2.775, X3 = 1.975, x 4 = 2.675. 
The corresponding dynamic equations (2) are then 


dxi 

It 


Clia %a + C\ , 


i = 1, •“,4. 


The computation is simplified, as in the relaxation method, if one first determines 
the change in the derivative x t = dxi/dt corresponding to a unit change in 
each Xj . Here one has simply bn = — a t , . All changes in the derivatives can 
thus be read off the matrix of the a,, . 

If one starts at (x? , x \ , xl , xj) = (0, 0, 0, 0), then the computation is as shown 
in Table 2. The relaxation procedure can be summarized in a similar fashion, 
shown in Table 3. In this example the new method is clearly faster than relaxa- 
tion. However, considerable further experimentation is required to determine 
what is best in general. 
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Table 1 
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Table 2 
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LARGE DEFLECTION THEORY FOR RECTANGULAR PLATES 

BY 

SAMUEL LEVY 

1. Introduction. During flight, the metal covering or “skin” of modem 
aircraft is relied upon to carry a large proportion of the load on the airplane and, 
at the same time, to be aerodynamically “smooth” in order to prevent excessive 
drag. An analysis of thin plates by the large deflection theory is essential for a 
fundamental understanding of the load-carrying capacity and strength after 
buckling of this metal skin. 

The skin is generally divided into rectangular fields by the stiffeners, ribs, 
bulkheads or other structural members. Each field can be considered as a 
rectangular elastic plate supported along the edges and subjected to edge loads 
and normal loads. These loads approximate the loads imposed on the aircraft 
structure during various critical flight conditions. The analysis of such loaded 
plates is complicated by the fact that the deflections of the plate may be com- 
parable in magnitude with the plate thickness. In such cases Kirchhoff’s linear 
plate theory may yield results that are considerably in error and a more rigorous 
theory that takes account of deformations in the middle surface should be applied. 

The fundamental non-linear large deflection equations for the more exact 
theory were derived by von K&rm&n about 35 years ago. A procedure for solv- 
ing these equations has been worked out at the National Bureau of Standards 
for the National Advisory Committee for Aeronautics. This paper presents this 
procedure and some of the results obtained by using it. 

2. Fundamental equations. 

2.1. Symbols. An initially flat rectangular plate of uniform thickness will 
be considered. The symbols have the following significance: 

a plate length in ^-direction 

b plate length in ^-direction 

h plate thickness 

x , y coordinate axes with origin at corner of plate 
w vertical displacement of points of the middle surface 
p lateral pressure 
F the Airy stress function 

E Young’s modulus 

p Poisson’s ratio 

D — Eh z /12 (1 — /a 2 ), flexural rigidity of plate 
Subscripts m, n, p, q , r, $ represent integers. 

2.2. Plate equations. Von K&rm&n ’s equations for the deflection w and Airy’s 
stress function F for thin flat plates are [9, p. 323]: 
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(21 d 4 10 , - w , d 4 10 P i h / d 2 F d 2 V) , d 2 F d* w F d 2 W \ 

dx 4 dx 2 dy 2 dy* D D\dy 2 dx 2 dx 2 dy 2 dxdydxdy/ 

2.3. Boundary conditions . A solution of von K&rm&n’s equations is required 
for a variety of boundary conditions at the four edges of the plates. These 
boundary conditions depend on the degree of fixity at the edges of the plate and 
on the loads applied to those edges when the plate is considered a part of the 
structure of the airplane. 

There are boundary conditions for both the lateral displacement w and the 
stress function F. 

Simply supported edges. In this case both the deflections and the bending 
moments along the edges are zero, or 



{iv)x mm Q,a 0, 

(to)y _ 0,b 0, 

(3) 

(&L. - 

(&) -0. 

\dy i /y— 0,6 

Built-in edges. In this case both the 
zero, or 

deflections and slopes along the edges are 


('U))x « o,a — 

(w) V - 0,6 = 0, 

(4) 

(r) - »• 

\dx JzmmO ,a 

(r) - «■ 

\dy /y«0.6 

Straight edges. If the elongation of the plate is S x in the x-direction and 8 V 
in the ^-direction, and if the edges of the plate are straight, then 8 X and 8 y must 
be independent of the position along the length or width at which they are meas- 
ured, or 

r [i (d*F av 
Jo [_£ W M dx 2 , 

(5) 

) - \ (S’) ] * - 

r b [i(d 2 F 

Jo \_E \ dx 2 M dy 1 ) 


Loads on the edges. If the load in the plane of the plate is P x in the x-direction 
and P v in the ^-direction, 

, r f d F\ 

(6) A r - 

W^y/u-b 




3. General solution. A general solution of the plate equations (1) and (2) 
in terms of trigonometric series was suggested by the experimentally observed 
deflected shape of plates under load. This solution is developed in [1]. 
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3.1. Lateral deflection. The lateral deflection was taken in [1] as 

(!) 

tn— 1 n—1 CL 0 

Equation (7) satisfied the boundary conditions (3) for simply-supported edges 
automatically. In [3] it is shown that equation (7) will also satisfy the boundary 
conditions, equations (4), for built-in edges if the coefficients w mn satisfy the equa- 
tions 


( 8 ) 


QO 

Z mw mn = 0, Z (-l) m rnw mn = 0, 


m— 1 


H nw mn = 0, 2 (“1 YnWmn = 0. 


3.2. Lateral pressure. The lateral pressure p distributed over the surface of 
the plate was considered to consist of two parts p' and p". The part p" corre- 
sponded with lateral pressures near the edges of the plate whose purpose was to 
apply edge moments in those cases where the edges were built-in. The part p' 
corresponded with the given pressure distribution on all parts of the plate except 
the boundary. 

The pressure p was expressed as a Fourier series, 


(9) 


E v . rrnrx . niry 
2 L, Pmn sin sin -=-£ 

to— 1 n —1 a 0 


where 


(^ a ) Pmn ~ q mn + Qmn- 

The coefficients q mn were determined from the given pressure distribution p' by: 

(10) qLn = i [ [ p' sin sin dx dy. 

ab Jo Jo a b 

The coefficients q^ n were determined from the pressure distribution p" near the 
edges of the plate by a method similar to that in [3]. It was found that: 

(11) qL = n[kL - (-1 rC] + m[t' n - (~1)X] 

where the edge moments were positive if they deflected the plate positively and 
were given by: 

«r- km sin , along edge y =0, 

m— i a 


( 12 ) 


O0 


b 

££ 2tt 
2 


Z o . ft . rrnrx 
n km sin , 


E a j . mry 
— t n am , 

n—1 &TT 0 

oo 2 

Z a jt . mry 

— t n am 

n— l &TT 0 


along edge y = 6, 
along edge x = 0, 


along edge x = a. 
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3.3. Airy stress function F. In order to satisfy equation (1) and boundary 
condition equation (6), F was taken as: 


(13) 


P*l 

2bh 


+ S + IZ/. 

MU m-0 n-0 


vitx nwy 

mn COS COS . 

a b 


Substituting equations (13) and (7) simultaneously into equation (1), and equat- 
ing coefficients of like trigonometric terms on the two sides of the equation, re- 
sults in the relation between the coefficients f nn and w mn given in [1]. This rela- 
tion can be simplified to: 

( 14 ) /-»» = 4(m 5 6/a + n'a/bf 


where: 

(1) The summation includes all products w r , w pg for which m is equal to either 
the sum or difference of r and p, and for which n is equal to either the sum or dif- 
ference of 8 and q . 

(2) The coefficient b repq is given by: 

(14a) b rtpq = 2 rspq db (r 2 q + s 2 p 2 ) 


where the sign before the parenthesis is positive if m is the sum of r and p, and 
n is the difference of s and q\ or if m is the difference of r and p, and n is the sum 
of 8 and q . It is negative otherwise. 

An example of the use of equation (14) for the case of a square plate (a = b) is 


(14b) /*, 4 - 


E 

1600 


(— 4tt>i,iWi f 3 + 36 ix;i,i^3,3 + 36101,1101.5 + 64101,2101,6 • • •)• 


3.4. Equilibrium equation . It remains to show the necessary relation between 
the coefficients i0 mn , equation (7), p mn , equation (9), and f mn , equation (14). 
Substituting equations (7), (9), and (13) simultaneously into the lateral equi- 
librium equation, equation (2), and equating coefficients of like trigonometric 
terms on the two sides of the equation results in the relation given in equation 
(9) of [1]. This relation can be simplified to: 


(15) 


Dw„ 


4 /m 2 n 2 \ 2 

■' U t+ w 


+ PxW„ 


2 2 
m t 


, D n 2 7T 2 . /&7T 4 V j i- 

+ PyWmn ^ drapqfrsWp 


where: 

(1) The summation includes all products f r $Wpq for which m is equal to either 
the sum or difference of r and p, and for which n is equal to either the sum or 
difference of s and q. 

(2) The coefficients d r8pq are given by: 

(15a) dr» P q — ± ( rq ± spf if r ^ 0, s ^ 0 
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and are twice this value if either r or s is zero. The signs in equation (15a) are 
determined by the following rules: The first sign is positive if either r — p = m 
or if s — q = n but not if both conditions are true. It is negative in all other 
cases. The second sign is positive if m is the sum of r and p, and n is the dif- 
ference of « and g; or if m is the difference of r and p, and n is the sum of 8 and 
q. It is negative otherwise. 

An example of the use of equation (15) for the case m = 1, « = 3 is: 

P ..3 = Dwijir* Q, + + PxWui ^ + P.wu ^ 

(15b) hr* 

+ (~8/o.itcj,i — 8/o,2i0i,s + IOO/2.4 «>».i — 64 / 2 .*ic*,i + •••)• 


3.5. Straight edges. The boundary condition for straight edges, equation (5), 
can be shown to be satisfied by the chosen expressions for F and w by substituting 
equations (7) and (13) into equations (5), and performing the indicated differen- 
tiation and integration. After considerable simplification, requiring the use of 
relation (14), it is found that the edges x — 0 and x — a separate by an amount 


EE irfwmn, 

oa m-I n -1 


while the edges y = 0 and y = b separate by an amount 


P*,Pyb 
M hE^ ahE 


X 'll rfwl, 

oO m- 1 n-1 


Since the right-hand sides of equations (16a) and (16b) are independent of x 
and y> the boundary conditions for straight edges are satisfied. 

3.6. Finite set of equations . Equations (8), (14), and (15) each represent infinite 
sets of equations. An exact solution of a given problem should satisfy all of these 
equations. A good approximate solution can, however, be obtained by assuming 
that only a limited number of the w m » coefficients differ from zero and that, of 
these, only a few will have large enough values so that they cannot be neglected 
where cubic products occur. 

The accuracy of any given solution can be judged by observing the change in 
the answer as the number of w mn coefficients is gradually increased. In one case 
[1] a single term was found to give answers accurate to three significant figures. 
To obtain answers accurate to three significant figures in another case [3], it was 
necessary to consider 36 w mn coefficients different from zero of which 6 were large 
enough so that their cubic products could not be neglected. 

3.7. Combination of equations . In any given problem the unknown coefficients 
tOtnn yfmn and, in the case of clamped edges, k' m ,k'n ,f»,f» .must be determined from 
the given loading and boundary conditions. A sufficient number of simultaneous 
equations (equations (15), (14), and (8) respectively) are available for such a 
solution. The work required to obtain a solution, however, can be considerably 
reduced if the equations are first combined. 
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One such combination is to substitute the value of / mn obtained from equation 
(14) into the equations determined from equation (15) as is done in [1]. When 
this is done, there results a set of simultaneous equations involving cubic products 
of the w mn coefficients. In the case of simply-supported edges where fcm > fcm , 
t' n ,t'n are zero, a solution is obtained by solving these equations as described in 
the next section. 

For the case of plates with clamped edges where k' m , kZ , t* , and t' n are not zero, 
an additional useful combination of equations can be made (see [3]). First 
rearrange the cubic equations of the preceding paragraph so that the linear w mn 
term is on the left side and all the remaining terms are on the right. Then sub- 
stitute those equations for the w mn terms in equations (8). The result will be a 
set of equations involving the hL , fc™ ,t' n , and t" coefficients linearly and the w mn 
coefficients as cubic products. In combining these equations, it should be noted 
that, although it is usually sufficient to include the cubic terms involving only 
the more important deflection coefficients w mn , it is necessary to include the 
linear w mn terms from a large number of equations in order to get good accuracy. 

3.8. Solving simultaneous cubic equations. The combinations of equations 
just described result in a set of simultaneous cubic equations which must be 
solved to obtain the stress distribution and deflection of the plate. Various 
methods have been suggested in the literature from time to time for solving such 
equations. The one found adequate for the problems investigated by the author 
is essentially Newton’s method and was carried out as follows: 

The cubic equations were expanded in a Taylor series in the neighborhood of 
an estimated solution omitting terms in the Taylor series of higher order than 
the first. The resulting linear equations were solved for the first order correc- 
tion to the estimated solution, using Crout’s method, and the process was re- 
peated if necessary. One or two repetitions were usually sufficient. 

3.9. Convergence. The convergence of the solution is assured by the rapid 
increase in the coefficients d r > pq (15a) and b r , pq (14a) as r, s, p, and q increase. 
Some question can be raised in the case of plates with clamped edges since qi n , 
equation (11), also increases with m and n. The results obtained indicate that 
convergence is obtained in spite of this, probably due to the fact that the coef- 
ficients q mn increase so much more slowly than the coefficients d r * pq and b r » pq . 

3.10. Multiple solutions — stability. The non-linear character of plate problems 
makes possible, under certain loading conditions, more than one stable solution. 
The plate can, in such cases, “oil-can” from one stable configuration to another. 
In the case of plates subjected to both lateral pressure and edge compression, as 
the load is gradually increased, a load may be reached at which a given configura- 
tion of the plate will cease to be stable and the plate will “snap” to a different 
configuration. This stability problem, although it is not clearly understood, 
depends upon whether the edge compression or the over-all shortening is taken 
as the independent variable of the problem. The physical equivalent of the 
mathematical use of the edge compression as independent variable is loading in 
a dead-weight testing machine, while the physical equivalent of the mathematical 
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use of over-all shortening as independent variable is approached in conventional 
hydraulic and screw-type testing machines. A thorough discussion of this is 
given by Tsien in [10]. 

4. Results. The method presented in the previous section for solving von 
K&rm&n’s equations for the behavior of plates under normal pressure and load 
in the plane of the plate has been applied to the solution of a variety of prob- 



Pressure ratio, pay Eh 4 

Fig. 1. Deflection coefficients for a square plate under uniform normal pressure; edge 
compression = 0 ; = 0.316. 

lems. These solutions have been presented in detail in reports of the National 
Advisory Committee for Aeronautics. They will be summarized in the follow- 
ing sections to give an indication of the scope of the method and to show where 
additional work is needed in determining the solutions to specific problems. 

4.1. Plates under uniform normal 'pressure . 4.1.1. Simply-supported square 
plate , edge tension zero. The following results for a square plate under uniform 
normal pressure are taken from [1]. Poisson’s ratio is taken as 0.316. The edge 
tensions P x in the x-direction and P y in the y-direction are zero. The uniform 
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normal pressure is p. The length of the plate edge is o, and the thickness of the 
plate is h. The computed values of the deflection coefflcients, w mn , and of the 
center deflection, w xaUt , are given in dimensionless form in Fig. 1 which corre- 
sponds with Fig. 7 of [1]. It is seen from Fig. 1 that for center deflections greater 
than about one-half plate thickness the relation between center deflection and 
pressure becomes non-linear. It is also seen that the w mn coefficients decrease 



rapidly with an increase in either m or n. For example at the highest pressure 
considered, p = mEh'/a*, w ltl = 4.000A, w l>3 = 0.282/i = w 3 . i , w> 3 , 3 = 0. 1 16 h, 
and wi, t = 0.0236/i = w 5>1 . 

4.1.2. Simply-supported, square plate, edge displacment zero. The following 
results for a square plate under uniform normal pressure are also taken from [1]. 
Poisson’s ratio is 0.316. The elongations of the plate in the x and y directions 
given by equation (5) are taken as zero. The computed values of the deflection 
coefficients, w mn , and of the center deflection, w center , are given in dimensionless 
form in Fig. 2 which corresponds with Fig. 11 of [1], In this case it is seen that 
the center deflection-pressure relation becomes non-linear even earlier than was 
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found to be the case in the previous example where the edge compression was 
taken as zero. At wwter = 0.3 h non-linearity is already present. 

Convergence for this case is seen to be rapid, just as for the preceding case. 
At the highest pressure considered, p = 278.5 Eh A /a\ wi tl * 2.000A, ^i , 3 » 
0.0978A = Wz , i , Wz , 3 = 0.0193A, and Wi ib = 0.0109A = w 6tX . 

Comparison of Figs. 1 and 2 shows that preventing the edges from pulling in 
causes a substantial increase in the stiffness of the plate in the large deflection 



Fig. 3. Center deflection of square plate with clamped edges under uniform norma 
pressure; — 0.316 

range. For example, in Fig. 1 to obtain a center deflection of 1 . 5 A requires only 
a pressure p = 65 Eh / a 4 , while in Fig. 2 to obtain a center deflection of 1 . 5 A re- 
quires a pressure p = 157£% 4 /a 4 , or about 2.4 times as much pressure. 

4.1.3. Clamped square plate. The following results for a clamped square 
plate under uniform normal pressure are taken from [ 3 ], Poisson’s ratio is 
0.316. The computed value of the center deflection is given in dimensionless 
form in Fig. 3 as a function of the pressure. Non-linearity in this case begins at 
a center deflection of about 0.3 h. Some idea of the rate of convergence can be 
obtained by considering the values of the deflection coefficients at the highest 
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pressure considered, p = 402 Eh* /a*. At this pressure, Wi,i = 1.800ft, w y ,t = 
—0.0854ft — Wt, i ,wt,t — 0.0139ft, w \ , 6 = —0.0681ft = w 6 ,i , and so on. Com- 
parison with the previous cases shows that the convergence is almost as rapid at 
high pressure as for the plates with simply-supported edges. Solutions of 
clamped edge plate problems might, therefore, be expected to be as easy as those 
for simply-supported edges if it were not for the additional simultaneous cubic 



Fig. 4. Center deflection of clamped rectangular plate with length-width ratio of 1.5 
under uniform normal pressure; p «=* 0.316, width of plate = p 

equations which must be solved to determine the unknown edge moment co- 
efficients. 

It is also of interest to observe the rate of convergence of the edge moment 
coefficients given in equation (12). Presenting the results of [3] in the notation 
of the present paper, we find, at the highest pressure considered, p = 402£7i 4 /g 4 , 
k[ = k" = t[ = t" = — 70.0i?ft 4 /a 4 , ft,' = k» = < 3 ' = t» = 0.65Eft 4 /a, and so on. 
It is apparent that the coefficients decrease fairly rapidly as the order of the term 
increases. 
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4.1.4 Clamped rectangular plate. The following results for a clamped rec- 
tangular plate, length-width ratio 1.5 to 1, are taken from [6], The plate is 
loaded by a uniform normal pressure p. Poisson’s ratio is taken as 0.316. The 
computed center deflection is given in dimensionless form in Fig. 4 as a function 
of pressure. Non-linearity again begins at a center deflection of about 0.3h. 
Jn- this case, the convergence of the deflection coefficients is about as fast as that 
for the square plate discussed in the previous section. At a pressure p =■ 
282 Eh*/a\ w ltl = 2.000A, Wi,z = 0.075 h, to s ,i = -0.149A, w i% i - — 0.073A, 
W\,t — — 0.064A, wz , 8 — 0.003/i, and so on. The convergence of the edge mo- 



E-nd compression ratio, "F^a/llh 3 

Fia. 5. Deflection coefficients for a simply-supported square plate under edge com- 
pression; n — 0.316 


ment coefficients of equation (12) is also fairly rapid. At p = 282Eh*/a*, 
t'i = t" = —69.0 Eh*/a\ k[ = h" = -24.0 Eh'/a*, tz = t'z = -4.7 Eh'/a*, kl = 
k'z = O.QEh^/a*, and so on. 

4.2. Plates under edge compression in one direction. 4.2.1. Simply-supported 
square plate. The following results taken from [1] apply to simply-supported 
square plates loaded by edge compression in one direction only. Poisson’s ratio 
is taken as 0.316. The normal pressure p and the edge compression — P y in 
the j/-direction are zero. The edge compression in the ^-direction is —P x . The 
length of the plate edge is a, and the thickness of the plate is h. The computed 
values of the deflection coefficients, w mn , and of the center deflection, uwter , 
are given in dimensionless form in Fig. 5 which corresponds with Fig. 2 of [1]. 
It is seen from Fig. 5 that the center deflection is a non-linear function of the 
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edge compression from the start of buckling. It is also seen that the w mn co- 
efficients decrease rapidly with an increase in either m or n. 

4.2.2. Reclanglar plate clamped along two edges. The following results, taken 
from [7], apply to rectangular plates having a length ratio for the two edges of 1 
to 1.5. The length of the longer edges is b. The shorter edges are considered 
clamped and the longer edges simply-supported. The shorter edges are taken 



End compression ratio, 


-Sb/Eh* 


Fig. 6. Deflection coefficients for a long rectangular plate under edge compression. 
Loaded edges simply-supported, other edges clamped; n « 0.316 


in the x-direction. The normal pressure p and the edge tension in the y-direc- 
tion, P v , are taken as zero. The edge compression in the ^-direction is — P x . 
The computed values of the deflection coefficients, w mn , and of the center deflec- 
tion, ^center , are given in dimensionless form in Fig. 6 which corresponds with 
Fig. 3 of [7]. Again, the center deflection is a non-linear function of the edge 
compression from the start of buckling and the w mn coefficients decrease rapidly 
with an increase in either m or n. 

4.3. Plates under combined load , plates under shear , and plates having initial 
curvature . Additional solutions of plate problems by the methods presented in 
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this paper or by minor modifications of these methods are presented in [1] and 
in [5, 11, 4, 8, 2]. 

The case of combined uniform normal pressure and edge compression in one 
direction is treated in [1] for a square simply-supported plate and for a rectangular 
(3 to 1) simply-supported plate. The same combined loading is considered in 
more detail for a rectangular (4 to 1) plate with simply-supported edges [5] and 
with clamped edges [11]. The results obtained showed that the non-linearities 
which occurred were much more pronounced for combined loading than they 
were for a single loading. 

The cases of simply -supported plates under shear are treated in [4] and [8]. 
[4] presents results for a shear web divided into square plates by the reinforcing 
struts; while, [8] presents similar results for a shear web divided into rectangular 
(2.5 to 1) plates by the reinforcing struts. 

An extension of the methods of the present paper to plates having a moderate 
amount of initial curvature to form a cylindrical surface is presented in [2]. 
Numerical results are presented for plates whose initial shape is that of a circular 
cylinder. The loading is taken as an edge compression in the direction of the 
generators. In these solutions, just as for the solutions for plates under combined 
normal pressure and edge compression, the non-linearities were extreme. 

5. Recommendations for additional investigation. Proof of the validity of 
some of the mathematical methods used in this paper has not been given. Al- 
though results obtained by the method are in agreement with past experience, in 
order to put the method on a sound footing, it would be desirable to clarify the 
following: 

(1) The pressure distribution in equations (9) and (11), which replaces the 
edge moments in the case of clamped edge plates, has coefficients q” n which in- 
crease indefinitely as m or n increases. This nonconvergent pressure distribution 
is used as though it were convergent and the resulting values of w mn appear to 
converge. It would be desirable to prove that the values of w mn must converge. 

(2) Because of the non-linearity of the equations, more than one solution can 
sometimes be found. A criterion by which one could determine whether a given 
solution corresponds to stable or unstable equilibrium would be of value in 
buckling problems. 

Additional investigation to extend the numerical results already available 
would be useful. It would be particularly desirable to extend the results for 
plates under normal pressure to include a few additional length to width ratios 
for simply-supported plates and to consider simply -supported plates under com- 
bined axial stress in both the x and y directions. 
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DISCONTINUOUS SOLUTIONS IN THE THEORY OF PLASTICITY 1 

BY 

WILLIAM PRAGER 

According to Saint Venant’s theory of plasticity the stress- distribution becomes 
statically determinate when the plastic medium is in a state of plane flow under 
the action of given boundary stresses. These statically determinate problems of 
plasticity have formed the subject of many investigations. 



The partial differential equations which govern these statically determinate 
stress distributions allow discontinuities of the first derivatives of the stress 
components across the lines of maximum shearing stress (characteristics). Since 
these discontinuities obviously correspond to the “sonic discontinuities” in 
the dynamics of compressible fluids, it seems natural to look for the analogue, 
in plasticity, of the stronger discontinuities (shock fronts, contact surfaces) en- 
countered in the dynamics of compressible fluids. 

That such stronger discontinuities are indeed possible in plasticity can be 
shown as follows. Let N and T denote the normal and tangential stress trans- 
mitted across a cylindrical discontinuity surface S at a generic point P of this 
surface. Equilibrium at P requires continuity of N and T across the surface of 
discontinuity. It can be shown that the necessary continuity of the velocity 
components does not furnish any additional continuity condition for the stress 
components. The normal stress N' transmitted across a surface element which 
is parallel to the generators of S, but normal to S, may therefore be discontinu- 
ous. Since the stress components must satisfy the yield condition 

1 The full paper appeared in the R. Courant Anniversary Volume, Interscience Pub- 
lishers, 1948. The results presented in this paper were obtained in the course of research 
conducted under Contract N7onr-358 sponsored jointly by the Office of Naval Research 
and the Bureau of Ships. 
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(N - N'f + 4 T 2 = 4ifc s 

( k = yield stress in pure shear) on both sides of S, we have 

N' = N ± 2(fc 2 - T 2 ) 1 ' 2 . 

The stress component N' can therefore jump by ±4(/c 2 — T s ) 1/2 as onejpasses 
from one side of 5 to the other. 



The following example indicates that discontinuities of this kind are bound to 
arise in certain two-dimensional problems of plasticity. Fig. 1 shows the well 
known pattern of shear lines for a wedge AOA' which is subject to uniformly 
distributed normal pressure pk along the portion AO of one of its sides. The 
pressure necessary to produce the plastic zone OABB'A ' corresponds to 

V = 2 + 4/3 - 7T, 

where 2/3 is the wedge angle. The isosceles right triangles AOB and A' OB' are 
regions of constant state. This continuous pattern of shear lines occurs only if 
/3 > 7 t/ 4. For p < 7r/4 the isosceles right triangles AOB and A'OB' would over- 
lap, and this is obviously not admissible. For P < ir/4 the regions of constant 
state adjacent to AO and A'O, respectively, are therefore separated by a dis- 
continuity surface. It is found that this discontinuity surface bisects the wedge 
angle (Fig. 2). 

Brown Univebsitt, 

Providence, R. I. 




ON FINITE DEFLECTIONS OF CIRCULAR PLATES 

BY 

ERIC REISSNER 

1. Introduction. In this note we consider the problem of rotationally sym- 
metric deformations of thin, circular, elastic plates. We assume small strains 
but make no restrictions with regard to the magnitude of displacements and 
slopes. Our problem is thus more general than would follow from the known 
theory of plates with small finite deflections where it is assumed that the squares 
of the slope of the deflected middle surface are of the same order of magnitude 
as the elastic strains. 1 

Due to the deformation the circular plate becomes a shell of revolution. 
Consequently our developments are similar in many respects to the method 
which H. Reissner [6] has given for the analysis of spherical shells and which E. 
Meissner [5] has shown to be applicable to general shells of revolution. 

In what follows we obtain a system of two simultaneous differential equations 
for the slope <t> of the deflected middle surface and for the horizontal stress re- 
sultant H of the deflected plate. If triple and higher order products of <j> and H 
are omitted and simple products are retained our equations reduce to those which 
have formed the basis of the earlier work on small finite deflections of circular 
plates by Hencky, Federhofer, Nadai, Prescott, Way, and Friedrichs and Stoker 

ra- 
in analogy to the situation in the small deflections theory of shells of revolution 
we have for the circular plate subjected to edge loads and edge moments the 
possibility of boundary layer effects [2]. By boundaiy layer effect (or edge ef- 
fect) is meant the fact that a significant redistribution of the edge stresses occurs 
in a zone adjacent to the boundary, the width of this zone being small compared 
with the radius of the plate. In the present paper we obtain a system of equa- 
tions for this effect, which generalizes the result of Friedrichs and Stoker [2] for 
the case of small finite deformations to the case of arbitrarily large deformations 
(which are compatible with small strains if the plate is sufficiently thin). 

The boundary layer equations of this paper may be solved by the same series 
method which was used by Friedrichs and Stoker in their work [2]. Solutions 
of specific problems on the basis of the present result will be given in a subsequent 
paper. 

2. Geometry and strains of the deflected plate. We choose as coordinates 
on the deflected middle surface of the plate the quantities r and 0 where r is the 

1 It appears that this theory has first been formulated by G. Kirchhoff [4], essentially in 
the form of three simultaneous differential equations for the components u, v, w of the dis- 
placements of the middle surface of the plate. Instead of three equations for w, t>, and xp 
it is possible (in problems in which d/dt *= 0) to obtain two simultaneous equations for w 
and Airy’s stress function F. This formulation of the theory has been given by Th. von 
KdrmAn [3]. 
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distance from the axis of revolution of a point on the deflected middle surface 
before deformation and where 6 is the circumferential angle. A point which on 
the undeflected middle surface had the coordinates r, 6 and z — 0 has on the 
deflected middle surface the coordinates r + n(r), 6 and z = w(r). The quanti- 
ties u and w are components of radial and axial displacement, respectively. 

The deflected middle surface has the linear element ds~ = a\dr 2 + a]dd 2 , where 
the coefficients of the linear element are given by the formulas 

(la) Otr = [(1 + u'f + (W')T = 1 + «r, 

(lb) a t = r + u = r(l + <«)• 

In equations (1) and in what follows primes denote differentiation with respect 
to r and e r and e* are the components of strain of the middle surface. We have 
then, for the first of the two following equations, in view of the assumption of small 
strain, 

(2a) € r = u' + [(u')‘ 2 + (w'f]/ 2, 

(2b) e e = u/r. 

Note that as we wish to admit the possibility of large displacements we do not 
neglect the term ( u ') 2 compared with (w') 2 . 

We further need the principal radii of the curvature of the deformed middle 
For these we have the formulas 

1 _ ^ ^ w' 1 _ 

He (r + u)ot r r (1 + e r )(l + e e ) ’ 

L _ <r' + u’V f - (r" + U "Y J _ + u'w" - u'W 

fir ~ a\ ” “ (1 + 


surface. 

(3a) 

(3b) 


Equations (2) and (3) assume a form which is more convenient for what fol- 
lows if we introduce as one dependent variable the angle 0 between the r-direction 
and the radial tangent to the deformed middle surface. We then have instead of 
(2a) 


(4a) 


1 + vf 

COS 0 


with tQ as before given by (2b). 

Equations (3) become 

(5a) 1 /Re = sin 0/r, 

(5b) 1/fir = d<f>/ds - 0'/(l + O- 

Finally, equations (4a) and (2b) imply as compatibility equation 
(6) ( re 9 y — cos 0 tf =* cos 0 — 1. 

We now proceed to the calculation of the components of strain at points away 
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from the middle surface of the deformed plate. We neglect the effect of transverse 
shear and transverse normal stress deformation and designate the components 
of strain at a point with distance f from the middle surface by e£ f) and e 9 n . It 
may be seen by means of a simple diagram that the following relations hold 

u (f> _ 2 *( r + « ~t sin <t>) - 2xr 1 + 4 f> _ Rr ~ ? 

2ir r 1 + €r Rr 

Equations (7) may be written in the form 

(8a, b) == *0 + tot «r f) = 6r + f/Cr 

where e 9 and e r are given by (2b) and (4a) and where the terms k 9 and K r are of 
the form 

(9a) k$ = — sin 0/r = — 1 /Re, 

(9b) Kr = -d4>/dr = -(1 + e r )/R r . 

3. Equilibrium equations and stress strain relations for the deflected plate. 

We introduce stress resultants N r , N$ and Q , and stress couples M r and M 9 . The 
quantity Q is directed normal to the deformed middle surface while N r and N§ 
are tangential to the deformed middle surface. The differential equations of 
equilibrium are those known from the small-deflection theory of shells of revolu- 
tion, with the difference that now the factors pertaining to the geometry of the 
shell depend on the deformation variables u and <t>. We have 

(10a) ( a e NrY — a 9 N 9 — a r a e Q/Rr + a r ot 9 p = 0, 

(10b) ( a 9 Q) f + a r a$[(N r /Rr) + {N 9 /R 9 )\ + a r a 9 q = 0, 

(10c) ( a e M r Y — a$M$ — ctrCxeQ — 0. 

Equations (10) are simplified by the assumption of small strain which means 
that according to equation (1) and (5) we may put in (10) 

a 9 = r, a r — 1, 1 /R r = </>', 1 /R 9 = sin 

oig = 1 -f* = (1 -f- e r ) cos (j> = cos <f>. 

We have then instead of (10a) to (10c), 

(11a) (rN r y — cos (t>N e — r<t>'Q + rp = 0, 

(lib) (rQY + rWNr + sin <t>N$/r\ + rq = 0, 

(11c) ( rM r y — cos <j>M 9 — rQ = 0. 

The system of equations (11) is to be completed by the relations between 
stresses and strains. These are, as in the small-deflection theory of shells, 

(12a, b) Ehtr = N r — vN 9i Ehe 9 = N 9 — vN r , 

(13a, b) M r = D(k t + vk 9 ), M 9 = D(k 9 + vk t ). 

The quantity D is the bending stiffness factor EJi / 12(1 — v 2 ). 
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In view of the relatively simple direct derivations we have not attempted to 
derive the foregoing results from the general work of Synge and Chien [1]. 

4. Reduction to two simultaneous equations for 0 and H. We proceed as 
follows. First evaluate the force equilibrium equations (11a) and (lib). Let 
H and V stand for horizontal and vertical stress resultant, respectively, so that 

(14a) H = N r cos 0 — Q sin 0, 


(14b) V = N r sin 0 + Q cos 0. 

Evidently, equilibrium in vertical direction requires that 


(15) 


rV = — / (p sin c p + q cos <f>)r dr. 
Jo 


From (14) follows 

(16a) N r = H cos 0 + V sin 0 , 

(16b) Q = —if sin 0 + V cos 0. 

Having N r and Q in terms of H and V it remains to obtain a corresponding for- 
mula for Ng. We put (16) into (11a) to get 

(17) cos 0 Ng = ( rH cos </> + rV sin </>)' + ( rH sin <t> — rV cos 0)tf>' + rp. 

This is simplified by setting 

(16c) p r = V cos <t> — q sin <t> 

and by taking V from (15), to read 

(16d) Ng = (rH)' + rp r . 


We now introduce A r r and Ng from (16) into the stress strain relations (12) 
and the result into the compatibility equation (6). This gives as first of the 
two simultaneous equations for H and 0, 

I ( rH )' + rp r — vH cos 0 — vV sin 0 > 

(18) 1 /lL Jj 

— ^ 7 ^ { H cos 0 + V sin 0 — v(rH )' — vrp r } + 1 — cos 0 = 0. 


For plates for which Eh is independent of r, equation (18) reduces to 

(rH)" + - (rH)’ - ^ - v ^£*1 ( r H) + — (1 - cos <f>) 

r L r* r J r 


(19) 


= ^ [cos <j> sin <(>V + v(rV sin <t>)'] — (1 + v cos <t>) p, — - (rp r )' 
r r 


A second equation for H and 0 is obtained by introducing M r and Mg from 
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(13) and Q from (16) into the moment equilibrium equation (11c) as follows 

— r (— H sin <t> + V cos <h) «* 0. 

For a plate of constant D = Eh*/ 12(1 — v*) equation (20) may be written 
in the following form 

(21) <t>" + - <t>' — cos <t> sin 0 = ^ (H sin 4> — V cos <f>). 

t r* D 


5. The equations for small finite deflections. We re-derive this known system 
of equations by introducing into equations (15) to (21) for the trigonometric 
functions the first terms of their power series and by neglecting all triple and 
higher products of the dependent variables and their derivatives. 

Restricting attention to the case of a concentrated load at the center plus a 
uniformly distributed load q = q 0 we find from (15) 

(22) V - -P/27rr - q 0 r/ 2. 

Equations (16) become 


(23a, b) N r = H + <t>V, Q = + 7, 

(23c) N e = ( rH) f — <t>q Q r. 

Equations (19) and (21) become 


(24a) 

(24b) 


m" +hrH)' -±m + 


i + >- 


<f>V + — 20go — 


- i * = H<t> ~ F . 

9 r* 9 D 


6. Asymptototic solution. We now restrict attention to plates which are 
acted upon by edge forces and moments at a boundary r = a which may be an 
inner boundary or an outer boundary. To fix the ideas we take here a complete 
plate of radius a so that we have the case of an outer boundary only. We pre- 
scribe as boundary conditions 

r = a; H - H, M r = M, 

(25) ... 

r = 0; solution is regular. 

We introduce a new coordinate x defined by 

(26) x = a — r, d/dr — —d/dx. 

When a thin shell of revolution which is not prestressed is acted upon by the 
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loads of equation (25) we know that the stresses are essentially confined to an 
edge strip the width of which is of the order of magnitude ( Re(a)h ) 112 . It is plau- 
sible, but must be proved independently, that the same will be true for the orig- 
inally flat plate, as soon as the deformations due to the loads B and M are of 
sufficient magnitude. This relation between the linear shell problem and the 
non-linear plate problem appears not to have been pointed out previously. In 
the equations for the edge effect derivatives of H and <t> become large compared 
with H and <f> itself and we may simplify equations (19) and (21) to 

(27) Er+jr 0 -«•♦)-«, 

(28) U~i He in *"0- 

When sin <t> — <t>, and 1 — cos <t> — <t? / 2, equations (27) and (28) reduce to equa- 
tions given by Friedrichs and Stoker [2]. 

We write in (27) and (28) 


(29a, b) 


x = \y, H = tiF 


and fix X and n such that the resultant equations for F and <t> become parameter- 
free. Thus 


(30a, b) 


n _ Eh 1 _ 12(1 — v 2 )/i 
x* W 


and 

(31a, b) 


(32) 

(33) 


/ ah \ m 

X “ \[ 12(1 - M “ 

Equations (27) and (28) are now of the form 

d'F 


Eh 


[12(1 - v 2 )] 1 ' 2 a' 


dy* 


-j- (1 — cos <t>) — 0, 


i d$- Fsin * = 0 - 


It remains to express the relevant stress and deformation quantities in terms 
of <#>, F and y. 

From (16), (29) and (31) follows 


(34a) 

(34b) 

(34c) 


N, _ F cos h 
Eh = [12(1 - v J )] 1/2 a’ 

Q F sin <t> h 

Eh~ ~ [12(1 - v 2 )] 1/2 a ’ 

N, _ dF cos $ fh\ m 
Eh dy [12(1 - v 2 )] 1/4 \a) ' 
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From (13), (9), (26) and (31) it follows, if again account is taken of the fact 
that derivatives of functions are large compared with the functions themselves, 
that 


(35a, b) 


Mr _ d<t>/dy AV ' 2 
Eh 2 “ [12(1 - v 2 )}*' 4 \a) ’ 


M$ = vM r . 


The boundary conditions in terms of the variables y, <f > , and F become 


(36a) 

F(0) -[12(1 J-?, 

(36b) 

*'<0)-[i 2a -„•))•» «,(“)' 

(36c) 

F( <*> ), <K «> ) are regular. 


Now the terms B/Eh and M/Eh 2 are of the order of magnitude of the per- 
missible elastic strains. Fixing their magnitude we can still make F(0) and 
<*/(0) as large as we wish by making h/a small enough. It appears from the 
differential equations (32) and (33) that as one or both terms F(0) and <//(0) are 
made large the value of </>( 0) also should become large. This shows that for 
sufficiently small values of h/a we may, in the elastic range, have large values of 
the slope angle </> and therewith the necessity to work with the equations given 
in the present paper. 
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